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SINES AND INTERPOLATION IN INDIA

V. MADHUKAR MALLAYYA"

(Received 23 April 2012)

Indian astronomers made great strides in the field of trigonometric
computations and interpolation theory. Their discovery of trigonometric
functions was mainly focussed to find the position and motion of planets,
stars and other astronomical phenomena. They finally devel oped the infinite
power series by interpolation and improved considerably value of sine,
and versed sine tables and other trigonometric functions.
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| NTRODUCTION

If an arc BOW of length 2s subtends an angle 26 at the centre K, O
being the mid point of the arc, then the arc BO is of length s and subtend
an angle 0 a K. The half chord BJ of the arc BOW is called the jya or jiva
of the arc BO, the upright KJ on BJ the koti-jya of the arc, and the arrow-
like protruding part JO the sara or bana or utkrama-jya of the arc. If the
radius is R then itsjya = BJ = Rsin0, koti-jya = KJ = R cos6, and
utkramajya = JO = KO- KJ = R — Rcos0 . Tabular values of trigonometric

functions and their differences are constructed for the purpose of interpolation
and this is a general feature Indian astronomical texts (Bag, 1969, 79-85).

5400

If h=- ;o is the angular measure of an arc bit, then for

i=0,1,2,..../where| =3x 2", m= 0, 1, 2, 3, ... denote the i" tabular
Rsine, Rcosine and Rversine byJ, = Rsin(ih), K, =Rcos (ih) and
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V,=R-Rsin(l-i)h=R-J,, respectively where J, = 0. Also for
i=0,1 2,....01-1 denote the tabular Rsine difference

J —J,=Rsin(i+1)h—Rsin(ih) by AJ. The| tabular values are computed

at every increase of h minutes of arc. Generaly | = 24 isfound to have been
used for which m = 3 and h = 225". The Rsine of a third part of the

. R /
quadrantal arc (i.e. of a rag) is J, = Rsin30’ =5 Wherek=§.The |last

tabular Rsine J; is the Rsine of the whole quadrantal arc or the jya of three
rasis (often called trijya or trirasi-jya) and is equal to R. Different values
for R are found to have been used by different astronomers. In some of the
works such as the Aryabhatiya ofAryabhata I; the Sarya-siddhanta; the
Mahabhaskar rya of Bhaskara |; the Ssyadhivrddhida-tantra of Lalla; the
Maha-siddhanta of Aryabhata Il; and the Sddhanta-siromani of Bhaskara
Il the value of R is taken as 3438'. The Vatesvara-siddhanta of Vatesvara
and Paramesvara's commentary on the Laghubhaskar rya gives a more refined
value 3437°44” and a further refined value 3437'44719” (=1237589"") can
be had from the works such as the Mahabhaskariyabhasya of
Govindasvamin and Udayadivakara's commentary on the Laghubhaskar rya.



SINES AND INTERPOLATION IN INDIA 739

_ ) 967
Utpala’'s commentary on Brhat-samhita gives R=3437+m9. The value

3437'44” 48" attributed to Madhava can be had from the works of Nilakantha,
Sankara Variar, and Jyestadeva. Apart from these the value 900’ can be had
from the Dhyana-grahopadesa adhyaya and the Khandakhadyaka of
Brahmagupta and the Sisyadhivrddhida-tantra of Lalla. Brahmagupta also
used the value 3270" for R. Another value 120" is found to have been used
in the Pafca-siddhantika of Varahamihira, the Karanaprakasa of
Brahmadeva, the Sddhanta-siromani and Karanakutahala of Bhaskara I1.

Since the accuracy in the interpolated val ue depends on the accuracy
of the tabular values used as well as on the method of interpolation, various
methods for construction of tabular values with desired degree of accuracy
and several methods for interpolation are found to have been developed
from time to time. Some of these methods from select works are briefly
described here.

1. ARYABHAT YA OF ARYABHATA |

Aryabhata | (b. 476 AD) describes a geometrical method* based on

two important formulae namely and with

which one can compute i) | tabular values at every increase of h minutes of
arc and ii) the first Rsine J, = Rsinhthat is needed for the construction of

| tabular values by means of other algorithms prescribed for the purpose.
Aryabhata’'s scheme for computation of 1(=24) tabular sines consists of two

3
to compute J; for i = 4, 2, 1; 23; 16; 20, 10,5; 19; 22, 11; 13; 14, 7; 17, the
second part is initiated from J, = J,, = R to compute j; for i = 12, 6, 3; 21;
18; 9; 15.

The geometrical method also gives first Rsine that is needed for
computation of tabular Rsine differences and Rsines by another method
stated by Aryabhata 12 according to which the tabular Rsine differences AJ;
and tabular Rsines J, for i = 1, 2, 3 ..., |I-1 are given by

R /
parts.While the first part of the scheme is initiated fromJ/; = 5 (k = 8}
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J+J,+ 4

A, =J, - 7 and J,; = J + AJ. Some of the commentators
1
AT+ AT+ + AT
recommend the use of the formula &/ =4/, ———— 7 - for

1
computation of tabular Rsine differences where AJ; = J, (which in short

‘]i
gives AJ,:AJ,_,—Y' J., = J + AJ) or the formula
1
J.’
,/_\.I,.:Afif,fj(AJOfAJ]) for i = 2, 3, ..., I-1, where AJ, = J;
1

J,
Ay =Ji="iand 3, = 3, + AJ,. Aryabhata's first Rsine is 225" and the

1
twenty four tabular Rsine-differences listed® are 225, 224, 222, 219, 215,
210, 205, 199, 191, 183, 174, 164, 154, 143, 131, 119, 106, 93, 79, 65, 51,
37, 22, 7 minutes for every increase of 225 minutes (3°45") of arc.

2. PARCASIDHANTIKA OF VARAHAMIHIRA

Varahamihira (b. 505 AD) gives a detailed discussion of Rsines and
construction of trigonometric tables in the famous astronomical treatise
Pafcasidhantika (Thibaut & Dvivedi, 1997 iv. 1-11, pp 22-24). Rsines are
derived successively for every 3°45" increase of arc with R = 120" using a

procedure* based on repeated application of the formula J,, = 1 /J "+, or

(R ;
J, = (E)V, ,and (J,,)=4/R’—(J,) starting from the values of Rsin

30°, Rsin 45°, Rsin 60° and Rsin 90°. The squares of Rsines of 30°, 45°, 60°
and 90° are respectively 3600, 7200, 10800 and 14400 minutes. The twenty
four Rsines are: 7'51”, 15407, 23'25”, 31'4”, 38'34”, 45'56”, 53'5”, and
60'0” in the first sign (ie, up to 30°); 66'40”, 73'3”, 797", 84'51”, 90'13”,
9512”, 99'46”, 103'55” in the second sign, and 107'37”, 110’52, 113'37”,
115’655, 117427, 118'59”, 119'44” and 120°0” in the third sign.
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3. MAHABHASKARIYA OF BHASKARA |

Bhaskaral (c. 600 AD) gives two methods for computation of Rsines
in the Mahabhaskarrya. One is without using tabular values of Rsine
differences and the other using tabular Rsine-differences. The rule for finding
desired Rsines without using tabular values given by Bhaskaral is based on

R (180-0)0

the approximate formula?, RSin) = l[40500—(180 _9)9] where 0 is in
4
Sing — 1660(x —0)
degrees. [This is of the form 5;;2_49(7;_9) if 6 isin radiang]

The other rule given by Bhaskara | for computing Rsines and Rversed
sines is based on a simple interpolation technique using the concept of
proportion®. According to this rule, the desired jya

remainder x current difference

= Sum of first n Rsine differences + . =

'S pxAJ, . . . .
DA+ , »Where h =225, nis the quotient and p is the remainder
i=0

when the desired arc is divided by h.
I.e, RSin(nh+p)=

n-1 _
ZME + thAJ” :(Jl _']0)+(J3_J1)+...+(J” —.]“l)+px(']”/:']”)
i=0

J”+p(J"+];‘J")

Thus f(x+P):f(x)+%A f(x) where nh = x and
Af(x)=f(x+h)-f(x).

Denoting %fu,therulegives f(x+hu)=f(x)+uA f(x) whichisexactly

the Newton'’s interpolation formula up to first order. Using this, the values
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of Rsines can be interpolated for different u < 1 (since p < h). Desired
Rsines (and aso Rversines) can be computed using this formula and the
given tabular Rsine-differences up to 90° of arc. For finding Rsines
corresponding to arcs having angular measure greater than 90°, Bhaskara |
prescribes the following formulag’

Rsin (90° + 6) = Rsin 90° - Rversin 6
Rsin (180° + 6) = - Rsin O
Rsin (270° + 0) = - Rsin 90° + Rversin 6 for 6 < 90°.

4. BRAHMASPHUTA-SIDDHANTA; DHYANAGRAHOPADESADHYAYA
& KHANDAKHADYAKA OF BRAHMAGUPTA

In his standard works Brahmagupta (7" cent) dealt not only with
construction of tabular values at equal arc bits and computation of desired
Rsine values using such tabular values at equa intervals but also with
computation of desired Rsines from a given set of tabular values at unequal
intervals.

i) Of the two methods for computation of tabular Rsines for every increase
of equal arc hits given in the Brahmasphuta siddhanta (Sharma, Rama
Swarup, 1966, verse xxi, 17-23, pp. 1349-58) one is graphical and the
other one based on the two formulae:

DXVI.

Fii J, =1J; +V; (orin an aternate form le =\ 4 WhereD=

2R) and

2

F2: J,, =R =J, where V,=R—J, ,=R—\R*-J]

. R !
Starting from J; =5 where, kig, |=3x2"m=0,1,2 ..(m=3

for 24 tabular values so that k = 8) and applying F, and F,on J, for every
k k
T2 4T
starting from J, = R and applying the same procedure can be computed
[ l
) 2

even n, J can be computed along with J,; for i =k and

i !
along with J,, for i =1/, _, PR
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Brahmagupta's tabular values? at arc bits of with R= 150 are as follows:

arc i in degrees 0 15 30 45 60 75 90
J 0 39 75 106 130 145 150
AJdi 39 36 31 24 15 5
A2Ji -3 -5 -7 -9 -10

Using these tabular values the desired intermediate Rsine values can be
computed by applying the interpolation technique prescribed by
Brahmagupta. While Bhaskara | introduced the first order interpolation
technique, Brahmagupta extended it to the second order as found
mentioned in his works’ Brahmasphuta-siddhanta -Dhyana-grahopadesa
adhyaya (before 628AD) and Khandakhadyaka (of 665 AD). Denoting
the tabular difference passed over (gata khanda) by d,, the difference to
be passed over (bhogya khanda) or that in the current interval by d,, and
the residual arc in minutes by p, then the true functional differencein the

current interval is d=5(d, +dy)+3(d, _db)% or

d=3(d,+d,)-3(d, *d;,)% according as (d, +d,)<or >d,. That is,

according as d, < d, or d, > d, where h = 900’, and d,=d,.,. This true
difference d is over the current tabular arc interval of size h containing

the residual arc and so the true difference applicable over p is %Xa’ .

Therefore the desired functional value is obtained by adding this to the

just preceeding tabular functional value. If %Zu and f stands for Rsine

or Rversine then the desired functional valueis f(x+p )= f(x)+%><d.

2

This gives f(x-+hu) = f(x)+ud = [(x)+ (d, +d,,)—”2'(a'g ~d,) if d,

> d,
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2

That is, /(xthu)= /() + " (d, +d) =" (d, ~d,.) i dy > dyy

Thus,

:f(x)Jru{A f(x—h)+A f(x)} u’

. +7“{A3f(xh)}

This is exactly the Newton-Stirling’s interpolation formula up to second
order term(Gupta, 1969, pp. 86-98).

For a given set of tabular values at unequal intervals, Brahmagupta has
given the following method for interpolation of desired values'. Let the
angular measure of the tabular arcs s bex, = h, + h, + h; + ... + h, for

i=1,2,3,..,n (where are different for tables with
unequal arc bits and all equal to say h for tables with equal arc bits). Let

the corresponding functional values be

where for . Tabular differences are

A J=J,-J =f(x,)-f(x), where J,=0, and i=0, 1, 2, .., n—1.
Let o be the intervening argument between x, and x,+1 whose functional
vaue Rsin o is desired and where p is the residua arc

(vikala) such that . Theinterval crossed is and the
current interval within which it lies is

bhukta gati = length of the crossed interval = x, - X, = h,
bhogya gati = length of the current interval = X, - X; = hg.s
bhukta gati phalamsa= tabular difference in the crossed interval
=Jy - Jg1 = Al

bhogya gati phalamsa = tabular difference in the current interval
= Jg1 - Jg = AJ,. (This will be attained only on reaching J,, (i.e., on
crossing the current interval).
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_ _ bhogya gati
According to Brahmagupta's rule bhukta gati phalamsa * 5, .~ - "

= labdham, which is the estimate of the functional difference d, in the
current interval at the rate of that in the preceeding interval. Thus

h +1
A Jgx hq =d, [Along the arc bit h,, the tabular difference is AJy,

q

and so expecting proportional change in the difference, applying rule of

g+1

three, the difference along h,,, is estimated as A Jpx h =d, \nthis,
q
AJ. A,
LA x Is the rate of change of Rsine in the interval just
q g-1

crossed. Hence the difference in the current interval of size h,,, following

AJ,

the crossed interval is estimated as 9, = / xhy (In modern terms
q

AJ, AT,

q pu—
h, A x,
Now using the estimated difference d, in the current interval and the
known tabular difference AJ, in the current interval, the true functional

difference d in the current interval is given by

is the divided difference in the crossed interval)].

1 1 p
dzg(drﬁ“ﬁ Jq)*}(dq’A Jq)f according as the mean

g+1
1
E(dq +A J,) > or < AJ, (i.e. according as d, > or < AJ,)
[Since the estimated difference is d, and tabular difference is AJ,, the

1
actual difference is assumed to be their mean m = E(dq +A Jq) which

isalso in fact not true. So it has to be corrected by subtracting or adding
the amount of change in the residual bit of the interval according as the
mean is > or < AJ,. If the mean > AJ,, then the amount of decrease in
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the interval hasto be deducted from the mean to get the rectified value.So
the first approximation is . Now since the amount of decrease
along hy,, is , by the rule of three the decrease along p is

p
mq

1
{5(“%‘5 4 )} Hence the rectified difference applicable in the

. - p (d,—AJ, N .
dearedbltlsd—m—h( 5 }.Smllarly,|fthemean<AJq,then

q+1

d=m+
h

g+l

p (qu J

5 q]]. Hence at o, the difference in the functional

p
d 5o that the desired functional value is:

value is
hq+l

f(o) = f(x;) + u.d, where = ,%

g+l

5. GovINDASVAMIN'S COMMENTARY ON THE MAHABHASKARIYA

In his commentary on the Mahabhaskariya of Bhaskara | (Sastry,
1957, iv 22, pp. 201-2), Govindasvamin (c. 800 AD) gives the following
formulae for computing the desired functional value (o) = Rsinea for some
intervening arc of angular measure oo = X, + p=gh+ p; 0<p <h, and
Xy < 0 < Xy USING tabular values at equal arc bits of size h.

fle)=f () =108 f (5 )+,

where
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uh Jq+%u(u71)(A J,~A J,,) forg=1t07;
fla)=J, +{uA Jq+%u(u71)(A J,=A J,) forg=8to15;

1
A +—
ST Y P

u(ufl)(A Jq) forq:16t023where%:u

In particular, for g = 8 to 15,

_ u(u-1) B
flo)=f(x)+u A Jq+T(A J,-AJ,)

= f(x)+u A f(xq)+”(”21)

second order Newton Gauss forward interpolation formula.

A*f(x,,) which is exactly the

6. VATESVARA-SIDDHANTA OF VATESVARA

Various relations between Rsines, Rcosines and Rversines in various
quadrants along with severa methods for computing desired Rsines from
given arc and tabular values are given in the Vatesvarasiddhanta (904 AD)
throwing light on several forms of first and second order interpolation
techniques. Severa inverse interpolation methods for finding the desired arc
from given Rsines and tabular values are also given in the
Vatesvarasiddhanta. Tabular Rsines and versed Rsines are given in verses
from 2 - 51 of the Vatesvarasiddhanta and the interpolation techniques are
embedded in verses from 55 — 92. For constructing tabular values, Vatesvara
divided a quadrantal arc into 96 equal parts instead of usual 24 so that each
part is of angular measure 56'15”. This being much smaller than the 24™
part is more qualified to be considered straight than the 24™ part so that the
first tabular sine can be equated to the angular measure of the first tabular
arc and greater accuracy can be attained in the tabular values with smaller
interval of differencing. Vatesvara constructed tables of 96 Rsines and
Rversines using the formulae J,, = J, + AJ; for i = 1, 2, 3, ...95 where

R

J,
= _ }\-: — 2 2 —
A J=AJ, N , Where 20, Vi=R-K,, K, =R*-J},Jd=h,
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Jo =0, R=3437'44', and R? = 11818047’35”, Rcosines K., and Rversines
V,,, are respectively obtained from K, =,/R*-J}, and Vi+1 = R- K, for
i=123 .. 9.

A few features of Vatesvara-siddhanta as described by K.S. Shukla
are given below:

(A) Tabular Rsines and Rversines for every increase of 56’15 of arc (Shukla,
1986, ch. 2, verses | 2-51,pp. 81-92) are:

The values of 96 Rsines and 96 Rversines at interval of 56}; are

fairly accurate. Then Vatesvara gives several rulesfor interpolation of desired
Rsines from given arc and several rules for inverse interpolation of arc from
given Rsine using the tabular Rsines.As a pre-requisite some important
relations between the Rsines, Rcosines and versed Rsines are given. If sis
the arc ‘approached’ or arc ‘completed’, then the arc ‘remaining’ or ‘yet to

C
be completed’ in a quadrant is Z*S where c is the circumference. If 0 is

the angular measure of the arc s completed, then s = RO and the arc yet to
be completed or the remaining arc or approaching arc or the complementary

T
=R| -0
arc (2 ]

In an odd quadrant, Rsine for a completed arc s is jya = RSin6 and

(&
Rsine of the remaining arc or complementary arc is agra= jya (;S):
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. T
RSIH(EHJ: R Cosf which is the koti. Here agra means that of the

remaining or ‘tail’ or ‘tip’.
C
In an even quadrant, Rsine of the remaining isagra= jya of (2 —S‘j =
= Rsn (m-0) = Rsin 6.

c c
Now, R — utkrama (s) = jya of (4—5') and R— utkrama (4—5') =

jya of s, where R is the trimaurvika, the sinus totus.The following relations
are given in the siddhanta':

JR —(Rsin 0)> = R sin (90 — 0);

JR'= (Rsin(90 - 8)) = Rsin 0

J® - Rsin 0)(R + Rsin 0) = Rsin (90 — 0);

\/[R — Rsin(90- 9)][R+Rsin(9079)]:Rsin 0

\/(a’ — R versin 0) (Rversin®) = Rsin 0 ; and

Jd x Rversin © — (Rversin 0)° = RSIn6;

(R sin 0)

, — R=Rsin(90-0)
R versin 0O

[R sin(90 —0)]’

R versin (90—0) sSIY agnd Rsin (90 -agra)= Rsiné,

where agra = 90%6 and Rsin(90 - bhuja) = Rcoso.
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(B) First order interpolation techniques as given in the siddhanta (Shukla,
1986, verses 58-62, pp. 94-95) are:

Desired arc remainder

Ny ———————— = quotient + —————— C
1) arc bit 4 arc bit  Where quotient = number of

preceeding tabular Rsines, and

desired Rsine =

If a=~kh+p; 0<p<h is the angular measure of the arc whose

o
functional value is desired then A k+ % where quotient k = number

of preceeding tabular Rsines, and % A J,+ J, = R sin (kht p).

In short denoting —=u, the rule gives

f(x+hu)= f(x)+uA f(x)which is exactly the Newton's interpolation
formula up to the first order term.

ii) The angular measure r rasis (where 1 rasi=30°) and b bhagas (i.e b° =

b b
30 rasi) of the arc (i.e r+£ rasis) is multiplied by 32 to get an

integer part k rasis and fractional part B degrees. That is,

; 3060
(r+—)x32:k+E,USB<3O»32:X h=
30 30 h
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56.25". The k so obtained is the number of tabular Rsines that have
preceeded the desired, and the desired Rsine is given by

Ay
where kh+p =(rx30+h) 60 minutes

Rsm(kh+p)=J, +
sin(kh+p) =J, B[BO

p

and the residual arc is of angular measure ¢ :[E)” .

iii) If the given arc sis of angular measure b degrees (ie. 60xb minutes), and
b
15
have preceeded the desired Rsine is k = a + b and the desired Rsine is

r
= a + 5 0 <r< 15 then the number of tabular Rsines that

) A J
Rsinb"=J, +r (T"J where J, = Rsin kh is the tabular Rsine just

before the desired Rsine. In general, if the quadrantal arc is divided in

to | equal parts, then there will be| tabular Rsines. Since 90° corresponds
b ‘

to the I tabular Rsine, b° corresponds to the [90 % f)‘h tabular Rsine

b‘”’:bJr(ﬂJb S S LA G S

where 90 90 90 90
7-90 /=90

where b + a = k is the number of tabular Rsines that has preceded the
desired Rsine and the desired Rsine is

r
90
/=90

iv) The fourth method described in verse 61 is to compute the desired Rsine

Rsin(bo):Rsin(kh+p):Jk+ xAJ,

of arc of angular measure b° using the formula Rsind” =J, +’”(1;)

where the number k and r are the quotient and remainder obtained from
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bx16

;(5 =k +%. Comparing with the third method, the only difference
here is that the quotient of division gives the number of preceding Rsines
directly.

V) The desired arc whose angular measure is o is multiplied by 4 and
divided by 225 to get a quotient which is the number of preceeding
tabular Rsines and the remainder when multiplied by the Rsine diference
and divided by 225 gives a result which when added to the Rsine just

ox 4

r
. . . . — k +
before gives the desired Rsine. That is 275 235 and the

k

desired Rsine is /; +1 % 325 =J, +rx "4 | Where 4h = 225, since

h = 56.25".

(C) Second order interpolation techniques as given in the siddhanta (Shukla,
1986, verse pp. 95). For computing desired Rsine corresponding to the given
arc of angular measure kh + p, 0 < p < h the following formulae are
prescribed.

)

. P p’ (AT, ;
= Rsinkh+ h AJ, o+ h? ( 2;( 1] where A'J, , =AJ, —AJ,

'Hz 5
S'nce p:hu, 0<u<], Jk+u:']k+uMk—l+EAu‘]k—l-

{AJ“ T ;(ZJ(M" ~ Af“)}p

) Rsin (kh + p) — Rsinkh= ,

which is same as the above.

AT, ~AJ " p (Mk ~A, ]}:|

ii) Rsin(/cmp)—RsinkhZ[Mk_l¢{ 5 ; 5

where — or + is to be taken according as AJ, < or >AJ, |



754 INDIAN JOURNAL OF HISTORY OF SCIENCE

p

_ % (hﬂj
"e’Rsin(kthp):RsinkthZ A s BT () where

ANJ, =N, N, .

=J +u A J + u (u+1) (4%7,)

If p =huthenitisof theform J, 2

+u

F i) = f )+ Gy~ + D

exactly the second order formula now popularly known by the name
Gauss backward interpolation formula. The first formula is in short

A’ f(x,—h)  which is

A, +AJ U, o
equivalent to Vi, =i H{%}fgﬂ J4-1 which is same as

that of Brahmagupta and is seen to be a forerunner of the Stirlings

A (o=h) + A f(x)] u
2 }JFEAf(xoh).

formula /(x, +hu) f(xo)ﬂt{

iv) according

as AJ, < or > A,

as AJ, <

or > AJ,

Vi)
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p 1
,.L:
h MkNAJk—l

Vii) Rsin(kh+p)—Rsinkh=[AJ, | (AT, ~AJ, ] %i(Mk ~ A )FA

p AJ,~A | p (p )(Mk’“‘ﬁ']kl]
A= h h
where (2+ )( h ]hJ{ 2" h

viii)
iX)

X) Rsin(kh+ p)—RSiI‘)kh=|:AJk_l 1(‘)7“](AJ,(~AJ](_I)}>,, forh=1

Xi)

(D) To compute certain Rsine differences, afew other methods are prescribed
in the siddhanta?

i) The difference of Rsine differences in a unit arc bit can be determined
using the formula
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where the arc interval  his 1.
i) The difference of Rsine differences in an arc bit of size h is given by
hp, . .
—[Rsm(kh + p)—Rsmkh] ~AJ
I(p+h
A

iii) For finding Rsine difference AJ,, in the arc bit just preceeding the

AJ, ~AJ, | =

current arc bit theformulais

(E) Inverse interpolation methods for finding desired arc are also described
(Shukla,1986, 11.i. verses 83-92,pp. 99-101).

i) The angular measure o of the desired arc is given by

(R sin(kh +p)— Rsinkh )h
+

o =kh Rsin(k+1) h— Rsinkh ] where k is the cardinal number of

the (greatest) tabular Rsine that can be subtracted from the given
functional value Rsina.
i) If the Rsine corresponding to the arc o = kh + p is given where k is the

cardinal number of the tabular Rsine just crossed and h = 56%’ isthe arc

(R sin(kh+ p)— Rsin kh)152

. . . — +kh
bit then the desired «xis given by ¢ { (Rsin(kJrl)h,Rsinkhy

where Rsin(kh) is the tabular Rsine just before the given Rsine that can
be subtracted from the given Rsine. This formula is same as that given
ro15°

above where the only difference is 71 =563 = 1
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i) If the desired arc is o = kh + p, then its residual arc is

FY _ F
p=h [2) +Si21] where and
according as AJ, <or >AJ, . In other
f)z f 2AJ;<71 7A2Jk—1
p=nh [ +s —= -1 = -~
words, [ 5 > ] where / AT and
because

where

iv) If the desired arc is o = kh + p, then the residual arcis given by p =

; 2 2
2 I A = P =
( 2 ) +qc 2 = Where pc A Jk - A J*,] y qc' AJ;‘ NAJIrfl 1

AJ, +AJ,

> J;qh2 [Rsin(k +1)h—Rsinkh].

andp=h(

v) The residua arc p is given by

—_— AJA_I . -
where 4 = m, A, = Rsm(kh+ p)fRsmkh

A, . A
Vi) R%idualarcisph{f'“ f ?F}orpzh{f t T~ 8]

AJ, F6

- _A~
wheref—AJkNAJ“,S—

A,
T’” and A, = Rsin(kh+ p )~ Rsinkh.

Thus Vatesvarasiddhanta is a treasure trove for theory of interpolation
and inverse interpolation.
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7. SIDDHANTA-SIROMANI OF BHASKARA |1 AND MUNTSVARA'S
COMMENTARY MARICI

In the Sddhanta siromani (Joshi, 1988, pp. 152, 153; 198-200)
Bhaskara Il (1150 AD) has stated several methods for finding tabular values
which includes some of the earlier methods along with some new methods.

R
i) Starting from, J, = R, and J/,=_ and using the formulae

2
Jyo= 1, -,) +(&,-K,) and al the |
tabular values can be computed where | = 3x 2™, For tables of 24 values
m=3k="'=8.

2

3
i) Another method is by using the formulae J, | = MK, ~J) and

K =R -J' =J,

iii) Without extracting square roots some tabular values can be obtained

2
using the formulae X, :R—EJ; and J,, =K,.

; 100
: - : Ja=|J—— | K,
iv) Another method is by using the formulae, i+ ( i 467] 1520 o

=123 ..., 24 J :2257';, arc bit being 225’

v) Tabular Rsines for every degree increase of arc can be computed using

S 10
the formulae J(,i])[] :(qu 6569Ji573 K,—u’ K, = IR? _J,? fori=1°,

2°, ..., 89° where Jpo = 60

vi) Another method based on refining the Rsine differences corresponding
to the tabular arc bits so as to make it applicable at the desired argument
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in the interstices of the tabular bitsis given in the Spastadhikarah of the
Sddhanta-siromani®3. A scheme for further refinement was introduced
by the commentator Munisvara (1653 AD) by formulating an iterative
procedure developed from Bhaskara s method. Using this method, refined
second generation tables at smaller arc bits can also be extracted from
a given coarser table at larger arc bits. Bhaskara's formula for refining
the functional difference is given by

interstice of the tabular interval (gh, gh + h)containing the desired arc o =
gh + p, 0< p <h; h=10° whered, = A J,, and d, = A J, are respectively
the tabular differences just before (gata) and just after (bhogya) that interval
(clearly d, = dg.,). Thisformula can be had from the works of Brahmagupta'.
Taking thisrefined value d for Rsines the desired Rsine= the tabular Rsine

just before + %a’ . Tabular Rsines and differences for every 10° increase

of arc with R = 120" as given by Bhaskara® are as follows.
acih | 0 10 20 30 40 50 60 70 80 90
A J, 21 20 19 17 15 12 9 5 2
J 0 21 41 60 77 92 104 113 118 120

Using this table, Rsin(gh+p)=1J, +%d can be computed, where

AJ, —AJ,
the refined difference d is given by d:m*; — 5 where
- [qul;AJq

Sddhanta-Siromani gives an iterative procedure for further refining the
difference with desired degree of accuracy (Mallaya, 2008) using the formula

J. Munisvara in his commentary Marici on the
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h 2

the iterations till stable values up to desired subdivision of degrees are
obtained. For thisexamine whether ‘d‘”” —d" |<e for each r , where the

small positive quantity isso chosen asto get the desired degree of accuracy.
The stabilized value is taken as the value of the refined difference d. (The
process when terminated with r = 0 gives Bhaskara's value). Using the
stabilized value d, the desired Rsine is computed using the formula

(r+1) P AJq—I*dm . -
d* " =m=—| ————Iforr =0, 1,2,.. taking d® = AJ,and continuing

Rsina =J + % d. At the end of theiterative procedure since g+ — g — 4

. | o o (h=p)dg +hdjy
d=—-(d, +d)—"d, +d d=
it follows that 2( . tdy) 5, et 4. Hence 2h—p

Using this d in f(x+hu)=f(x)+ud, the desired value is

Applying this procedure on the known tabular Rsine differences and
Rsines for every 10° increase of arc, refined tabular Rsines can be constructed
for every 1° increase of arc and using this finer table the desired Rsines can
be interpolated with greater degree of accuracy.

The refined Rsine table given is as follows:

ih 10 2 K 40 50 6° 7 & 9 10°
J 2540 411,16 617,10 822,14 10,2730 12,3336 14;37,2 1642,2 18,4620 20;50,36

ih 11° 120 13° 14° 15° 16° 17° 18° 19° 20°
J 22:53,50 245656 26;59;38 29;1:50 31;3;:30 33456 5654 37456 39:04.06 41:02;32

ih 21° 22 23° 240 25° 26° 27 28° 29 30°
J 43,0;16 44,57,12 46,53,18 48;48,30 50;42;52 52;36;16 54,30;40 56,20;,16 58;10,20  60;00;00

ih 31° 320 33° 34° 35° 36° 37 38° 39° 40°
J 61;48;16 63;25:24 65;21;24 67;06;12 68;49;24 70;32,02 72;13:44 73;,52;46 75;31;,06 77;08,04

ih 410 420 43 440 450 46° 47° 48 49 50°
J 79,23,;30 80;,17;44 81,50,22 82,20,32 84,50,50 86;19;34 87,4544 89,10,38 90;33,54 91,55;30

ih 510 520 53° 54° 550 56° 57° 58° 59° 60°
J 93:15;26 94:33:40 95;50;10 97;04:54 98;17;52 99;29;04 100;38;26 101;46;56 102;51;36 103;55;23
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ih 61° 62° 63° 64° 65° 66° 67° 68° 69° 7°
J 104;57;16 105;57;14 106;55;10 107;51;20 108:45;26 109;37;32 110;27;38 111;14;26 112;01;46 112;45;48

ih 71° 720 73° 740 75° 76° " 78° 79 80°
N} 113,27;44 114,05;36 114,45;26 115;21,06 115;14;40 116;26;08 116,55;28 117,22;40 117,47;42 118;10;38

ih 81° 820 83° 84° 85° 86° 87° 88° 8%° 90°
118;31;22 118;49;56 119;06;22 119;20;34 119;32;18 119;42;28 119;50;08 119;55;36 119;58;54 120;00;00

8. BubpHIVILASINT OF GANESA DAivaiNa

In his commentary Buddhivilasini (1545 AD) *on the Lilavati of
Bhéskara Il, Ganesa gives a rule for finding the Rsine corresponding to a
desired arc from the angular measure of its complementary arc and quadrantal
arc. As per therule, if o is the angular measure in degrees of the arc whose
Rsine is desired then B = 90 - a is the angular measure in degrees of the

360 .,
S
) .. Rsina=R 5

complementary arc and the desired Rsine is (360 ) . B*

4 4
Rversines are given by the formula . Interms of radians
H _|I Z_U }r: [ 1®E-0) ~
the formula for Rsines assumes the form % =% i }:.\]- N ["n 5] “Rr00-n)

A 2) 42 J

9. PARAMESVARA AND SIDDHANTADIPIKA OF PARAMESVARA

While the commentary Paramesvara of ParameSvara (AD 1360-1455)
on the Laghubhaskar iya'’ gives the interpolation formulae for interpolation
of the desired functional values mentioned below in (i), his commentary
Sddhantadipika (Sastry, 1957, iv 22, pp. 204-205)on the Govindasvamin’'s
commentary on the Mahabhaskar rya gives the formulae listed below in (i),
(i), and (iii).
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For computing the desired functional value f(¢) = Rsin corresponding
to some intermediary arc of angular measure ot = x, + p = gh + p; 0 <
P < h, h being the size of arc bits and X, < o < Xy,

fl)=f(x,)= %Af(xq )+, where 0
that

S, +p)=f(x,)+uA [ (x,)+ %u(u “D G, ) asG, )

= f(x,)+ulf(x,)+ H(MT_I)AZ_ f(x, ) where % —u

For determination of desired functional values as well as for finding the
functional values at the centre of a residual arc the Sddhantadipika
gives the following formulae.

a) where

for the determination of residual Rsine difference and Rcosine at centre
of the residual arc

b) where

for residual Rcosine difference and Rsine at the centre of the residual arc
and these are the forerunners of the Taylors Series up to second order

for f(x) = Rsinx as well as for f(x) =

§
Rcosx where x:E is the angular measure of the tabular arc s just

&
crossed and p = R is the angular measure of the residual arc €. Therule

also gives a method for finding the functional values at the centre of the
residual arc.
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iii) Apart from these Parameoevara gives a mean value type formula for

inverse interpolation (Gupta, 1976) in the Sddhantadipika to find the
arc corresponding to a given Rsine using the tabular Rsine and Rcosine
just crossed. If the arc corresponding to given Rsin o is desired and the
tabular Rsine and Rcosine just crossed are Rsin(x,) and Rcos(x,) then the
Rsine difference §; = Rsina - Rsin(x,) and Rcosine sum Kg = Rcoso. +

K\'
Rcos(x,) are determined. Then if A= S_ the desired residua arc is

d

. _ 2R
given by the quotient o

Since

2R
(if o is close to x,), it follows that the desired arc is Ro = Rx, +T'

10. TANTRASAMGRAHA AND GOLASARA OF NIiLAKANTHA

Nilakantha (1443 - 1545) , in his Tantrasamgraha, enunciates severa
methods attributed to Madhava for determination of desired Rsines, tabular
Rsines, versed Rsines and Rsine differences (Sarma, 1977, verse ii. 2-
21). Some of these are briefly mentioned here.

The Rsine differences are to be computed using the formula
RSin(ih)

J, )
AJ=AJ, —233]5 (e, A= 2331 using second order

difference notation) and the Rsines using J,,, =J, +A J, fori =1, 2,
.., I-1; 1=24 for usual tables of size 24; the first Rsine difference being
AJ,=J; - J,=J,. (Thefirst Rsineis J, = Rsin 225" = 224’507, and the
first Rsine difference is AJ, = 224’50 for a table of size 24)
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i) Forfori=1,2, .., -1, Rsne differences are to be computed using the
J+I,+T A+ .+
AJ :J _ 1 2 3 i

formula 2+, 1 { 2331
first Rsine and the successive Rsines are to be computed using

}where Ady=J,—J,=J,the

'Jl +J,+ S+,

i =Ji+J, —{ 331 } (I =24 for 24 tabular values).

M
i) Second order differences AJ,,—AJ, _(}]J,- are computed where

. d 21600x113
M=2R-3), J,, =R -J, J=R K=", d:T and the

M
successive Rsines are given by . =A J.:ﬁ(l?JJf or

M
Jia=2J, —(?}f,- —J. In other terms compute

2J xJ.
J i =($j%_l fori =1,2,3,..1-1; wherel = 24 h = 225 for

24 tabular Rsines.

iv) If the angular measure of the arc whose Rsine is desired is 6h, J, and
Ji., are the tabular Rsines that are close to the desired J,then k<6<k+1
and 0 = k + uwhere 0 < u < 1 so that 6h = kh + uh. The residual arc
subtends an angle p = uh minutes at the centre and the 6 is closer to
either k or k+1. Then according as the arc difference is in deficit or
surplus, the desired Rsine and Rcosine are

Rsin kh . R coskh
= and Rcos0h = Rsinkh+ cos

Rsin®h =RcoskhF , Where

. To get more accurate values
compute the desired Rsine and Rcosine by

and
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according asthe arc differenceisin deficit or surplus. Thisis of the form

. Having obtained the values of Rsin 6h or
Rcos 6h corresponding to the lesser arc, the values corresponding to the

greater arc are given by the following formula v, = /R’ ~v,” where v,

and v, are respectively the values corresponding to the greater and smaller
arcs. Therefore if Rsin 6h and Rcos 6h are the values of Rsine and
Rcosine respectively corresponding to the smaller arc, then corresponding

to the bigger arc the Rsine is\/R2 _(Rsmeh} =R cos0; and Rcosineis
= \/R2 —(R cos Bh)z =Rsin0h

As given by Paramesvara to find the arc corresponding to a given Rsine
using a known Rsine in its close proximity the following inverse
interpolation method attributed to Madhava is stated. If the arc
corresponding to given Rsina is desired, then the just approaching known
functional value Rsing in its proximity is taken and the sine difference
S = Rsinf - Rsina and the cosine sum K, = Rcosf + Rcoso are computed.

K, 2R

5= K : 2R _
If 4=, then the arc difference = and the desired arc= R0 L
d

For determination of more accurate values of Rsines corresponding to
compound arcs the following method attributed to Madhava based on
the rule of mutual (addition and subtraction) of Rsines (ji7ve paraspara
nyaya) is prescribed. If Rsin A, Rsin B, Rcos A, Rcos B are known then

. . (R sin A)(R cos B)
Rsin(A+B) = q, + g, and Rsin(A-B) = g, - g, where ¢, = R :

Rcos A)(Rsin B >
qzz( cos i( - ). In other terms ¢ =,/(Rsin4) -L* and
SR (R sin A)(R sin B) _
¢, =+/(RsinB) —L*, where L= 2 . The underlying

formulae in this are equivalent to sin(A+B)=sin Acos B +cos Asin B

and Sin(A—B):sinAcosB—cosAsinB.
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vii)If the residua arc ¢ (ie; the remaining arc after the just preceeding
tabular arc s of angular measure say kh) is of angular measure p, then
a near accurate value of jya(e) = Rsinp is computed using the formula

3

where ¢ is small and R is the half diameter.Since ¢

(Rp)

=Rp, Rsinp =Rp — 6r” for small values of p. After getting jya ()

o rN_. E
]ya(s)—g R

= Rsin p, the desired value jya(s)= Rsina can be determined using the

jya (Sr )x kotijya (8) kotijya (s, )x Jya (8)
. 4 e

vyasadala vyasadala

formula jva(s)=

RSinkh= RCosp N RCoskhx RSinp

according as s = § +¢. That is RSina = 2 2

according as o = kh + p or kh - p.

b) In the Golasara (Sarma, 1970, verse iii. 6-14, pp. 17-19) Nilakantha
gives a method to construct accurate tabular Rsines and Rversines.
Nilakantha suggests the repeated application (muhurmuhuh) of his

. [ O
geometrical method so as to get the values J,—RSHI(TJ,

(9 0 .
V,=Rvef’~?£n(;J, and k,zRCOS[Z—,J (fori=0,1,2,3,....m m=3for |

= 3x2M= 24 tabular values) starting from the known Rsine

R ,
=7 (: Rsin 300). The formulae embedded in this geometric method

ae j,=1j,+v}, wherev_ =R-k_ and k,_, =R -, fori=1,
2, 3, ..., m. Now taking the |, so obtained as the first tabular Rsine J,
21600x113

2x355
compute J, = R*-J}, K, , =R’ -J, and V,, =R-K,, and then

and the given last Rsine J, = Rsin(lh) = R where R =

J!—l

compute AJ,, =J,—J,, and 7L=2( J Using these compute
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AT =dxJ g+ AT e S =diany— AT, KVH = R2 —.]!,27!. and
V,,=R-K,,fori=2 3, 4,..,1-2 Thisis an excellent method for
constructing very accurate sine, versine and cosine tables (Mallaya, 2004).

11. YukTIBHASA OF JYESTHADEVA (1530 AD)

Jyesthadeva gives a number of methods for determination of tabular

Rsine differences, Rsines, Rversines, and Rcosines in the Yuktibhasa
(Thampuran and Aiyer, 1948)

i)

One is the geometrical method of Aryabhata | using which J; for i = 1,
2,4,5,7,10, 11, 13, 14, 16, 17, 19, 20, 22, 23 are derived starting from

R
Jy =", and the remaining J, for i =3, 6, 9, 12, 15, 18, 21 are derived

starting from J,, = R

Another procedure is by cumulating the tabular Rsine differences as
follows. Taking A/, =J,, compute J, =AJ,+AJ,+AJ,+...+AJ_;
V.=AJ,_, +AJ,,+..+AJ, ;and K, =rR-V,fori=1,23, ... o
= 24 in particular for a table of length 24). Tabular Rsine differences
225, 224, 222, 219, 215, 210, 205, 199, 191, 183, 174, 164, 154, 143,
131, 119, 106, 93, 79, 65, 51, 37, 22, 7 as stated by Aryabhata | and
others, are to be used for the prescribed computation.

iii) The method based on‘jive paraspara nyaya’ is as follows. Using J, =

Rsin(h) and K, - R, the value of K =,/R* _le is first computed. Then

fori =2, 3, 4, ...1 the Rsines and Rcosines are computed successively

J XK+ K, xJ,
R

using J; = and K, =R*-J .

iv) Another method for computing tabular values without using the value of

Risgiven. Using the values of J, and J, (J, can be derived without using

Jr_g?
Rfrom J, = J, + AJ, if AJ; isknown) the tabular values ;. | :'Jil

i-1

can becomputed fori =2, 3, ..., | =1
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12.
13.
14.
15.
16.
17.
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The following method is for determination of tabular values with desired
degreeof accuracy. Starting from J, = 0, V, = 0 and K, = R, compute

h
Ji=Ji +(R}K,- L ; and for

This gives 2| tabular Rsines and the
h

corresponding the Rversines and hence the Rcosines at arc bits of )

minutes. Of these, | tabular values are at arc bits of h minutes. For usud
tables of size 24, | =24 and h = 225", The method gives 48 tabular values

at equal arc bitsof 112 ;_’ of which 24 of them are for every increase of
225,
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