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Conventions and signs used in the Translation

(¢]

This is a prose translation of the verses of the K and M with my notes.

A pair of angled brackets, (A), indicates that A has been added by me.

A pair of parentheses, (A), indicates that A is either an explanation or an
equivalent of the immediately preceding word(s).

A pair of square brackets, [A], indicates that A is a number expressed by the
word numerals or the so-called bhutasamkhya. For the word numerals
used by Devaraja, see Appendix C. Cf. Datta & Singh 2001, part 1, pp.
53-63 and Sarma 2003.

Before the translations of the verses of the K and M, I have added headings
indicating the topics discussed.

The word graha (‘a planet’) often means the ‘distance along the orbit tra-
versed by a planet since the epoch’. When graha is used in this sense, |
render it as planet with italics.

I use the word ‘residue’ for agra and ‘remainder’ for sesa, although Devaraja
does not seem to distinguish them. Cf. ‘atragrasabdah $esavacanah’ in
M 1.3pl.

(e]

(¢]

(¢]

(e]

(e]

(¢]
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2.1 Chapter 1: Residual Kuttakara

M 1.1. Introduction.

After the salutation to the lover of Sr1 (= Visnu) and to the pre-
ceptors, this (book called) Kuftakarasiromani (‘Crest-Jewel of Pul-
verizer’), which is a special commentary (vyakhya) told by me for
the pleasure of intelligent people on a pair of (verses for) the kutta
told by Master Aryabhata, is commented on in details (here in the
M by myself) by means of clear words, the conventional (word nu-
merals for) digits, and sentences accompanied by wvrtta verses for
questions.

K 1.1. Salutation to two goddesses and the aim of the book.

After having saluted Rama (= Laksmi ) and Dharani (= Bhumidevi),
Devaraja, son of Varadarya, lucidly elucidates the kuftakara made
(formulated) by Master Aryabhata.

In K 1.1p1, Devaraja derives the word kuttakara as follows. y/kutt (‘to cut,
pulverize’) + gha — kutta (‘pulverizer’) [AA 3.3.117-18]; kutta + tap — kutta
[AA 4.1.4]; and kutta + akara (‘natural form’) — kuttakara (‘natural form of
pulverizer’) [Tatpurusa compound]; where gha = the affix a which produces a
masculine noun (technical term), in the sense of an instrument (karana) here;
and tap = the affix @ which produces a feminine noun from a masculine noun
ending in -a.

K 1.2. Organization of the book.

There are two (kinds of) kuftakaras, residual and non-residual.
Here (out of the two), the residual (kuftakara) is first shown con-
cisely, and then the non-residual is explained clearly.

K 1.3. Source of the astronomical parameters.

Two (kinds of) quantities, divisor and dividend, are mentioned here
(in this book) according to the way (i.e., the usage or definition)
of the Bhaskarasiddhanta (= Suryasiddhanta). These should also
be applied to the Aryabhatiya by those who know the destiny.
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Devaraja remarks in the commentary that the ‘divisor’ is the number of the
solar months, or of the lunar days, or of the civil days, etc. in a yuga and that
the ‘dividend’ is the number of the intercalary (lunar) months, or of the omit-
ted (lunar) days, or of the revolutions of the planets, etc. in the same period.
This terminology of ‘divisor’ and ‘dividend’ is not of the residual (see K 1.4
below) but of the non-residual kuttakara (see K 2.1). What Devaraja intends
to say here is that he adopts the values of astronomical parameters given in

the Suryasiddhanta when he solves astronomical examples for kuttakara. See
M 1.16 and K 2.5fT.

K 1.4. Type of problems treated in Chapter 1.

One who can tell instantly the dividend-quantity from the residues
of the dividend divided (separately) by two given divisors is an
expert on the earth in the residual (kuftakara).

The type of problem of the residual kuttaka is:
N =ajzi+ R; where 0<R;<a; (i=1,2,...,n),

where N (dividend) and a; (divisors) are positive integers and R; (residues)
non-negative integers. The verse only mentions the case n = 2 but in the
commentary Devaraja says that ‘this is an indication’ (etad upalaksanam) and
that there may be many (bahu) divisors. The case n > 3 is in fact alluded
to in Aryabhata’s rule (M 1.2-3), although Devaraja ignores it and gives a
separate rule in K 1.6-7.

K 1.5. Plan for solution.

Having applied the two Arya stanzas composed by the teacher
Aryabhata which begin with (the words) ‘the greater residue ...’
(adhikagra-) to (problems for) the residual (kuttakara), one should
obtain the dividend by means of a bundle of operations that arise
there.

M 1.2-3 (= AB 2.32-33). Aryabhata’s rule for kuttakara.

One should divide the divisor having the greater residue by the di-
visor having the smaller residue. The remainders are mutually di-
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vided.! (At any optional stage of the mutual divisions, the remain-
der is) multiplied by an intelligence (number) (mati) and added
to the difference of the (given) residues (so that the sum may be
divided without remainder by the divisor at that stage). // (Then,
one should make a column (called vallz or ‘a creeper’) which con-
sists of the quotients of the mutual divisions and the intelligence
number as well as the corresponding quotient. Among the three
terms at the bottom of the column), the upper is multiplied by
the lower and increased by the last, (and the last is discarded.
This procedure is repeated until there remain only two terms in
the column.) When (the upper of the two terms is) divided by the
divisor having the smaller residue, the remainder multiplied by
the divisor having the greater residue and increased by the greater
residue is the residue for the two divisors.

Let us first consider the case of n = 2. That is,
N =a1z1 + R = asxzo + Ry, where 0< R; < a;.
We assume R; < Ro, and rewrite the latter relationship as

a3 + (R2 — Rl)
1 = ar )

which, for the sake of brevity, we further rewrite as:

ar + ¢

Aryabhata first performs mutual divisions upon «a, b, and the remainders ob-
tained successively:

(1) a=bg+r1 (0<r; <b),
(2) b=r1qgo+ 19 (OST’Q <’I“1),
(3) ri=regz+ry (0<1r3 <),
(4) ro=ryqa+rs (0< 71y <r3),

(m) Tm—2 = Tm—10m + T™m (0 <rm < Tmfl)-

Ysesaparasparabhaktam. According to Devaraja, the kta affix of bhakta is here used to
denote the original concept of the verb root (bhave nistha) and therefore bhakta = bhajana.
Therefore, this passage means ‘Mutual divisions of the remainders (are done).’
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Now, if we substitute (1) for a in (I), we have y = gz + &+¢, which can be

replaced with the two equations,

(A1) y=aqz+y, (B,1) y="22¢ or (B 1) z=>2%-C

1
If (B, 1) is solved, the value of y is also obtained by (A, 1), and therefore (T)
is solved. If not, we substitute (2) for b in (B, 1) and obtain x = gay1 + %11_0,
which can be replaced with the two equations,

(A,2) z=qy +z1, (B,2) z;=24"° or (B,2) y = nztc

T1 T2

If (B, 2) is solved, x and y are also obtained successively by (A, 2) and (A, 1),
and therefore (I) is solved. In this way, we have two series of equations, (A)
and (B).

(Aa 1) Y =qr+yi, (B, 1) Y1 = %ﬂ or (B, 1)’ xr = Q%,
A2 z=qu+z, (B2 =z =24"L o (B, 2) y =Dnhide
T1 ro
(A,3) yi=gr1+y2, (B,3) yo2= %3‘*0 or (B,3) =z = %23—07
(Aa 4) 1 = q4Y2 + T2, B, 4) T9 = %z_c or (B, 4)’ Yo = %ﬁ“’
etc.

(A, m) and (B, m) have different forms according to whether m is odd or even.
If m is odd,

rm:rm__lJrc
(Aym) Yoot =GmTos +ynpr, (Bym) ymp =—F—

If m is even,

r m —C
mZ/2

(Aa m) To_1=dmyz +$%7 (Ba m) T

|3

Tm—1

Since we have the relationships, b > r; > r9 > -+- > r;, > 1 (hence follows the
name, kuttakara/kuttaka or ‘pulverizer’), the greater the m, the easier the (B,
m) to solve. Once (B, m) is solved somehow, one can easily arrive at z and y
by following the series of equations, (A, 1) --- (A, m), inversely.

Aryabhata solves (B, m) when m is odd as the expression in his rule, ‘added
to the difference of the (given) residues’ (agrantare ksiptam), indicates, and
calls z m=1 ‘intelligence (number)’ (mati), which is obtained by trial and error.

Let a pair of solutions of (B, m) be (i, v), that is :

(B,m) v= Tmpt ¥ €
’ Tm—1
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Then p is an intelligence number.

The actual kuttaka procedure carried out by Aryabhata seems to be as

@1 divided

follows. First, a is written down above b on a calculating board, b

by b, and replaced by the remainder of that division, bt

being discarded as it is useless for Aryabhata’s kuttaka procedure. Then, b is
divided by 71 and replaced by the remainder of that division, ‘ :1
2

" ‘ the quotient ¢;

, the quotient

g2 being written down elsewhere on the calculating board. Next, r; is divided
by ro and replaced by the remainder of that division, :3 , the quotient g3 being
2

written down below the previous quotient, 32 ‘ This procedure is repeated.
3

When the two remainders on the calculating board become small enough and
when m is odd or, in other words, when the number of the quotients written
down, (¢2,¢3---.,Gm), is even, an integer called ‘intelligence number’ is sought
for; the intelligence number has to satisfy the condition that, when the upper

term of the last pair, . is multiplied by that number and added to the

e
difference of the two given residues, the sum is divisible by the lower term.
The intelligence number i obtained thus and the corresponding quotient v are
added to the column of the quotients, which is called valli or ‘a creeper’ by
later mathematicians including Devaraja.

To this column, from the bottom upward, the iterative procedure, ‘the
upper is multiplied by the lower and increased by the last, (and the last is
discarded)’ is applied, and a pair of numbers, say (o, B;), is obtained finally.?
This procedure which Devaraja calls ‘creeper-contraction’ (valli-upasamhara)
corresponds to the series of computations from (A, m) to (A, 2). The following
diagram shows the successive changes of the initial column of quotients on the
calculating board.

2In the non-residual kuftakara, ¢ is taken into consideration, and (3, o) is obtained finally.
See K 2.2 below.
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Q2 — q2 - = o
q3 a3 P
qa q4

dm gmpt + v

M M

v

Then, z = « is a solution of (I). By dividing it by b (= a1),
a=bg+ay (0<ay<b),

Aryabhata obtains the least positive solution of (I), z = 2o = ag, and finally
calculates:
Ny = asapy + Rs.

This is the least positive solution for V.
As Devaraja points out in M 1.3p2, since £ = «ag + bk is also a solution of
(I), other solutions for N are obtained by:

N = ag(ag + bk) + RQ.

Devaraja calls oy dhruva or ‘fixed (value)’.

As mentioned briefly under K 1.4 above, the case n > 3 is alluded to in
Aryabhata’s rule by the compound dvicchedagram or ‘the residue for the two
divisors’. That is, if n > 3, the Ny is regarded as ‘the residue for the two
divisors’, i.e., the remainder when N is divided by the least common multiple
(ap) of a; and agy, and the above method is again applied to:

N = agxo + Ny = azx3 + Rs.

Repeating this procedure, one can finally obtain such an N that satisfies all
the conditions.

Devaraja’s interpretation of dvicchedagram, which is given at the end of
M 1.3pl, is different from this. According to him, it simply means that the re-
sulting value (NVp) is ‘another’ dividend-quantity (bhajya-rasy-antaram) ‘that
possesses the two divisors and the (corresponding) residues’. For this interpre-
tation, Devaraja applies the matvarthiya ac-suffix interpretation (vowel suffix
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in the sense of possession) to the compound dvicchedagram and supplies the
irrelevant neuter word antaram (another) to the faked modifié bhajya-rasi in
order to change its gender (masculine) to the neuter, the gender of that com-
pound which he regarded as its modifier. Later on in the commentary, he
changes the gender of the compound to the masculine so that it can modify
bhajya-rasi itself. See ‘ayam dvicchedagrah prathamo bhajyarasih’ in M 1.4pl
and ‘ayam dvicchedagro bhajyarasih’ in M 1.16p. Devaraja gives his own rule
for the case n >3 in K 1.6-7.
In M 1.3p3, Devaraja points out the following.

1. It is sometimes necessary to find and use more than one intelligence
number. See Ex. 2 (M 1.5).

2. If y =0 (and Ry — Ry = a1q), then N = kas + Rs. See Ex. 3 (M 1.6).

3. If o, = 0 or r3 = 0, then solve (B, 1) and obtain x = z9 = p. Then,
N =az(p+ark) + Rz (k=0,1,2,...). See Exs. 46 (M 1.7-9).

Hereafter, in my notes on the examples, I express the procedure of mutual
divisions, (1) to (m), as follows.

a ™ 1 3 3
R0 MR B e B L
lgm] "™ | (m: odd)
N Tm—1
[gm]| "™ 1| (m: even)
m

In Aryabhata’s kuttaka procedure, q; is ignored and m is taken to be odd. In
order to save space, I will rotate the ‘creeper’ anticlockwise by 90 degrees:

[C]2,C]3,C]4,---,Qm,M,V] - [C]27CI3aQ4a---anM+VaM] —
- [aaﬁl]'
M 1.4. Example 1. Standard problem.

O learned one, tell such a quantity that would have the residues,
one and seven, when divided by eighteen and twenty-nine (respectively).

That is to say,
N =18z1+1 =29z + 7.
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Mutual divisions:

29 11 11 4 4 1
il ha ol 7 [l ol o
Computation of intelligence number:

Ix3+(7-1)

-3 & u=v=3.
3 p=r

Therefore the ‘creeper’ is [1,1,1,1,3,3], to which the iterative procedure
called ‘creeper-contraction’ is applied.

1,1,1,1,3,3] — [1,1,1,6,3] — [1,1,9,6] — [1,15,9] — [24, 15]

Then one divides the upper term 24 by the divisor having the smaller residue
18:
24 =18 x1+6.

Hence follows the least positive solution, oy = 6, which is the ‘fixed’ value.
Therefore,
N =29 x6+4+7=181.

Since zo = 6 + 18k (k = 1,2,...) are also solutions for xy, other values of N
are obtained by
N =29 x (64 18k) + 7.

Devaraja in M 1.4p2 actually obtains N = 703 (k = 1) and 1225 (k = 2).

Hereafter, Devaraja often gives the answers to his examples without a
working process. In such cases, I will try to indicate the possible working
process.

M 1.5. Example 2. Solution by more than one intelligence number.

O best of the intelligent, tell eight successive quantities which have
the residues eleven and seven when divided by [Akrti-meter] (22)
and [Manus] (14) respectively.

That is to say,
N =14z, +7 = 22x9 + 11.

Mutual divisions:

8 8 2 ‘

22
14‘—>‘14‘—>[1]‘6‘—>[1]‘6.
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Case I. Computation of intelligence number:

2x 1+ (11—7)
6

Creeper and its contraction: [1,1,1,1] — [1,2,1] — [3,2].

Hence follow ap = 3 and x5 = 3+ 14k, and therefore N = 22x (3+14k)+11.
Substituting 0, 1, 2, and 3 for k, Devaraja obtains the ‘dividends’: N = 77,
385, 693, and 1001.

Case II. Computation of intelligence number:

2x4+(11-7)
6

Creeper and its contraction: [1,1,4,2] — [1,6,4] — [10,6].

Hence follow oy = 10 and x5 = 10 + 14k, and therefore N = 22 x (10 +
14k) + 11. Substituting 0, 1, 2, and 3 for k, Devaraja obtains: N = 231, 539,
847, and 1155.

By combining these two cases Devaraja obtains the first ‘eight successive
quantities’ that satisfy the conditions. If one applies the kuttaka procedure
after having canceled the two divisors and the difference of the residues by
two, one gets N = 22 x (3 + 7k) + 11, which would yield the same solutions
when £ =0,1,2,...,7.

M 1.6. Example 3. 1 =0, Ry — Ry = a1q.

A quantity when divided (separately) by seven and seventy has
the residues three and ten respectively. Tell that quantity, O the
foremost of the fortune-tellers, if you know.

That is to say,
N =7x1 + 3 =70z + 10.

Devaraja in the commentary substitutes £ = 1 and 2 in N = 70k + 10, and
obtains N = 80 and 150. Generally speaking, if r1 = 0 (or as = a1q1)
and Ry — Ry = aj1q (though the latter condition is not mentioned in the
commentary) for the equations, N = a121+ R = asxo+ Ra, then N = kas+ R,
(k =1,2,...) are the solutions.
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M 1.7. Example 4. ro = 0.

A quantity when divided (separately) by ten and three has the
residues three and one respectively. O best of calculators, tell
quickly that quantity if you know.

That is to say,
N =3z1+1 =10z + 3.

The first division only is made:

130 ‘ — ‘ ; ‘ Computation of intelligence

number: %(3_1) =1 — p =v = 1. Creeper: [1,1]. Hence follows

zo = 1 4 3k, and therefore, N = 10 x (1 + 3k) + 3, which yields N = 13
(k=0), N=43 (k=1), etc.

M 1.8. Example 5. ro = 0. Solution by more than one intelligence number.

Tell the first four of such quantities which when divided (separately)
by eight and twelve have the residues four and eight respectively.

That is to say,
N:81‘1+4: 121‘2+8.

1 4
8 8
is calculated at the second (or ‘initial’ in Devaraja’s expression) step.

Mutual divisions: —

— [2]‘ 3 ‘ Therefore, the intelligence number

Case 1. Computation of intelligence number: %(8_4) =1—-p=v=1

Creeper: [1,1]. Hence follow g = 1 and z9 = 1 4 8k, and therefore N =
12 x (14 8k)+8 (N =20, 116, ...).

Case II. Computation of intelligence number: %(8_4) =2 u=3, v=_2.
Creeper: [3,2]. Hence follow g = 3 and z9 = 3 + 8k, and therefore N =
12 x (3+8k) +8 (N =44, 140, ...).
Case III. Computation of intelligence number: M%M =3=2pu=>5 v=3.
Creeper: [5,3]. Hence follow ag = 5 and 2 = 5 + 8k, and therefore N =
12 x (5 +8k) +8 (N =68, 164, ...).
Case IV. Computation of intelligence number: %(874) =4=>pu="7 v=4
Creeper: [7,4]. Hence follow ag = 7 and 9 = 7 + 8k, and therefore N =
12 x (T+8k) +8 (N =92, 188, ..).
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From these four cases ‘the first four’ solutions are known to be: N = 20, 44, 68,
92. This is the method adopted by Devaraja but, as in M 1.6, if one applies
the kuttaka procedure after having canceled the two divisors and the difference
of the residues by four, one gets N = 12 x (1 + 2k) + 8, which would cover all
the four cases when £ =0,1,2, 3.

M 1.9. Example 6. r3 =0, a1 > as.

Tell quickly such a quantity which when divided (separately) by
eight and eighteen has the residues four and two respectively, if
there exists (in you any) familiarity with the residual (kuttakara).

That is to say,
N =18z1 + 2 = 8z + 4.

.. 8 8 0
Mutual divisions: ‘ 18 ‘—) 18 X

number is calculated at the second step, which is identical with the first step.
Computation of intelligence number: %glﬂ) =1—pu=2, v=1.Creeper:
[2,1]. Hence follow oy = 2 and (z2 = 2 4 18k, and therefore N = 8 x (2 +
18k) +4. When k = 0), N = 20. For the general solutions one has to use the

reduced divisor 9 instead of the given 18: N =8 x (2 + 9k) + 4.

N [2]‘ ; ‘% 4]

‘. Therefore, the intelligence

M 1.10. Example 7. Two kinds of remainders for more than two divisors.

Tell me quickly such a quantity that has the residue two when
divided by the three (numbers) beginning with [Prakrti-meter]
(21), but fourteen by the three (numbers) beginning with [Samkrti-
meter] (24).

That is to say,
N =21z11 +2=22z19+ 2 = 23213 + 2
= 24x91 + 14 = 25299 + 14 = 26293 + 14.
Devaraja reduces these equations to:
N =10626z; + 2 = 7800z2 + 14,

where 10626 and 7800 are the least common multiples of the two triplets,
(21,22,23) and (24,25, 26), respectively. For the calculation of the least com-
mon multiples, Devaraja cites a half Arya stanza from an unknown source:
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‘Having reduced the divisors two by two, one should multiply the
product of those (reduced numbers) by the reducer.’

Devaraja then gives the answer N = 12347414 without a working process,
which must have been as follows,

.. 7800 7800 7800 2148 2148
Mutual divisions: 10626 ‘ 10626 ‘—) [1]‘ 9896 ‘—> [2]‘ 9896 ‘—> [1]‘ 678 ‘
114 114 6 6 . . .
— [3] 678 ‘ — [5]‘ 108 ‘ [1]‘ 108 ‘ — [18]‘ 0 ‘ Computation of intelligence
number: % =1 — pu = 16, v = 1. Creeper and its contraction:

1,2,1,3,5,1,16,1] — [1,2,1,3,5,17,16] — [1,2,1,3,101,17] — [1,2,1, 320, 101]
— [1,2,421,320] — [1,1162,421] — [1583,1162]. Hence follow oy = 1583
and zo = 1583 4 10626k, and therefore N = 7800 x (1583 + 10626k) + 14.
When k£ = 0, the value of N given by Devaraja is obtained. For the gen-
eral solutions one has to use the reduced divisor 1771 instead of 10626: N =
7800 x (1583 + 1771k) + 14.

M 1.11. Example 8. R; = 0.

A quantity has the residue one (when divided) by ninety-one and
no residue (when divided) by twenty. Tell quickly, O fortune-teller,
such a quantity to me who is asking.

That is to say,
N =20x14+0=91zy + 1.

Devaraja gives the answer N = 820 without a working process, which must
have been like the following.

Mutual divisions: ‘ g(l) ‘—>‘ ;(1) ‘—> [1]‘ 191 ‘—) [1]‘ 3 . Computation of intel-
ligence number: %(1_0) =1 — pu =4, v=1. Creeper and its contraction:

[1,1,4,1] — [1,5,4] — [9,5]. Hence follow ap = 9 and zo = 9 + 20k, and
therefore N = 91 x (9 + 20k) + 1. When k£ =0,1,2,..., N = 820, etc.

K 1.6-7. Rule 1. Different remainders for more than two divisors (n > 3).

When a kuttakare has many different divisors together with many
different residues, a dividend (obtained) for two divisors shall be
the residue, and the divisor for it shall be the product of the two
divisors. This (procedure) should be performed repeatedly until
there remain two divisors. Then, a dividend should be obtained as
before.
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This case is already alluded to by the compound dvicchedagram (‘the
residue for the two divisors’) in Aryabhata’s rule (M 1.2-3) but Devaraja’s
interpretation of this compound is different. See my notes on M 1.3pl under
M 1.2-3 above. Note that not the least common multiple but ‘the product of
the two divisors’ is here taken to be the new ‘divisor’ corresponding to the new
residue. This means that Devaraja is here concerned neither with the least
positive solution nor with the general solutions but with a single solution or
at most a type of solutions. See under M 1.15 below.

M 1.12. Example 9. Standard problem.

O expert in (astronomical) doctrine, tell such a quantity which
when divided by the three (numbers) beginning with seven has
successively the remainders unity, [arrows] (5), and [oceans] (4).

That is to say,
N =T7z1+1=8zy+5 =923 + 4.
First consider the first pair:
N =Tz1+1=8zy+5.

8 1
7= 1
=1 — p =3, v =1 Creeper: [3,1]. Hence follow ap = 3
andm2 =3+ 7k. When k = 0, we have o = 3, Ng = 8 x 3+ 5 = 29, and
ag = 7x8 = 56. Regarding these ag and Ny as a divisor and the corresponding
residue, consider the next pair:

Mutual divisions: — ‘ ‘ Computation of intelligence number:

1><3+(5 1)

N =9x3 +4 = 56z + 29.

Mutual divisions: ‘ 596 ‘ — ‘ 3 ‘ Computation of intelligence number:
w =3 — pu =1 v = 3. Creeper: [1,3]. Hence follow oy = 1

and zg = 1 4+ 9k, and therefore N = 56 x (1 4+ 9k) + 29. When k£ =0,1,2, ...,
N = 85, etc.

This problem is exactly the same as ex. 3 for BAB 2.32-33 (Shukla’s edi-
tion, p. 134).
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M 1.13. Example 10. With additional equations.

What quantity, when divided by what different divisors, has dif-
ferent remainders? If the same (quantity) is increased by the sum
of the residues, it becomes clear (i.e., can be divided without re-
mainder) by (each of) those divisors.

That is to say,
N =a;z;+ R; where 0<R;<a; (1=1,2,...,n),

and
N+ (Ri+Ry+ -+ Ry) = aigi,

where none of the N, a;, z;, R;, and ¢; is known. This is solved by means of
the following rule.

M 1.14. Auxiliary rule. Meant for Exs. 10 and 11.

The residues are optional. Their sum increased by each residue
becomes the divisors when the dividend is increased by the sum of
the residues. When decreased, however, the sum of the residues is
decreased by (each) residue.

That is to say, R; (1 = 1,2,...,n) are optionally chosen and a; are taken to
be
a; = (R1+R2+---+Rn):|:Ri.

The minus sign is for the next example (M 1.15). This rule will be verified as
follows. When an N is obtained for the R; and a; determined as above,

N+ (Ri+Ro+ -+ Ry) = (ajz; + R;) £ (a; F R;) = a;(z; £1).

In M 1.14p2, Devaraja applies this rule to the case n = 3 of Example
10. He assumes that Ry = 3, R = 4, and Ry = 5. Then, according to
M 114, Ri + Rs + R3 = 12, and a1 = 124+ 3 = 15, as = 12+ 4 = 16, and
as =12+ 5 =17. That is, the problem to be solved is:

N =15z1 + 3 = 16x9 +4 = 1723 + 5.

Mutual divisions for the first equation: ‘ Computation of

6 . 1
15 15 |
intelligence number: %5(473) =1 — pu =14, v = 1. Creeper: [14,1].
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Hence follow g = 14 and z2 = 14+ 15k, and therefore N = 16 x (144 15k)+4.
When k£ = 0, Ny = 228, which is the residue when N is divided by the divisor,
ag = aiae = 240. That is, the problem to be solved next is:

N = 1723 + 5 = 240x¢ + 228.

Mutual divisions: ‘ 21470 ‘ ‘ 127 ‘ Computation of intelligence number:
2XI6HEB8 ) — 15 — = 16, v = 15. Creeper: [16,15]. Hence follow

ap = 16 and zy = 16 + 17k, and therefore N = 240 x (16 4+ 17k) + 228. When
k = 0, we have N = 4068, which has the residues, 3, 4, and 5 when divided
by 15, 16, and 17, respectively, and N 4+ (R + Ry + R3) = 4080 = 15 x 272 =
16 x 255 = 17 x 240.

M 1.15. Example 11. With additional equations.

What quantity, when divided by what different divisors, has dif-
ferent remainders? If the same (quantity) is decreased by the sum
of the residues, it becomes clear (i.e., can be divided without re-
mainder) by (each of) those divisors.

That is to say,
N =a;z;+ R; where 0<R;<a; (1=1,2,...,n),

and
N—(Ri+Ry+ -+ Ry) = aigi,

where none of the N, a;, z;, R;, and ¢; is known. Cf. M 1.13.

Devaraja in M 1.15pl assumes that n is equal to 3 and that Ry = 5,
Ry, =7, and R3 = 9. Then, according to M 1.14, Ry + Ry + R3 = 21, and
ar =21 -5 =16, a0 =21 — 7 = 14, and a3 = 21 — 9 = 12. That is, the
problem to be solved is:

N:16,’L‘1+5:145L‘2+7:12$3+9.

Devaraja gives the answer N = 1365, which seems to have been obtained

as follows.

14 . 14
16 16
Computation of intelligence number: 14“%6(775) =1 — p=vr=1. Creeper:

Mutual divisions for the first equation:

‘—> 1]

14 0
5 ‘—> [7]‘ )
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[1,1]. Hence follow ap = 1 and z2 = 1 + 16k, and therefore N = 14 x (1 +
16k) +7. When k = 0, Ny = 21, which is the residue when N is divided by
the divisor, ay = a1a9 = 224. That is, the problem to be solved next is:

N = 12z3 + 9 = 224z + 21.

o 224 8 8 0 .
Mutual divisions: ‘ 12 ‘ — ‘ 12 ‘ — [1]‘ 4 ‘ — [2]‘ N Computation of
8x6+(21-9)

intelligence number: 15 =5 — pu =06, v=>5. Creeper: [6,5]. Hence
follow agp = 6 and zy = 6+ 12k, and therefore N = 224 x (6 + 12k) +21. When
k =0, N = 1365, which has the residues, 5, 7, and 9 when divided by 16, 14,
and 12, respectively, and N — (R; + Ry + R3) = 1344 = 16 x 84 = 14 x 96 =
12 x 112.

Note that Devaraja’s answer, N = 1365, is not the least positive solution
to the problem posed by him. It is 357, which can be obtained as follows. The
least common multiple of a; and ay is taken for the divisor corresponding to
the new residue 21:

N =12z3 4+ 9 = 1122 + 21.

Mutual divisions: ‘ 11122 ‘ — ‘ 142 ‘ — [3]‘ 3 . Computation of intelligence

number: w =2 — u =3, v = 2. Creeper: [3,2]. Hence follow

ap = 3 and zy = 3 + 3k (with the reduced divisor 3), and therefore N =
112 x (3 + 3k) +21. When k=0, N = 357

In M 1.15p2, Devaraja, assuming the objection that Examples 10 and 11
contain the condition that the quantity, N+ (Ry+ Ry +- -+ R,,), is ‘divisible’
by each divisor and that this contradicts the fact that the present chapter is
devoted to the ‘residual’ kuttakara, points out that the main condition of these
examples is that the quantity N ‘has the residue’ R; when divided by each
divisor.

M 1.16. Example 12. Orbital kuttaka: R, — d and wp .

The orbital residue of the sun measures [sky, sky, eyes, mountains,
earth, eyes, mountains, moon, Akrti-meter, two, objects, oceans,
oceans, tastes, sky, doctrines, hands, earth] (1260644522217217200),
while (that) of the moon [sky, hands, objects, arrows, nine, two,
eight, I$a, serpents, seasons, mountains] (768118295520) multiplied
by laksa (100000). Tell the dividend corresponding to the two
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residues, the day-collection, and the elapsed revolutions of the sun
and the moon.

Let us use the following notation.

D: the number of civil days (bhudinas) in a yuga.

Dg: the number of civil days in a kalpa.

Oyp: the orbit of a planet in yojanas (grahakaksya).

O,: the orbit (great circle) of the universe or the sky in yojanas
(khakaksya).

B,: the number of revolutions (bhagana) of a planet in a yuga.

m (used as a subscript): the moon.

s (used as a subscript): the sun.

d: the day-collection or the number of elapsed civil days (ahargana).

R,: the orbital residue (kaksyagra) of a planet. See below for its
definition.

According to the Suryasiddhanta (abbr. SS),

D = 1577917828 days (SS 1.37),

Dy =1000D = 1577917828000 days (SS 1.40),
O = 324000 yojanas (SS 12.85),

Os = 4331500 yojanas (SS 12.86),

0O, = 18712080864000000 yojanas (SS 12.90),
B, = 57753336 (SS 1.30),

B, = 4320000 (SS 1.29).

For Oy, however, Devaraja uses not 4331500 given in SS 12.86 but 4331500%,
which he obtains by means of the equation, O, = Oy - 1000B5;.

One of the basic assumptions of Indian astronomy is that in either yuga
or kalpa all the planets make an integral number of revolutions, which exactly
amount to the distance along the orbit traversed by the moon in the same
period, which in turn is regarded as equal to the orbit (great circle) of the
universe, O,,. In the Suryasiddhanta, the kalpa, which comprises one thousand
yugas, is taken to be the standard period. Hence follow the relationships:

Oy = O, - 1000B,, = O, - 1000B,.

Now, if a planet has made by, revolutions when d civil days have passed since
the beginning of the current Kalpa (to be precise, since 17064000 years after
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the beginning),? then the distance traversed by the planet may be calculated
(or expressed) in two different ways, that is, by O, - (d/Dg) and by O, - b,.
Hence we have the relation,

d Oud

u Ty = by,
@) Dre Op - by, or O,Dx

=by = wp,0 + &p0;

where @), is the integer part of the revolutions of the planet and £, the
fractional part.

In M 1.16p0, Devaraja speaks of ‘three methods’ (trayah prakarah) for
applying the kuttaka to this kind of problems.

(1) Let N = Oud, a, = O,Dx = O, - 1000D, and R, = aye,.y. Then,
N =apwpo+ R, (0< R, <ayp),

where R, is called the ‘orbital residue’ (kaksyagra).
(2) Cancel O, in N and a,, by the ‘reducer’ (apavartaka) or the common
factor:
N'"=0,d where O, =0,/k, and aj,=a,/k.

P
3) Cancel O, in N and D in a, by the reducer:
( p DY
N'=0.d, where O, =0,/k, and
a, = O, -1000D', where D'= D/k.

In M 1.16p, Devaraja employs the third ‘method’. In any case, when a,
and R, are given for two or more planets, one can calculate N (or N') and
wp,0 by means of the kuttaka, and d from N (or N').

In M 1.16 (Ex. 12), the ‘orbital residues’ of the sun and the moon,
R, =1260644522217217200 and R,, = 76811829552000000,

at the moment when d civil days have elapsed are given and the four quantities,
N (or N'), d, w0, and wyy,, are required.

In M 1.16p, Devaraja first cancels out O, and D by 4:

O; = 4678020216000000, D' = 394479457.
3See under K 2.48cd-55ab
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Then, the new dividend and divisors which correspond to these reduced values
of O, and D are:
N' =0.d,

ay, = Oy, - 1000D" = 324000 - 394479457000 = 127811344068000000,
a, = Os - 1000D" = 1708687846891391400.

Therefore, the problem to be solved is:
N' = al, @mo + Rm = a\ws o + Rs.

Now, the two divisors and the difference of the orbital residues,
R — R,;, = 1183832692665217200,

can be reduced by the reducer, 710063022600 (= f):

/ / -
Um 180000, % — 2406389, LT _ 1667920,

f f f
Applying Aryabhata’s rule (M 1.2-3 = AB 2.32-33) to these values, which
are regarded respectively as the divisor having the smaller residue, the divisor
having the greater residue, and the difference of the residues, Devaraja obtains:

!
% c w0 = 4812778 (as w, = o = 2),
and
a/
NI = (78 . ws’[]) . f —+ Rs
— 4812778 x 710063022600 + 1260644522217217200
—  4678020216000000000.

The last result is expressed as ‘[Asti-meter, two, nails, sky, eight, moun-
tains, tastes, oceans] (4678020216) multiplied by arbuda’ (arbudahatastidvi-
nakhakhastadrirasasindhu), which means ‘467802021600000000’ as has been
supplied in the two published editions. Certainly the word arbuda means 108
in the commonest list of Sanskrit decimal numerals, but the calculation here
requires not 108 but 10°. Interestingly, Thakkura Phertu (14th century) lists
the Apabhramsa word avva (Skt. arbuda) for 10 in his table of the first 25
decimal places (GSK 1.12-14). Presumably, Devaraja too used arbuda in the
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sense of 10° but the person who added the numerical figures took it to mean
10® according to the common practice.
Then, Devaraja calculates:

!
d= g = 1000, @y =36, and wsy=2.

u
He obtains these values of @y, and w,o by actually dividing N’ by the
divisors, a, and a}, respectively. In reality, the latter value, wso = 2, has
already been obtained in the course of the calculation of (al/f)ws o but he
does not mention it.

In conclusion, Devaraja remarks that the ‘multiplication by 1000’ is not

necessary for Aryabhata’s system, where the standard period is taken to be
not the kalpa but the yuga.

M 1.17. Example 13. Improper problem (anupapanna-prasna).

Tell quickly such a quantity that has four as the residue (when
divided) by eight, nine, six, and ten, but one (when divided) by
the four numbers begining with two.

That is to say,

N = 2z14+1=320+1=423+1=5z4+1
= 6x5+4=8zx5+4=9x7+4 = 10xg + 4.

Devaraja, in the commentary, remarks: ‘Here, how can such a quantity
that has four as the residue (when divided) by six or by eight have one as the
residue (when divided) by four or by two? Having pondered thus, one should
declare that this problem is improper (prasno ’yam anupapannah).” What
Devaraja intended with these words seems to be that N cannot be both odd
and even at the same time, though he does not explicitly say so.

M 1.18. Example 14. ITmpossible dividend (khila-bhajya-rasi).

Tell quickly such a quantity that has two as the residue (when
divided) by forty-two and one (when divided) by twenty-six, if you
know the residual (kuttakara).

That is to say,
N:261‘1+1:421‘2+2.
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. 16 16 6 6 2
Mutual divisions: 96 ‘—>‘ 96 ‘—> [1]‘ 10 ‘—> 1] 10 ‘—> [1]‘ 4 ‘—> [1]‘ 4 ‘—)
1] g . Computation of intelligence number: ZX%M = v. — This is

insoluble.

Devaraja remarks: ‘Here, it is impossible to assume an intelligence number.
It should, therefore, be said that this dividend is barren (khila) or impossible.
When there is a reducer (i.e., a common factor) of the two divisors and it is
not (a reducer) of the difference of the residues, then it should be known that
the dividend has the state of being impossible (khilatva). Either when there is
a common reducer of these three (terms) or when there is none, then it should
be known that (the dividend has) the state of being possible (akhilatva).’

K 1.8p0.

As we have seen above (under M 1.2-3), Aryabhata solves the reduced
equation (B, m) by trial and error when m is odd, and makes ‘a creeper’ or a
sequence of the quotients of the m mutual divisions excepting the first. Every
‘creeper’, then, contains an even number of quotients according to Aryabhta’s
rule. Devaraja, in K 1.8p0, points out that one may make a sequence of an
odd number of quotients, provided that in that case one should subtract the
difference of the residues from the product of the remainder and the intelligence
number. That is, one may solve

(B, m) ,,:M,

"m—1
when m is even.

For example, Ex. 1 (N = 18z1 + 1 = 2929 + 7) in M 1.4 may be solved as
follows.

. 29 11 11 4 4 .
Mutual divisions: 18 —>‘ 18 ‘—) [1]‘ 7 ‘—> [1]‘ 7|~ [1]‘ 3 ‘ Computation
of intelligence number: L“(Pl) =3 — pu =6, v=3. Creeper and its
contraction: [1,1,1,6,3] — [1,1,9,6] — [1,15,9] — [24,15]. The rest is the

same as before.

According to Devaraja, Aryabhata’s rule includes this case also because
one can read the instrumental sense, ‘by’, in the locative case of the word
agrantare (‘to the difference of the residues’) by means of the interpretation
technique called vibhakti-viparinama (case change), and also because one can
regard the word ksiptam (lit. ‘thrown’) as implying avaehina (‘abondoned’ or
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‘decreased’). This interpretation of the phrase agrantare ksiptam plays an
important role in the next rule also.

K 1.8-9. Rule 2. Aryabhata’s rule modified for both even and odd number
of quotients.

One should divide the divisor having the smaller residue by the
divisor having the greater residue. The remainders are mutually
divided. (At any optional stage of the mutual divisions, the re-
mainder is) multiplied by an intelligence (number) (mati) and
decreased by (or added to)* the difference of the (given) residues
(so that the difference (or sum) may be divided without remain-
der by the divisor at that stage). // (Then, one should make a
column (called wvalli or ‘a creeper’) which consists of the quotients
of the mutual divisions and the intelligence number as well as the
corresponding quotient. Among the three terms at the bottom of
the column), the upper is multiplied by the lower and increased
by the last, (and the last is discarded. This procedure is repeated
until there remain only two terms in the column.) When (the up-
per of the two terms is) divided by the divisor having the greater
residue, the remainder multiplied by the divisor having the smaller
residue and increased by the smaller residue is the residue for the
two divisors.

Since the equations,
N =a121 + R1 = asxs + Ry (where Ry < Ryand 0 < R; < ai),

can be rewritten as:
_a1zy — (Ry — Ry)
T = )
%)

my comment on Aryabhata’s rule (see under M 1.2-3) holds true also under
the two conditions: (1) a; and as are regarded as a and b respectively and
(2) ¢ is replaced by —c. Condition (1) can be realized by the exchange of the
‘smaller’ residue and the ‘greater’ residue in Aryabhata’s rule, and condition
(2) by the new interpretation of the phrase agrantare ksiptam proposed by
Devaraja in K 1.8p0 (see above). Rule 2 is the same as Aryabhata’s rule
except for the underlined words which produce the two conditions.

“For this double meaning see under M 1.18 above.
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According to Rule 2, as Devaraja remarks in K 1.9p, the reduced equation

Tmfh — C
"'m—1

(B,m) v=

is solved when the sequence called ‘creeper’ contains an even number of quo-
tients (i.e., when m is odd), but

(B, m) L, ImpFc

"'m—1

is solved when the creeper contains an odd number of quotients (i.e., when m
is even).

K 1.10. Auxiliary rule. R; # Ra: a condition for Rule 2 (K 1.8-9).

When the remainders are different (from each other) or when one
remainder (only) has the state of being zero, then these two ver-
sified rules come down (i.e., become applicable). For other cases,
a{n other) computation is told (in the next stanzay).

That is to say, Rule 2 (K 1.8-9) is applicable either when 0 < Ry < Ry or
when 0 = Ry < R».

K 1.11. Rule 3. For R1 = RQ.

When there is no remainder, then, having canceled out the two
divisors (by the largest possible reducer) and multiplied the two
(results) mutually, one should multiply (the product) by the re-
ducer. When there is equality of the remainders, one should also
add the remainder.

That is to say, when Ry = Ry = 0, the least positive solution of
N = a1z1 + Ry = aszs + Ry,
is the least common multiple of the two divisors, that is,
N = dyasf,

where f is the largest common factor of a1 and ay and a1 = a! f and ay = alf.
When Ry = Ry = R # 0, the solution is:

N = d\dyf + R.
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This stanza is followed by the conclusion of Chapter 1 of the K: ‘Thus the
first chapter on the residual (kuftakara) in the Kuttakarasiromani composed by
Devaraja’ (iti Sridevarajaviracite kuttakarasiromanau sagraparicchedah prathamah).
And then come two stanzas of the M which provide examples for Rule 3.

M 1.19. Example 15. Ri =Ry =---= Rg = 0.

Tell me quickly, O the foremost of the experts in the (astronomical)
doctrine, such a quantity that has zero as the remainder (when
divided) by (nine divisors) beginning with two and ending with
ten.

That is to say,
N=(©G+1Dz; (i=12,..9).

The solution obtained is N = 2520.
M 1.20. Example 16. R{ = Ry =--- = Rg = 1.

Tell quickly such a quantity that has one as the residue when di-
vided by nine divisors beginning with two and ending with ten.

That is to say,
N=(@G+Dzx;+1 (:=1,2,...,9).

The solution obtained is N = 2521.

In M 1.20p1-p2, Devaraja refers to the problems of conjunctions of nine
planetary entities, that is, the sun, moon, Jupiter, Mars, Saturn, the apogees
of fast motion (sighra-ucca) of Mercury and Venus, and the apogee (ucca) and
the ascending node (pata) of the moon. ‘For fear of voluminousness,” he does
not illustrate each conjunction but points out two facts. (1) The number of the
‘problems’ (prasnas) of conjunctions of these nine planetary entities amounts
to b11. That is, the number of conjunctions of one = gCy = 9, of two =
9Cy = 36, ..., and ¢C1 + ¢Cy + -+ + 9gCy = 511. In order to compute ,,C}, he
cites a versified rule from Varahamihira’s Brhatsamhita (76.22). See M 1.21
below. (2) The ‘zero-residue quantity’ (Sunya-agra-rasi) N for all the nine
planetary entities is 1577917828 according to the Suryasiddhanta (1.37) and
1577917500 according to Aryabhata.® This is the number of civil days in the
yuga (D, cf. M 1.16).

5For the latter value see MB 7.8.
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36
28 84
21 56 126

15 35 70 126

10 20 35 56 84

6 10 15 21 28 36

3 4 5 6 7T 8 9
1 1 1 1 11 1 1

=N W Ot g oo

Figure 2.1: Computation of ¢C, (r =1,2,...,9).

M 1.21 (= BS 76.22). Varahamihira’s rule for combinatorics.

Each place, except the last, is increased one by one by the preceding
(place). They point out the (last) numbers (of those columns as the
number of combinations). When one has moved (the tokens) one
by one (except the first) according to the desired options, and when
moved (completely), there are termination (of the first option) and
further moves (of the tokens).®

The first half of the stanza tells how to calculate the number of combi-
nations, ,C. The resulting table of numbers is equivalent to the so-called
Pascal’s triangle. Figure 2.1 shows the computation when n = 9.

The second half of the stanza tells how to enumerate all the possible com-
binations when 7 out of n options are taken at a time. This method is called
‘the spread by lump of clay or token’ (lostaka-prastara) by the commentator
Bhattotpala in his commentary on BJ 12.19.

Figure 2.2 shows the moves of tokens when three out of five options (ex-
pressed by A;) are taken at a time. The sign e indicates a ‘fixed token’
(sthira-lostaka) and o a ‘movable token’ (cara-lostaka).”

5The latter half of the stanza occurs also in BJ 13.4cd.
"Cf. Hayashi 1979.



S 108 INDIAN JOURNAL OF HISTORY OF SCIENCE

Al Ay Az Ay As

1 o ° o

2 e ° o

3 e ° o
4 e ° )

5 [ ] [ ] o
6 o ° o
7 ° ° )

8 ° ° )
9 °

10 ° ° )

Figure 2.2: ‘Spread by token’ for 5Cj.





