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Asakrt-karma (also known as avisesa-karma) refers to the
mathematical technique employed by Indian astronomers in or-
der to deal with the problem of anyonyasraya (interdependence)
among the variables involved in planetary computations. This
technique is essentially an iterative process that may also be con-
ceived as the method of successive approximation that converges
to a limiting value. The aim of the present paper is three-fold:
One, to provide a clear exposition of this procedure as described
by Bhaskara I (c. 629 AD) in his commentary to Aryabhatiya in the
context of computing the manda-sphuta-graha—the longitude of
the planet corrected for the eccentricity of its orbit; two, to study
the convergence of the iterative process prescribed by Bhaskara;
and three, to understand the physical significance of doing asakrt-
karma in terms of the geometry of the planetary orbit.
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INTRODUCTION

Ancient astronomers devised the eccentric and epicyclic models
to explain the non-uniform motion of the Sun, Moon and the planets
in the background of the stars. The details of epicycle models in India
differed from those in Greko-European and Islamic traditions, and also
from each other within the Indian tradition. An interesting feature of the
epicycle model used for finding the ‘equation of centre’ (mandaphala)
in the school of Aryabhata—as explained in the works of Bhaskara, I,
and later in the works of many other Indian astronomers—was that the
radius of the epicycle was not a constant, but was proportional to the
‘true’ distance of the planet from the centre of mean motion, which is
known as ‘mandakarna’. But the expression for the mandakarna involves
the radius of the epicycle. So the mandakarna and the ‘epicycle radius’
are dependent on each other (itaretarasraya). How to find them, then?

In his Mahabhaskariya, Bhaskara 1 has explained the asakrt-
karma or the ‘iterative process’, through which the problem is solved.?
The same procedure is used in Tantrasangraha of Nilakantha So-
mayaji (c. 1500 AD),? and explained in detail in his Aryabhatiya-bhasya
and Siddhanta-darpana-vyakhya as well as in the Ganita-yukti-bhasa of
Jyesthadeva (c. 1530 AD).? These works also describe a method to find
the mandakarna directly, without the iterative process. This direct or
one-step method for obtaining mandakarna is ascribed by Nilakantha to
Madhava of Sangamagrama.® In this paper, besides discussing the it-
erative process and its convergence in detail, we will also compare the
planetary orbit obtained by the iterative process with that obtained using
Kepler’s model (ellipse).

CALCULATION OF THE MANDA-SPHUTA FROM THE
MEAN LONGITUDE

The scheme adopted by Indian astronomers for the computation
of the geocentric longitude sphuta-graha of a planet essentially consists of
two steps: the computation of the madhyama-graha (mean planet) and
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the computation of the sphuta-graha (true planet) from the former.%

The term mean planet is used to refer to the mean longitude of the
planet. It is calculated from the Ahargana (number of civil days elapsed
since th epoch) by multiplying it with the mean daily motion of the
planet. Having obtained this, a correction known as manda-samskara
is applied to it. This correction takes care of the eccentricity of the
planetary orbit. In modern astronomy, the equivalent of this correction
is termed the equation of centre. The longitude obtained by applying this
samskara is known as the manda-sphuta-graha or simply manda-sphuta.

For the Sun, the manda-sphuta is the true geocentric longitude.
For the Moon, it is essentially so, if one ignores the ’evection’ term and
other small corrections. In the case of the other five planets (Mercury,
Venus, Mars, Jupiter and Saturn), the manda-sphuta can be identified
with the true heliocentric longitude. In this connection, it may be men-
tioned that it was Nilakantha who gave the correct procedure for the ap-
plication of the manda-samskara in the case of the interior planets.” For
tara-grahas (the other five planets) one more correction, termed sighra-
samskara, needs to be applied in order to get the true geocentric longitude
($ighra-sphuta) from the true heliocentric longitude (manda-sphuta).

The formula presented by the Indian astronomical texts for the
calculation of the manda-sphuta using the epicycle approach can be un-
derstood with the help of Figure 1. Here, O is the centre of the kaksyamandala
on which the mean planet Fy moves with a uniform velocity. OTI is the
reference line usually chosen to be the direction of Mesadi, from which
the longitudes are measured. The kaksyamandala is taken to be of radius
R, known as trijya. The longitude of the mean planet Fy moving on this
circle is given by

T'OP, = madhyama-graha = 0. (1)
OU represents the direction of the mandocca whose longitude is given by
TOU = mandocca = 0,,,. (2)

The modern equivalent of the mandocca is apoapsis-apogee in the case of
the Sun and the Moon, and the aphelion in the case of the five planets.
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U
(mandasphuta) (direction of
P mandocca)

Fig. 1: Geometrical construction underlying the rule for obtaining the
manda-sphuta from the madhyama using the epicycle approach.

Around the mean planet Fy, a circle of radius r is to be drawn.
The value of r is as yet unspecified. This circle is known as the manda-
nicocca-vrtta or simply the manda-vrtta (epicyle). At any given instant
of time, the mandasphuta-graha P is to be located on the manda-vrtta by
drawing a line from P, along the direction of the mandocca (parallel to
OU). The point of intersection of this line with the manda-vrtta gives the
location of the manda-sphuta P. In the figure, 6,,, = T'OP represents the
manda-sphuta which is to be determined from the position of the mean
planet (madhyama-graha) Py. Clearly,

0,. = TOP
ropr, — POP,
= 0y — AF. (3)

Since the mean longitude of the planet, 6, is known (obtained from
the ahargana and the mean motion of the planet), the manda-sphuta,
0,.s is obtained by simply subtracting A from the madhyama. The
expression for Af can be obtained by making the following geometrical
construction. We extend the line O F,, which is the line joining the centre
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of the kaksyamandala and the mean planet, to meet the epicycle at X.
From P drop the perpendicular PQ onto OX. Then

UOR, = TOP,—TOU
- 60 - Qm’ (4)
is the manda-kendra (madhyama — mandocca), whose magnitude deter-
mines the magnitude of Af (see (7) ). Also, since P is parallel to OU
(by construction), PPyQ = (6p — 0,,). Hence, PQ = rsin(dy — 6,,) and

Py@Q = rcos(fy — 0,,). Since the triangle OPQ is right-angled at @, the
hypotenuse OP = K (known as the manda-karna) is given by

K=0P = \Jo@+0P?
= (OR + RQ)2+OP?
— \/{R + 1 cos(fy — 0,,) )2 + r2sin?(0y — 0,,). (5)

Again from the triangle POQ, we have

Ksin A0 = PQ
= rsin(fy — 0,,). (6)

Multiplying the above by R and dividing by K we have
Rsin A§ = % Rsin(6y — 0,,). (7)

It is a significant feature of the Aryabhatan school, that the radius of the
manda epicycle is not constant. As mentioned earlier, this is explained
for instance by Bhaskara in his Mahabhaskariya. This is also stated in
Tantrasangraha of Nilakantha, and explained in detail in his Aryabhatiya-
bhasya as also in the Ganita-yukti-bhasa of Jyesthadeva.

According to these texts r varies continuously in consonance with
the hypotenuse, the manda-karna (K), in such a way that their ratio is
always maintained constant and is equal to the ratio of the mean epicy-
cle radius (rg)—whose value is specified in the texts—and the radius
of the deferent circle (R).® In fact, it has been shown by K. S. Shukla
that apart from the astronomers belonging to the Aryabhatan school like
Bhaskara I, Govindasvamin, Paramesvara, Nilakantha Somayaji, etc.,
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others like Brahmagupta, Sripati, Bhaskara-II and the (anonymous) au-
thor of Sturyasiddhanta have all adopted a variable epicycle, whose ra-
dius r is proportional to the manda-karna K such that their ratio is a
constant—Caturveda Prthiidakasvamin being the only exception.’

Thus, according to Bhaskara I and several other astronomers, as
far as the manda process is concerned, the motion of the planet on the
epicycle is such that the following equation is always satisfied:

I
=
Then the relation (7) reduces to

(8)

SE

RsinAg = %0 Rsin(f — 6,), 9)

where 7y is the mean or tabulated value of the radius of the manda
epicycle.

Further, according to Aryabhatiya, 7 itself is not a constant but
varies with anomaly. We will not discuss this aspect in this paper.

THE PROBLEM OF INTERDEPENDENCY OR
ANYONYASRAYA

It may be noted in (8) that while RHS is known, both the quan-
tities r and K in the LHS are unknown. Hence, to know the value of the
mandakarna K, we need to know the value of the radius of the manda-
nicocca-vrtta r, and vice versa. This problem of mutual or interdepen-
dency among the variables (here r and K) is referred to as itaretarasraya
or anyonyasraya in Sanskrit.

In his Aryabhatiya-bhasya Nilakantha describes the problem of
mutual dependency as follows:!°

T A=*wdor fEafafgaw @@, T,
meﬁﬂm’rﬁ?m
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IGFOTeUHe- ooy Ag@Hcd@ T
TeTY, T AFUETaET: FTE: 1 HO FTa

Iq d&dlﬂidd‘ll'{-ll*j' ¥, Iy T19 99 &1 §9
AT AU g-IRgraTaayor fead)

In the process of manda correction, there is some special-
ity, because, by the half of the arya (verse) ‘kaksyayam gra-
havega’ etc., the decrease and increase in the [dimension of]
manda circle, will be explained, on account of the increase
and decrease of the karna. Hence, iteration has to be done
for the karna. To circumvent the [problem of] mutual de-
pendency [that is], if only the karna is known, the radius of
the uccanicavrtta (manda epicycle) is known, and only if that
(the radius of the uccanicavrtta) is known, then the karpa is
known, the process of iteration (avisesanam) is done.

What is of particular interest to us in the above passage is the
quotation ‘kaksyayam grahavega’ given by Nilakantha from Aryabhatiya
itself in support of the variable epicycle model. By making the state-
ment ityadina aryadhena ... vaksyate’, Nilakantha in no uncertain terms
points to the fact that the variation in radius of the manda epicycle in
accordance with karna, was not a concept that was newly introduced
by the later astronomers into the planetary theory, but was something
that was present in the Aryabhata’s conception of planetary model itself.
This indeed is in corroboration with the prescription of iterative process
by Bhaskara I-—whose works came nearly 150 years after Aryabhatiya—
which we will be describing at great length in the following sections.

SOLVING THE PROBLEM OF ITARETARASRAYA
BY ASAKRT-KARMA

To solve this problem of itaretarasraya (interdependency) Bhaskara
has proposed an iterative procedure by which both r» and K are simulta-
neously obtained. This iterative procedure has been referred to as asakrt-
karma*! or avisesa-karma (operation by which the difference is reduced
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to zero), and the hypotenuse obtained thereby is called asakrt-karna or
avisesa-karna.'?

The term asakrt-karma-literally meaning ‘doing more than once’-
refers to a certain interesting mathematical technique that has been em-
ployed by Indian astronomers in their planetary computations in order
to obtain the value of a certain physical quantity by means of an iterative
process. It is also called avisesa-karma in the sense that this iterative
process is to be carried out till we get consecutive values that are very
close to each other. That is, the successive values do not differ from each
other (avisesa), upto a specified degree of accuracy.

Among the astronomical works that are extant today, the earliest
one that provides a systematic exposition of the method of asakrt-karma,
is Maha-bhaskariya of Bhaskara.'® Here Bhaskara has explained the pro-
cedure in just four verses [chapter 4, 9-12]. In what follows, we provide
these verses along with their English translation. A detailed mathemati-
cal explanation with necessary geometric constructions will be presented
in the ensuing sections.

AT U IqH T AT HIfCATI-TH|
fareaa g a9 AuEn: FIfEHT HIT IR

In the first and the fourth quadrants, kotiphala is added to the
radius and in the remaining quadrants (second and fourth),
it is subtracted from the radius. The resultant (sum or dif-

ference) will be the koti.
~

dglgqﬁeﬂﬂw 06 &0 Jentaa: |
TERICFARIH FOT SATATYHTSTT 190 |
HSTHRITCH Tl AT &0y gaad|
HT: TaFRGRER &0 AT eaaTiardige |
q—q"ll;r: EGE ?qcld\ohurlz liq'(lavdnﬁulll
T[T HAHU: AT AaaTS AT IR

The square root of the sum of the squares of that kot: and
the bahu is known as karna (hypotenuse) [of the triangle
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formed by the three sides namely, bahu, koti and karnal. If
the karna is multiplied by bahuphala and kotiphala and di-
vided by wyasardha (radius), the results will still be [called]
the bahuphala and the kotiphala [but new ones from the previ-
ous iterated value]. Again from them the new hypotenuse has
to be obtained. Further, when this hypotenuse is multiplied
bythe previous phalas (the initial bahuphala and kotiphala}
and divided by the radius [we obtain the next iterated value
of the bahuphala and kotiphala]. Following the above pro-
cedure, the [new| hypotenuse should be obtained again and
again till they [two successive values| become equal (yavat
tulyo bhavet karnah).

Bhaskara first defines the hypotenuse (karna) of the triangle formed
by the three sides, namely koti, bahu and karna.'* He then proposes an
iterative procedure to obtain the hypotenuse which represents the true
distances of planets from the centre of the kaksyamandala. The proce-
dure prescribed here may be outlined as follows: First we need to obtain
an approximate value of the hypotenuse (denoted by Kj) using the initial
values of kotiphala and bhujaphala, which are obtained in terms of the
mean epicycle radius (r9). Now the bahuphala (by) and kotiphala (ko)
are to be multiplied by this hypotenuse (K) and divided by the radius
R to obtain subsequent values of the bahuphala (b)) and the kotiphala
(k1). Using these values by and k;, the first iterated hypotenuse (K7)
is obtained. Multiplying by and kg by K; and dividing by R, by and
ko are obtained. From b, and ks, the second iterated hypotenuse K is
obtained. This process is to be continued till the difference between two
successive hypotenuses, say K; and K;_; become negligible so that the
two values may be treated to be almost equal. This is what is indicated
by the phrase yavattulyo-bhavet-karnah in the third quarter of verse 12.

To summarize, we start with an initial approximate value of the
hypotenuse Ky, continue to obtain successive iterates, Ky, Ko, ..., K,,...
until K,,—K,,_1 =~ 0. The same procedure is given by Nilakantha in verses
41, 42 of his Tantra-sangraha:

&l FICHEGTIITE] FOI HATET T 182 1



270 INDIAN JOURNAL OF HISTORY OF SCIENCE

qnT FO: TSI HEA: TaEGTedard|
Wm’raﬁﬂwsrmrtﬁﬂsra—mmn

The dohphala and the kotiphala [initially obtained| are mul-
tiplied by the karna and divided by trijya. From these re-
sulting phalas, the karna has to be obtained again. Further,
the previous phalas must be multiplied by the corresponding
karnas and divided by the trijya, and the process has to be
repeated to get the avisesa-karna (the hypotenuse which does
not change on iteration).

We now move on to explain in great detail the avisesa-karma, pre-
scribed by Bhaskara in his Mahabhaskariya, with the help of geometrical
figures and mathematical equations. Let R and r be radii of the deferent
circle and the epicycle respectively. It was shown earlier that

K = [(R+7cos(0p — 0))* + (rsin(6y — 0,))?] (10)

Here the radius of the epicycle r itself is proportional to karna K
and therefore needs to be determined along with K iteratively. In the
first approximation, r is set equal to ry. In Figure 2, U is in the direction
of mandocca and the mean planet is at Py. U OPF, is the manda-kendra,
0y — 0,,. Draw a circle of radius ry around Fy. This is the epicycle in the
first approximation. P is a point on this circle, such that Py P, is parallel
to OU, P is the true planet in this approximation. OF, is extended to
N. Draw P;N; perpendicular to ON. Then,

bg = PlNl =170 sin(@o — Hm)
and ke = PyNy =rgcos(6y — 0p), (11)

are the bahuphala and kotiphala in this approximation. In the same
approximation, OP; is the karna, which represents the distance of the
planet from the centre of kaksyavrtta and is given by

OP =K, = |ON}+ PiNY|

M‘HL\D\ —

= |[(R+ko)* +0F]*. (12)



SIGNIFICANCE OF ASAKRT-KARMA o71

In the next approximation, the radius of the epicycle is

K,
P()PQ:T'l ZTOEO' (13)
and the planet is at P,. Then the bahuphala (by) and kotiphala (k;) are

obtained using (13) and (11) as follows:

K
bi = PaNp=FoPysin(fy —0n) = o
K
and l{?l = PON2 = POP2 COS(QO — Qm) = koﬁo (14)

In this approximation the manda-karna is given by

Ky =O0Py = [(R+k)*+1]”. (15)

In the next approximation, the planet is at P; such that the radius of
the epicycle is
PoPs=ry=r K (16)
03 = T2 =To—p
Now, the bahuphala by = P3N3, the kotiphala ko = PyN3 and the manda-

karna, Ko = OP3 are given by

K
by = bofl
K
kg - koﬁl
and Ky = |(R+k)’+03)". (17)

Proceeding in this manner, the i*" iterated value (i = 1,2,3,...)
of the epicycle radius, r;, bahuphala b;, kotiphala k; and the manda-karna
are given by

Ki—l
r, = T
7 0 R
K4
b = b
"R
K
ki = ko Rl



D72 INDIAN JOURNAL OF HISTORY OF SCIENCE

Fig. 2: Schematic sketch of the geometric picture implied by the asakrt-
karma prescribed by Bhaskara I.
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The above process is carried out until K; ~ K;_1, to the desired accuracy.
When this happens, K; is referred to as the avisesa-karna. When K; ~
K;_1, we see from (18) that

(19)

In the following section we will use geometrical arguments to show
that K; converges to a definite value K, P; converges to a point P, and
r; to a value r such that

PP T

0P K R (20)

GEOMETRIC PICTURE IMPLIED BY ASAKRT-KARMA

The discussion on the geometrical picture implied by the iterative
process and the convergence of r and K presented here, is based upon
K. S. Shukla’s explanatory notes on Mahabhaskariya.'®. In Figure 2,
a part of the kaksyamandala (deferent circle) with radius R, centered
at O is shown. U represents the mandocca and F, is the mean planet.
Draw a circle of radius 7y, which is the mean value of the radius of
epicycle as given in the text, around Fy, explained earlier. rq is the first
approximation to the actual value of the epicycle radius, . Choose P,
on this circle such that PyP; is parallel to OU. Then P; is the first
approximation to the position of the true planet and OP;, = K| is the
manda-karna, in the first approximation. We then choose a point C
along the line OU such that OC = ry. Draw a line from C' parallel to
OPF,. This line would intersect the circumference of the epicycle at P;
as shown in Figure 2. The line C'P; intersects the deferent at point H.
Join OH, and extend it such that it meets the extended Py P, at P. We
will show shortly that this point P is the true position of the planet and
OP is the true value of manda-karna K.

For this, we first draw HyM, such that it is parallel to OU. Then,
drop a perpendicular P;N; from P; on the extended OF, at N;. Now,
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PNy and PyN; are the bahuphala and the kotiphala in the first approxi-
mation. With O as centre and OP; as the radius draw an arc such that it
intersects OP at H,. From H, draw H;M; to meet OF, at M; such that
H, M, parallel to OU. Then, draw H, P, parallel to OF, meeting Fy P at
P,. From P, draw P, N, perpendicular to extended OF, intersecting it
at Ny. Again with O as centre and OP, as the radius draw an arc such
that it intersects OP at H,. From H, draw a line parallel to OU such
that it meets OF, at M5. Then, draw H P; parallel to O Py meeting Py P
at P3 as shown in the figure.

Now POP1 =To and OP1 = KQ. By COIlStI"IlCtiOIl, H()MO = POP1 =
ro, PoP» = HiM; and OH, = OP; = K,. As the triangles H;M;0 and
HyMyO are similar, we have

OH,; @

PyP, = HM; = HyM, = .
02 14Vl OOOHO TOR

(21)

As the radius of the epicycle in the second approximation, r| = TO%, it
is clear that P, represents the true planet in the second approximation
which is situated on an epicycle of radius PyP, = r1. In this approxima-
tion, the manda-karna is

OP, = K1 = (ON2 + P,N2)2 = [(OPy + PyN,)? + P,N2]z,  (22)

where P,N, and PyN, are the bahuphala and the kotiphala in this ap-
proximation. In the same manner, it can be seen that P; represents the
true planet in the third approximation, and PyP; = HoMy; = ry = ro%
and OP; = K, represent the epicycle radius and the mandakarna in this
approximation. Continuing in this manner, it is clear that Py, P, Ps, . ..
represent the true planet in the first, second, third steps in the iterative

process.

We first consider the case when the manda-karna is in the first or
the fourth quadrant (0 < 6y — 6,, < 90° or 270° < 6y — 6,,, < 360°). It
may be noted that, by construction,

T < Tigq and K; < K.

Moreover, 1o, 71,73, ... are each less than Py P which is the upper bound
of the sequence {r;}, and Ky, K3, K, ... are each less than OP which is
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the upper bound of the sequence {K;}. That is,

ro<ri<ro<ry...<r,<...<BP
and Ko< Ki<Ky<Ks;<...<K,<...<OP.

Since the sequences {r;} and {K;} are each monotonic and bounded,
they are convergent. If OP is the convergent value of the karna K and
Py P is the convergent value of the epicycle radius, r, they ought to satisfy
# = . This is indeed so, as the traingles O Py P and O M, H, are similar,

K
and

T _P(]P_H(]Mo_Popl_@

K OP OH, OH, R

This confirms that the point P indeed represents the true planet.

Strictly speaking, the above argument is valid only in the first and
the fourth quadrants. When the kendra, 6 — 6, is in the second or the
third quadrants (90° < 6y — 6, < 270°), the sequences {r;} and {K;} are
oscillatory. That is,

r<Trg, Te>Ty, T3 <T9, ...

and K1<K0, K2>K1, K3<K2,....

However, even in this case it can be shown that |K; — K; 1| — 0,
and |r; —r;—1| — 0, as i — 00, (as will be clear in the next section). Then
P; converges to P, where P is found in the above manner geometrically,
and the sequences {r;} and {K;} converge to PhP = r and EP = K

respectively, such that
r

' (23)

SE

ANALYTIC EXPRESSION FOR THE MANDAKARNA IN THE
ITERATIVE PROCESS

We now obtain the explicit expression for the manda-karna at the

various steps of iteration. For convenience, we use the symbols § = 32,
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which is the ratio of the ‘stated value’ of the radius of the epicycle and
trijya, and ¢ = 6y — 0, for the anomaly. Then, using the binomial
expansion,

N

Ky, = [(R +79cos(fy — On))” + 12 sin®(0 — Qm)}

= R[l—l—Qﬁcosgb%—BZF
3G —1)

= R[1+ ;(25 cos¢ + %) + 22 —2(2Bcos ¢ + %)

1.2
1 _ 1_
G 112)(32 2) (2Bcos ¢+ B%)% + .. ]
21

— R[1+ﬁcos¢+62 — §52(2COS¢+5)2

1
_'_5

—{—116,83(2 cos ¢ + 3)% — 165.854(2 cosg + B)+...] (24)

Collecting all the terms proportional to 3, /%, 3% and * together, we
have,
3 3?
Ky = R[l+ [coso+ ?sin%b — ?cosgbsinzqﬁ
4
—58 sin? ¢(1 — 5sin” ¢) + O(8°)]. (25)

Now, from (18) we have

N|=

2

K. K;_
Ki _ [(R + o lR 1 COS(QO _ 0m)> -+ ""(2)( lR 1 )2 SiI]_Q(QO — Hm)]

= R [(1 +BK;%1 Cosgz5>2 + (ﬂK]i%l singb)Q]é

Therefore, K; can be obtained from the expression for K, by replacing

5 by 5.KE1. Hence,

K;_
K, = R[l+8 Rl

1, Ki

_5(5 R

cos ¢ + ;(ﬁKEI)Z sin’ ¢

Y cospsin®g — ...+ O(5°)]. (26)
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Here, in the RHS, KEI is also a series in powers of 5. Noting this, and

again collecting terms proporional to 3, 5%, 3%, 3* together, we have,
sin® ¢
2
Bt 2 2 2 5
—|—§ sin” ¢(3sin” ¢ — 8 cos” @) + O(5°)]
.2
Ky = R[l+ fcos¢+ *(cos® ¢ + sz ¢
ﬁ4 ) 2 5
+§ sin® (13 cos” ¢ — 1) + O(5°)]
.
K3 = R[4+ fBcos¢+ *(cos® ¢ + Sm2¢> +Fcos ¢

+p* (cos2 o+ 2 sin® ¢ + é sin® ¢ cos® (b) +O(B)],

K, = R[l+Bcos¢+ B*(cos’ ¢+ )+ B3cospsin®p  (27)

)+ B cos ¢

and so on. From these expressions, it is clear that

KiJrl - Kz = 0(61+2> (28)

In the expressions for K;, the coefficients of the powers of 3 in the
various terms are of O(1).8 = % < 1. Hence it is clear that the series
Ky, K4, ... K, converges to some definite value. Towards the end of the
next section we will see that as a series expansion in powers of 5, K; is
correct to O(S™), and also find the limiting value to which it converges.

MADHAVA’S FORMULA FOR THE AVISESA-KARNA
THROUGH SAKRT-KARMA

Having analysed the geometry of the problem, Madhava of
Sangamagrama, the renowned astronomer-mathematician of the 14th
century, came up with a brilliant formula that gives the value of the
asakrt-karna (the iterated value of the hypotenuse), through sakrt-karma

(a single operation), that circumvents the iterative process prescribed by
Bhaskara.
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Madhava’s procedure for determining the avisista-mandakarna in-
volves finding a new quantity called the viparyayakarna or viparitakarna.
The term wviparitakarna literally means ‘inverse hypotenuse’, and is noth-
ing but the radius of the kaksyavrtta when the mandakarna is taken
to be the trijya, R. The following verses from Tantrasangraha (11, 43—
44) present the way of obtaining the avisista-mandakarna proposed by
Madhava that circumvents the iterative process.

ﬁmﬁqwﬁmﬁnﬁﬁWn
o gaT FsATEfa: srEwfafgrsfaas: @ |
gfa a1 & Ore: AT) WFed ATIayiE: |

The square of the dohphala is subtracted from the square of
the trijya and its square root is taken. The kotiphala is added
to or subtracted from this depending upon whether the kendra
(anomaly) is within 6 signs beginning from Karki (Cancer)
or Mrga (Capricorn). This gives the viparyayakarna. The
square of the trijya divided by this wviparyayakarna is the
aviSesakarna (iterated hypotenuse) obtained without any ef-
fort [of iteration]. This is another way by which the [avisesa]-
karna in the manda process can be obtained as enunciated by
Madhava.

Here, the viparyaya-karna is given as

R, = \/R2 —r2sin?(0y — 0,,)2 — 1o cos(By — 6,,) (29)
and the manda-karna is stated to be:

2 2
K=& R R
R, [\/RQ 3 sin?(0y — 0,,)2 — 19 cos(Bg — O,,)

The rationale behind the above formula is outlined in Ganita-
yukti-bhasa and can be understood from Figure 2. Here, the triangle
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OPPF, and OHyM, are similar. Hence,
OP  OH,
OP, OM,
Now OP = K and OFy = OHy = R. As we shall explain below, OM, =
R,. Hence

(31)

K R R?
or K= —

S . 2
R R, R, (32)

From the above relation, OM, = R, can be understood as the
value of trijya, when the manda-karna, K is taken to be trijya R. That
is why it is termed the wviparyaya-karna or viparita-karna or the ’inverse
hypotenuse’. From Hj, drop the perpendicular HyT on the OF,. It is
clear that

H()T = P1N1 =Ty Sin<(90 - Hm) (33)
and HoT = PON1 =70 COS(H[) — 9m>

Then, in the right angled triangle OH(T', we have

OT = \JOH3 — HyT? = \/R? — r3 sin® (6, — 0,,) (34)
Hence,
Rv - OMQ - OT - M()T
= \/R2 — 13 sin?(0y — 0,,) — 1o cos(By — 0,,)
R2
R,
R2

= , (35)
\/R2 — r¢sin?(0y — 0,,)2 — 1o cos(fp — 6,)

and K =

as required. Using our notation, 8 = 5 and ¢ = (6 — 0,,,), we have
K=R {(1 — 3% sin® qﬁ)% — [ cos gb}_l (36)

Using binomial expansion, and including terms only to O(3%), we can
write

(%_1) 4 sl B 5
fsin® ¢ — Beosp|  + O(B°)
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-1

= R {1 — B cos¢p — ;BQ sin? ¢ — é64 sin? + O(p°)

= R[1+p (cosgb + ;/B sin® ¢ + éﬁ3 sin* )
2 L, . [

48 <cos¢>+ SOsin 6+ 4" sin gb)
3 L. o Los o\

+5 <cosgz§ + 56 sin” ¢ + gﬁ sin gb)
(o + L Bsin? 6 4 Lt o)) +O(). (37

After some simplifications, we obtain
K = R[1 +ﬁcos¢+ﬁ2(;sin2q§+cos¢) + B3 cos ¢

+B*(cos? ¢ + : sin? ¢ + ; sin? ¢ cos? ¢)] + O(B°). (38)

This is the expression for the manda-karna obtained without using an
iterative process correct to the fourth power of 3, where ¢ is the anomaly

(¢ = 90 - em)

Comparing this expression with those for Ky, K1, Ks, ... obtained
through the iterative process of Bhaskara I, we find that Ky, K1, Ko, ...
are correct to O(3), O(8?), O(8%) and O(B*) respectively. In fact, the
(i+1)" iterated value K; would be correct to O(8"!), again emphasizing
the validity of the iterative process of Bhaskara I.

ARYABHATA’S ORBIT AND THE KEPLERIAN ORBIT

In this section we compare the planetary orbit in the Aryabhatan
model with the standard Keplerian orbit.!® The manda-karna K repre-
sents the distance of the planet from the centre of the mean planet’s orbit
(Earth in the case of the Sun and the Moon, and the mean sun in the
case of the five planets, Mercury, Venus, Mars, Jupiter and Saturn). For
discussing the orbit, we should express K in terms of the true longitude
¢, rather than the mean longitude 6, as in equation (35). In fact, K is
given as a function of 6 also in Tantra-sangraha and Ganita-yukti-bhasa.
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In Figure 2, HyOU = 6 —8,, is the "true anomaly’. In the triangle
MyHyS where MyS is drawn perpendicular to OHy, MyHyS = H,OU =
0 —0,,, and MyHy = rq. Hence,

MyS = rosin(d —0,,)
and  HyS = rocos(d —6p) (39)
Then, the viparita-karna R, is given by
R, = MO = /(08)? + (M,S)?
= /(OHy — HyS)? + (M, S)?
= \/(R —rocos(f — 0,,))2 + rgsin*(0 — 0,,)

= \/R2 —2roRcos(f — 6,,) + rd. (40)
Hence,
R2
K = —
R,
B R
= —
{1 2o cos](?efam) + %] 2

Introducing the symbol ¢ = 6 — 6,,, for the 'true’ anomaly and remem-
bering that 8 = 28, and using the binomial expansion,

K = R[l1—20costy + 52]_%
= R[l1+ fcosy — 352(1 — 3cos® ) + O(B?)]. (41)

In a model with a constant value for the radius of the epicycle rg, the true
planet'” would be at P, and the true anomaly would be ¢ = P,OU =
OP, Py, the karna would be OP; = Kj. Then in the triangle O P, F,

R?*=0P? = OP?+ PyP?—20P,.PyP;.cos(OP,P,)
= Kg+r5—2Kgrgcos. (42)
This is a quadratic equation in K, whose solution is given by

K 2rg cos ) + \/47’% cos? i — 4(r¢ — R?)
0 pu—
2

or Ko = R[Bcosy+1/1— B2sin?)

= R[l+ Bcost — ;ﬁ2 sin® ¢ + O(5%)]. (43)
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In this case, we know that the true planet moves in a circle of radius R
with C' as the centre, where C is situated at a distance of CO = rq, from
O. Comparing the expression for K with Ky, it is clear that the orbit in
the Aryabhatan model with a variable epicycle radius would be close to
an eccentric circle whose centre is at a distance r¢ from O with departure

from circularity of O(3%) = O(r§/R?). Now & = 2 = 0.0375 for the

Sun and 3 = % = 0.0875 for the Moon in Aryabhatiya. Then this
departure from the circularity would be ~0.14% for the Sun and ~0.77%
for the Moon. The orbit of motion in Kepler’s model is an ellipse whose
equation is given by

i =[1—ecos(d —0,)], (44)
where 7 is the distance from one of the foci; 0 is the angle with respect
to any reference line, | = a(1 — €?) with a as the semi-major axis, e
is the eccentricity and 6, is the longitude of the apogee/aphelion. Now
normalizing the distance in the model to the value of R when 6—6,,, = 90°,
by setting [ = R, and denoting the distance by Kjepier, we have

R
K Keplery = (1— ecost)
= R[l+ ecosy + e*cos® ¢ + O(e”)]. (45)

For small values of e, this is an ellipse which is very close to a circle of
radius R, whose centre is at a distance of eR from O.
Now, it can be shown that the longitude 6 is given by the following
expression in the Aryabhatan and Keplerian models:

To . T
Q(Aryabha{;a) 0o — ES sin (0 — ) + O((EO)Q) (46)
= (90 — ﬁSiH(eo — Hm) + O(ﬂQ)
and G(Kepler) 0y — 2esin(fy — 0,,) + O(e?).

The expression in the higher orders are quite different in the two
models, but it is clear that 3 = 2 should be close to 2e, if the true
longitude in the Aryabhatan model is to be close to the one in the Kepler
model. The modern values of 2e are 0.034 and 0.11 for the Sun and the
Moon respectively, compared to the values of 0.0375 and 0.0875 for § = =2
in the Aryabhatan model.
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Hence, we see that the 'centre’ of the orbit in the Aryabhatan
model is at a distance from O (centre of the mean planet’s orbit) which
is nearly twice the corresponding distance in the Kepler model. Note that
this has very little to do with the variation of the epicycle radius, as the
functional dependence of the true planet’s distance from O in this case
is same as the one in a model with a constant epicycle radius to O(3) or
O(e). Rather, it is the fact that the variation of the planet’s distance in
the epicycle model cannot be matched with the corresponding distance
in the Kepler model, if the true longitudes are matched.

DiscussioN

Bhaskara I in his Maha-Bhaskariya while discussing the epicycle
model for the equation of centre, apart from providing a description as to
how the radius of the epicycle varies in accordance with the manda-karna,
has also outlined the procedure for obtaining the avisista-manda-karna
through the avisesa-karma. Commenting on why the awvisesa-karma is
done, Bhaskara in his Aryabhatiya-bhasya observes:'®

TegsaTrifaRfafarsTa, yfaavsaw o gfgeraaang
grefeera sfa

Since the observation does not tally [with the computed value]
due to the increase and decrease in the dimension of the
pratimandalakarna,'’® by those who seek for more accurate
results, the avisesa process is adopted.

In short, according to Bhaskara, the avisesa-karma is for improv-
ing the accuracy of the computed values, so that there is a better agree-
ment between the computed and the observed values. This is a little
difficult to understand because—as seen from our discussion in the pa-
per (see section 6) the difference between the expressions for the equation
of centre in the epicycle models with the fixed and the variable radii is

of order (%3)?, and it would have required far more accurate observations



o84 INDIAN JOURNAL OF HISTORY OF SCIENCE

than what would have been possible at that time, to chose one model
over the other.

However, it must be noted that this prescription, namely the ra-
dius of the epicycle being proportional to the manda-karna—as indicated
in equation (9), and which seems to be a feature adopted in most Indian
works on astronomy—Ileads to a simple formula for the equation of centre,
which does not involve the manda-karna. This tempts us to think that
this could probably the reason behind the choice of the curious relation
between r and K. In any case, as the expression for the manda-karna
involves the radius of the epicycle, and the latter is stated to be pro-
portional to the former, they are mutually dependent. Both of them are
found using an iterative procedure outlined by Bhaskara I himself. The
same procedure is stated and explained in Tantrasangraha of Nilakantha
Somayaji, and other Kerala works.

In this paper, we have elaborated on the iterative process, and
showed that the manda-karna obtained through this process converges to
the direct expression for the manda-karna given in Tantra-sangraha and
Yukti-bhasa, which is ascribed to Madhava of Sangamagrama. In fact,
there are very many occasions where iterative processes are prescribed
in the Indian astronomical texts. For instance, calculations pertaining
to eclipses are based on iterative processes. Another instance is to find
the arc from the Rsine for small values of the arc, which is discussed in
another article in this volume.

We have also explored the nature of the planet’s orbit in the
Aryabhatan model. This model with a variable radius of the epicycle
leads to a non-circular orbit, though the departure from circularity is
understandably small. In the Greeko-European tradition, before Kepler,
this would have been unthinkable, as all motions are conceived as com-
binations of uniform circular motions.?® In the Indian texts, there are
no such preconceived notions?! and a variable epicycle model would have
been perfectly legitimate, as long as it served a useful purpose.

Acknowledgements: The authors are grateful to Prof. M. D. Srini-
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gestions to improve the manuscript.
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NOTES

IThis refers to the correction employed to the mean longitude of a planet
(madhyama-graha) to take the eccentricity of its orbit into account.

2The geometrical picture implied by the iterative process is discussed in
Shukla K S, 1960.

3See for instance, Sarma K V, 1977; and Ramasubramanian K and Sri-
ram M S, 2011.

4Sarma K V et.al., 2008.
SHaving described the procedure, Nilakantha states: A=< W HTJq-

wreh: |

6See for instance, Appendix F in Ramasubramanian K and Sriram M S,
2011.

"Ramasubramanian K et.al., 1994.

8For instance, in Tantrasarngraha the ratio of 5 is given to be % and % in
the case of the Sun and the Moon respectively.

9Shukla K S, 1973.
10See Sambasiva Sastri, 1931, p. 35.
HFor a discussion on asakrt-karma, see also Plofker, 2010.

2For example, in his Maha-abhaskariya, Bhaskara uses the word avisesa

for iteration — “EATIAAYTT FU FFECHHTATH | See Shukla K S 1960,

p- 23.
13Shukla K S, 1960.

1411 the case of the triangle OP;N; in Figure 2 that is being discussed here,
since one of its sides, namely P;N; is commonly shared with the other triangle
Py P;N; this side is interchangeably referred to as bahu or bahuphala in these
set of verses by the author.

15Shukla K S, 1960

16See also Duke, Dennis.
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1"Note that the true planet is located at a different position here, so that
the expression for v in terms of the mean planet 6y would be different from
the one in the variable epicycle model.

18See Shukla K S, 1976, p. 223.

Tn certain instances, as here, Bhaskara seems to be using the term prati-
mandalakarna to refer to what is generally referred as mandakarna.

20See for instance, Evans James, 1998.

21See Srinivas M D, 2002; and Srinivas M D, 2010
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