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In his compendious work Brhatsamhita, the great astronomer
Varahamihira (¢.550 AD) discusses the number of possible combinations
which can be formed by choosing 4 perfumes from a class of 16 basic
perfumes and describes the construction of meru to compute this number.
Varahamihira also indicates a method of exhibiting all the 1,820 possible
combinations in the form of a prastara (array). Bhattotpala, the tenth
century commentator of Brhatsamhita, has explained in detail the
construction of this prastara.

A general mathematical treatment of most of the combinatorial
problems considered in the earlier literature has been given by Narayana
Panditain his work Ganitakaumudi (c.1356 AD). In particular, Narayana
Pandita has considered the problem of enumeration of combinations and
has given explicit rules for the construction of the prastara of combinations
both from “above’ and “below”. The questions of nagta and uddista
which consist of finding the row number associated with a given
combination, and conversely, in relation to this prastara, naturally lead to
representations of number as sums of binomial coefficients. In this paper,
we shall show that there are indeed two different representations of numbers
as unique sums of binomial coefficients which are naturally associated
with the prastara described by Narayana Pandita.
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INTRODUCTION

The history of combinatorics in India dates back to very ancient
times beginning with the work of Pingala on Sanskrit prosody and the work
of Bharata on music. This study of combinatorics has had a continuing
tradition with a view to applications in very practical problems in music,
architecture, perfumery and garland making. The work Brhatsamhita of the
great astronomer Varahamihira (¢.550 AD) has a chapter titled Gandhayukti
(perfumery), which deals with preparation of a large class of perfumes by
combining a set of basic perfumes in various ways. In this context,
Varahamihira remarks that there are C(16,4) = 1,820 combinationst which
can be formed by choosing 4 perfumes from a class of 16 basic perfumes.
Later, he goes on to construct a Meru (which is a tilted version of Piigala’s
Varnameru, or the ‘Pascal Triangle’ in modern parlance) with a view to
compute the number of such combinations. Varahamihira also indicates a
method of exhibiting all the 1,820 possible combinations in the form of a
prastara (array). Bhattotpala, the tenth century commentator of Brhatsamhita,
has explained in detail the construction of this prastara. The work of
Varahamihira can indeed be regarded as pioneering in the study of enumeration
of combinations of r objects chosen out of a collection of n objects.
Incidentally it may be noted that Sarngadeva (c.1250 AD), in his famous
treatise on music Sangitaratnakara, enumerated all the permutations of n
objects in the form of a prastara, which leads to the so-called factorial
representation of integers, as has been explained in [7].

A genera mathematical treatment of most of the combinatorial
problems considered in the earlier literature has been given by Narayana
Pandita in his work Ganitakaumudz (c.1356 AD). In particular, Narayana
Pandita has considered the problem of enumeration of combinations and has
given explicit rules for the construction of the prastara of combinations
both from “above’ and “below”. The questions of nasta and uddiga which
consist of finding the row number associated with a given combination, and
conversely, in relation to this prastara, naturally lead to representations of
number as sums of binomia coefficients. In this paper, we shall show that
there are indeed two different representations of numbers as unique sums of
binomial coefficients which are naturally associated with the prastara
described by Narayana Pandita.
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|. CoMBINATORICS IN VARAHAMIHIRA'S BRHATSAMHITA (c. 550 AD)

Varahamihira the great astronomer wrote a compilation entitled
Brhatsamhita around 550 AD. The work, consisting of 106 chapters, deals
mainly with various aspects of divination, but also discusses many other
topics. In particular, Chapter 76 on Gandhayukti (perfumery) deals with the
composition of a various classes of perfumes and presents some very
interesting results on combinatorics as well as magic sgquares.

In verse 20 of the chapter given below, Varahamihira mentions that
there are 1,820 combinations which can be formed by choosing 4 perfumes
from a set of 16 basic perfumes.

TIE9TF FRT0 AqfAFeud (Herd=ET|
AETEer ST erart |afgar Feoam

In acollection of sixteen substances, the number of variations which arise
when we choose four out of them is eighteen hundred and twenty.

In verse 22, Varahamihira gives a method of construction of a Meru
(atabular figure) which may be used to calculate the number of combinations.
This verse, given below, also very briefly indicates a way of arranging these
combinations in the form of an array or a prastara.

TegTaeT: FAArst i A e
The [number above] is to be added to the earlier and the earlier one
passed by [and so on] without the last place is said to be the sarnkhya [or
the number of combinations (bheda or vikalpa)]. From the desired
combinations [displayed in a lostaka-prastara (enumeration displayed by

moving clay-balls or logakas)], by systematically moving [the last lostaka],
when the end is reached, there is areturn. Again, there is a moving of the

other [or the previous logtakal.

The method of construction of the Meru and the method of
sequentially arranging the combinations in the form of an array by means of
logaka-prastara (movement of clay-balls) have both been explained by
Bhattotpala (c.950 AD) in his famous commentary on Brhatsamhita.
Bhattotpala first explains the construction of the tabular figure or Meru for
obtaining the sarikhya or the desired number of combinations.
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QEAOTEATAATS A T FAH| T U G 7 | FHFaie g7 ot @
qgufiad JEaagey EY, 79 S - oW fFamd vt
qeETtafal a=d v+ TS asifaar agent yasf~ Faafe) qqr
TSt R T T T e A A e s
T @9 6T T FEH, TEEEs SE U et
ot wafea ssreoomiEsdET TearmaET =)

FerufagaT At yow e g sman) Gl FaafaEd aa
FAT T qFgaara wEIfE Fqd \reEaarne Faefawr=

ST U FfAFedarai TedT ATarl

Numbers starting from 1 and ending with 16 are placed one above the
other [in a column] and the number above is to be added to each of the
earlier ones, the numbers passed by. The earlier number is the number
that is passed by; just as when 2 is placed above 1, then 1 is both the
earlier number and the one passed by. With that is added the number
above, [and so on] till we reach 15, because it is said “without the last
place, is said to be the sarikhya” . The sarikhya is obtained when we leave
out the last place. [Having obtained the second column of numbers this
way], then again from the bottom we have to add the number above with
the earlier, the earlier one passed by. Till we reach the fourteenth place.
After that, [in the third column of numbers], again from the bottom we
have to add the number with the earlier one passed by, till we reach the
thirteenth place. This way, we get [in the end] 1820. For illustration, we
display the numbers starting from 1 ending with 16 [in the first column].

Here, from the earlier, that is the earlier number passed by, namely
1 etc., should be added the number above, 2 etc. Adding thus, without the
last one, in the top of the first column we have 16; in the second [column]
120; in the third [column] 560; and in the fourth [column] 1,820. Thus is
obtained the number of combinations of 4 objects (caturvikalpa) [selected
from among 16 objects].

Thus the first column of the Meru isfilled, from bel ow, with numbers
1, 2,... 16. The next column aso has the entry 1 at the bottom. The entry
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above that is 1+2 = 3; the next is 1+2+3 = 6; and so on and the fifteenth
entry is 1+ 2+ ... + 15 = 120, which is the dvivikalpa, or the number of
combinations of 2 objects selected from among 16 objects, the binomia co-
efficient C(16,2). The third column starts from below with 1, and then has
the entries 1+ 3 = 4, 1+3+ 6 = 10, and so on, and the fourteenth entry is 1+
3+ 6+ ... + 120 = 560, which is the trivikal pa, or the number of combinations
of 3 objects selected from among 16 objects, the binomial co-efficient C(16,3).
The fourth column also starts from below with 1, and then has the entries
1+4 = 5, 1+ 4+ 10 = 16, and so on, and the thirteenth entry is 1+ 4+10+
...+560 = 1820, which is caturvikalpa, or the number of combinations of 4
objects selected from among 16 objects, the binomia co-efficient C(16,4).

In Table 1 we give the Meru generated by the above procedure.
Clearly, this Meru isatilted version of the Varna-meru, described by Pingala
in his Chandahsuatra (and is known in the mathematical literature as “Pascal
Triangl>). Pingala's rule for the construction of the Varna-meru is based on
the recursion relation:

C(n,r) = C(n-1,r-1)+ C(n-1,r) ..(1)

The basic rule given by Varahamihira for the construction of the
Meru, given in Table 1, isthe following well-known property of the binomial
co-efficients, which is obtained by iterating relation (1):

C(n,r) = C(n-1,r-1)+ C(n-2,r-1)+.......+ C(r-1,r-1) ...(2

This relation was later explicitly stated by Narayana Pandita in his
discussion of varasankalita (repeated summation) of the sequence of natural
numbers.

After explaining the construction of the above Meru, Bhattotpala
goes on to explain the method of lostaka-prastara, which makes use of the
movement of clay balls (lostaka) to generate all the desired combinations,
sequentialy, in the form of an array or prastara. We shall briefly discuss
Bhattotpala's logaka-prastara in the Appendix of this paper.

Il. PrasTARA OF COMBINATIONS IN GaNITAKAUMUDI (C 1356)

Narayana Pandita gives a very genera mathematical treatment of
combinatorics in the 13" Chapter, entitled Arikapasa (net of numbers), of his
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Table 1. Varahamihira Meru for Calculating C(16,4)

16

15 120

14 105 560

13 91 455 1820

12 78 364 1365

1 66 286 1001

10 55 220 715
9 45 165 495
8 36 120 330
7 28 84 210
6 21 56 126
5 15 35 70
4 10 20 35
3 6 10 15
2 3 4 5
1 1 1 1

celebrated work Ganitakaumudz. Verses 92-93 of the chapter deal with the
prastara of combinations (malakrama-bheda-prastara):

AETETHTT HgdlsaeaT=a9 T
T ATHATESH A ATAAT AN
ﬂﬂlﬂ%%ﬁﬁaalamaa gearsr f&fen)

[Starting from] the beginning (i.e, from the left), place the [next] lesser
digit below the greater one; the remaining digits [to the right] are to be
placed as in the row above. If there are gaps [to the left], then place in
reverse order, digits which are successively one less than the previous.

This method of generating prastara is to be followed till the [smallest]
arithmetic sequence is obtained.

In order to illustrate the above rule of enumeration, Narayana gives
the examples of the enumeration of combinations of three digits selected
from the eight digits {1,2,..., 8} and the enumeration of the combinations of
six digits selected from the nine digits { 1,2,...,9} . We display them in Tables
2& 3.

In general, Narayana's rule for generating the prastara of the C(n,r)
combinations of r symbols selected from among the (ordered) set of symbols
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{1, 2, ..., n} may be stated as follows:

613

Table 2. Narayana's prastara of C(8,3) Combinations of 3 Digits Chosen from {1,2,..., 8}

QOWoO~NOUOA~AWNE

g
rORE

678
578
478
378
278
178
568
468
368
268
168
458
358
258

15
16
17
18
19
20
21
22
23
24
25
26
27
28

158
348
248
148
238
138
128
567
467
367
267
167
457
357

29
30
31
32
33
34
35
36
37
38
39
40
41
42

257
157
347
247
147
237
137
127
456
356
256
156
346
246

43
a4
45
46
47
48
49
50
51
52
53
54
55
56

146
236
136
126
345
245
145
235
135
125
234
134
124
123

Table 3. Narayana's Prastara of C(9,6) Combinations of 6 Digits Chosen from {1,2,...,9}

456789
356789
256789
156789
346789
246789
146789
236789
136789
126789
345789
245789
145789
235789

QOWOoO~NOOUILD WN P

R
A WN PR

15
16
17
18
19
20
21
22
23
24
25
26
27
28

135789
125789
234789
134789
124789
123789
345689
245689
145689
235689
135689
125689
234689
134689

29
30
31
32
33
34
35
36
37
38
39
40
41
42

124689
123689
234589
134589
124589
123589
123489
345679
245679
145679
235679
135679
125679
234679

43
44
45
46
47
438
49
50
51
52
53
54
55
56

134679
124679
123679
234579
134579
124579
123579
123479
234569
134569
124569
123569
123469
123459

57
58
59
60
61
62
63
64
65
66
67
68
69
70

345678
245678
145678
235678
135678
125678
234678
134678
124678
123678
234578
134578
124578
123578

71
72
73
74
75
76
77
78
79
80
81
82
83
84

123478
234568
134568
124568
123568
123468
123458
234567
134567
124567
123567
123467
123457
123456

Thefirst row of the prastara is given by the sequence of symbols n-r+1,

n-r+2, ...,

n.

To go from any row to the next row, scan the row from the left and
below thefirst entry i >2, such that i-1 does not appear earlier in the row,

place the symbol i-1.
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e The symbols to the right of i are brought down to the next row and
placed in the same order to the right of i-1.

e To the left of i-1, place the symbolsi-2, i-3, and so on in order, till the
next row aso has r symbols.

e The process is repeated till we reach the last row of the prastara, given
by the sequence 1, 2, ..., r.

In verses 94-99, Narayana discusses another way of generating the
prastara in the inverse order by moving laddukas (sweetmesats) and aso
indicates that this could be used for nagta and uddista. We shall discuss the
method of ladduka-calana in the Appendix.

[11. THE NAsTA AND UDDISTA PROCESSES AND THE ASSOCIATED
CoMBINATORIAL REPRESENTATION OF NUMBERS

As we have seen, Narayana's rule gives a systematic enumeration of
the C(n,r) combinations of r symbols selected from the n symbols {1, 2, ...,
n} in the form of a prastara or an array. Associated with such a prastara
are two process, namely the nagta process which involves writing down the
combination occurring in the k-th row of the prastara for any number k <
C(n,r); the uddiga process solves the converse problem of finding out the
row-number corresponding to any given combination of r symbols selected
from the n symbols {1,2,...,n} . We shall now show that, both the naga and
uddista processes, of associating the k-th row of the prastara with a certain
combination, are related to a certain decomposition of the number k as asum
of binomial co-efficients. In fact, depending on the way we number the rows
of the prastara, from the top or from the bottom, there arise two different
combinatorial decompositions of each number k < C(n, r), which we shall
refer to as the combinatorial decomposition of the first and second kind
respectively.

The Combinatorial Decompasition of the First Kind

We first consider the case where the rows are numbered from below,
with the last row being taken as the zero-th row and the top row being
numbered as the [C(n, r) -1]-th row. We refer to the associated decomposition
of each integer as the combinatorial decomposition of the first kind. We
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shall illustrate this first by considering the example of the prastara of the
C(8,3) combinations of 3 symbols chosen from {1,2,...,8} given in Table 4,
which is the same as Table 2 with the rows being numbered from below,
starting from number zero. We notice that the last row of the prastara ends
with 3, the next three rows end with 4 and the next six rows end with 5. In
fact, we can easily see that the last symbol of the k-th row of the prastara
is3if k=0, that is0 < k <C(3,3); itis4 if C(3,3) < k< C(4, 3); and it is
5if C(4,3) < k< C(5,3), and so on. In other words, the last symbol of the
k-th row is n;+1, if C(n,,3) < k< C(n;+1,3).

Indeed it follows more generaly that the last element in the k-th row
of the C(n, r) combinations obtained by selecting r symbols from among
{1, 2,..., n} is given by the symbol n+1, where n, is the number for which
C(n, r) <k < C(n+1, r).

Returning to our example of the prastara of the C(8,3) combinations
of 3 symbols chosen from amongst {1, 2, ...,8}, if the last (namely the third)
element of the k-th row has been determined to be n;+1, then we can determine
the next symbol to the left as follows. Clearly this symbols is less than n;+1
and it can also be thought of as the last symbol in the [k- C(n;,3)]-th row
in the prastara of the C(n;,2) combinations obtained by choosing two symbols
from among the symbols {1, 2, .., ng}. If n, is such that 0 < n,< n; and
C(n,2) < k- C(ng,3)< C(n,+1,2), then from what we have remarked earlier,
we can see that the penultimate symbol of the k-th row will be n,+1.

Having determined the third and second elements of the k-th row as
ns+1 and n,+1, we can determine the first symbol in the k-th row by noting
that it can be viewed as the symbol in the [k- C(n;,3)- C(n,,2)]-th row of the
prastara of the C(n,,1) combinations obtained by choosing one of the symbols
amongst {1, 2,..., n;}. This is the number n,+1, where n, is equal to
k-C(n;,3)-C(n,,2). Thus, we have also arrived at the decomposition

k= C(ng,3)+ C(n,.2) + C(n,,1) ©)

where the successive symbols of the k-th row are given by n,+1, n,+1 and
ny+1. Since we have n; > 2, n, > 1 and n; > 0, we can see that the above
relation is generally valid, once we adopt the convention that C(n,, r) = 0
whenever n<r.
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Table 4. Prastara of the C(8,3) Combinations of 3 Digits Chosen from {1,2,..., 8} with the
Rows Numbered from Below

55 678 41 158 27 257 13 146
54 578 40 348 26 157 12 236
53 478 39 248 25 347 1 136
52 378 38 148 24 247 10 126
51 278 37 238 23 147 9 345
50 178 36 138 22 237 8 245
49 568 35 128 21 137 7 145
48 468 34 567 20 127 6 235
47 368 33 467 19 456 5 135
46 268 32 367 18 356 4 125
45 168 31 267 17 256 3 234
44 458 30 167 16 156 2 134
43 358 29 457 15 346 1 124
42 258 28 357 14 246 0 123

We can illustrate the above combinatorial decomposition by
considering a couple of examples. For instance, according to Table 4, the
row number 8 is given by the combination 245. In other words we have
n,= 1, n,=3 and n; = 4. Now, if we compute C(4,3) + C(3,2) + C(1,1), we
get 4+3+1 = 8. Again, the row-number 25 is associated with the combination
347, so that n,= 2, n,=3 and n; = 6. Now, if we compute C(6,3) + C(3,2) +
C(2,1), we get 20+3+2 = 25. Again, the row-number 35 is associated with
the combination 128 so that n,= 0, n,=1 and n; = 7. Now, if we compute
C(7,3) + C(1,2) + C(0,1), we get 35+0+0 = 35.

More generally we have the following theorem which gives a unique
combinatorial decomposition of every number k< C(n,r), using which one
can read of the entries n;, n,,..., n, of the k-th row in the prastara of the
C(n,r) combinations obtained by selecting r symbols from amongst {1, 2, ...,

n}.
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Theorem: For any natural number k with 1 < k<C(n,r), we have the following
decomposition (combinatorial representation of the first kind):?

k=C(n,r) + C(n.y,r-1) +... + C(n,j) 4)
with uniquely defined n,, n4,..., n, satisfyingn-12n>n_>.>n=>j = 1L

Proof: We first prove the existence of the decomposition (4). Suppose,
k = C(n,r) for some n, satisfying n-1 > n.> r > 1, then we are through.
Otherwise, choose n,, with n-1 > n, > r > 1, such that

C(n,r) <k < C(n+1yr) 5
Since,

C(n+1,r) = C(n,r) + C(n,r-1) (6)
we have

k- C(n,,r) < C(n,r-1) (7)

Again, the number k- C(n,,r) may be of the form C(n,,,r-1) for some n,,
such that n>n._, >r-1> 1, in which case we are through; or else, we choose
n,., such that C(n,,,r-1) < k- C(n,,r) < C(n,,+1,r-1) and so on. In any case,
by induction, it follows that k-C(n,,r) can be written in the form

C(n.p,r-1) + C(n,,r-2) +... + C(n;j)
with n,> n_;>.. >n> j > 1, and hence we arrive at the result
k=C(n,r) + C(n.y,r-1) +... + C(n,j)

To prove the uniqueness of the decomposition (4), we start with the
following property of the binomial coefficients which [like (2)] can be read
off from the Pingala's varna-meru (Pascal triangle):

C(n,r) = C(n-1,r) + C(n-1,r-1)
= C(n-1,r) + C(n-2,r-1) +... + C(n-r,0) (8

The above equation is actually the combinatorial decomposition of
the number C(n,r) -1:

C(nr) -1= C(n-1,r) + C(n-2,r-1) +... + C[n-(r-1),1] 9
Now suppose
k=C(n,r) + C(n.y,r-1) +... + C(n,j) (10a)
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and
k = C(m,r) + C(m_,r-1) +... + C(m,S) (10b)

are two decompositions of k satisfying the conditions of the theorem. We
assume that n=m, t+1 < i <r, and n,> m, and show that this leads to a
contradiction. Since, m> m_;> m_>..., we have m-i > m,. Hence,

k< C(m,r) + C(m,r-1) +... + C(m,,,t+1) + C(m,t) + C(m-1, t-1)
+ ...+ Cm- (t-1), 1]

Using the property (9), the above inequality reduces to

k < C(m,r) + C(m_,r-1) +... + C(m,,t+1) + C(m+1, t) -1
Sincen =m, t+1 <i <r, and n,> m+1, we get

k < C(n,r) + C(n.,r-1) +... + C(n,,t+1) + C(n, t)-1 < k

The above contradiction completes the proof of the uniqueness of the
decomposition (4).

We shall now show how the processes of nasta and uddista can be
easily carried out by means of the above combinatorial representation. Let
us first consider the process of nasta which seeks to determine the particular
combination which is in the k-th row of the prastara (counted from below
as per our enumeration), without any explicit knowledge of the other rows.
For this purpose, we write down the combinatorial decomposition of the
row-number k as given in Theorem 1:

k=C(n,r) + C(n.y,r-1) +... + C(n,j)

with uniquely defined n,, n,,..., n;, satisfyingn-1=n>n,;>..>n2j > 1
Then the k-th row of the prastara is given by 1, 2, 3,...J-1, n+1, ..., n+1,
when j>1 and by n+1, ..., n+1, when j=1. Incidentally, the top row of the
prastara has the row-number C(n,r)-1, and the associated combinatorial
representation is given by the identity (9) that we derived earlier:

C(n,r) -1= C(n-1,r) + C(n-2,r-1) +... + C[n-(r-1),1]

As an illustration of the process of naga, let us obtain the 28" row
of the prastara (given in Table 4) of the C(8,3) combinations obtained by
selecting 3 symbols from amongst {1, 2, ...,8}. For this purpose, we need to
obtain the combinatorial decomposition of 28<C(8,3). We first have,
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C(6,3)<28< C(7,3), which gives us ns;=6; then, 28-C(6,3)= 8 and
C(4,2)<8<C(5,2), which gives us n, = 4; and finally 8-C(4,2) = 2 = C(2,1),
which gives us n, = 2. Thus the combinatoria decomposition of 28 is given by

28 = C(6,3) + C(4,2) + C(2,1)
and, hence, the 28" row of the prastara is given by 357.

Now for the process of uddiga: Suppose we are given that p, p,...,
p, is a combination among the C(n,r) combinations of r symbols selected
from {1, 2, ...,n}. Then the number of the row in which this combination
occurs in the prastara is given by

C(p-1r) + C(p.4-1r-1) +... + C(py-1,1),
where it is understood that C(p,q) = O if p<a.

As an illustration we may find the row-number of the combination
127 in the prastara (given in Table 4) of the C(8,3) combinations of 3
symbols selected from {1,2,...,8}. The row-number k is given by

k = C(7-1, 3) + C(2-1, 2) + C(1-1,3) = C(6,3) = 20.

Combinatorial Decomposition of the Second Kind

We shall now enumerate the rows of the prastara of the C(n, r)
combinations obtained by selecting r symbols from amongst {1, 2, ...n} in
a different way, by counting them form top downwards, with the top row
being assigned the row number 0. The bottom row will then be the [C(n, r)-
1]-th row. We shall now briefly discuss another representation of each of
these row-numbers as sums of binomial co-efficients, which we refer to as
combinatorial representation of the second kind.

Given any natural number 0 < k < C(n,r)-1, either k > C(n-1,r-1), or
k < C(n-1,r-1)-1. If k> C(n-1,r-1), then we take C(n-1,r-1) as the first term
in the decomposition of k. Now,

k- C(n-1,r-1) < C(n, r)-1- C(n-1,r-1) = C(n-1,r)-1.

Then again, we check whether k- C(n-1,r-1) > C(n-1,r-2), and so on.
In any case, we have by induction that k-C(n-1,r-1) has a combinatorial
decomposition depending on n and r, thereby yielding such a representation
for k itself.
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On the other hand, if k < C(n-1,r-1)-1, then again check whether
k> C(n-2,r-2), and so on. In any case, we again have by induction that k has
a combinatorial decomposition depending on n and r.

In this way, it can be shown that for each natural number k such that
0 <k < C(n,r)-1, there is a combinatorial representation of the second kind

k = C(n,,ky) + C(nyky) +... + C(n k) (12)
where n> n;> n,>...> n>0 and ki<n, are unique, with the following properties:

(i) The first term C(n,,k,) is either C(n-1,r-1) or C(n-2,r-2), or ..., or
C(n-r,0).

(i1) The differences n;-k;, n,-k,, ... keep decreasing by 1.

We shall illustrate the combinatorial representation of the second
kind by a few examples. First we note that the decomposition of C(n,r)-1,
the last row of the prastara, is essentially the well-known relation (2) used
in the construction of Varahamihira's Meru:

C(n,r)-1 = C(n-1,r--1) + C(n-2,r-1) +... + C(r,r-1) (12

As a second illustration, we shall now consider the specific case of
the prastara of the C(8,3) combinations of three symbols selected from
among {1,2,...8} which was given in Table 2. We shall renumber the rows
from the top, with top row being assigned the number 0, as displayed in
Table 5. Let us first consider the combinatorial representation of the second
kind of say 48<C(8,3)-1. Since, 48>C(7,2), thefirst term in the representation
will be C(7,2). Now, 48-C(7,2) = 48-21=27. Again 21>C(6,2), and the second
term in the representation will be C(6,2). Now, 21-C(6,2) = 27-15 = 12.
Again, 12>C(5,2), and C(5,2) will be the next term in the decomposition.
Now, 12-C(5,2) = 12-10 = 2. Now 2<C(4,2). Further, 2<C(3,1). However,
2>C(2,0), and hence C(2,0) is the next term in the decomposition. Finally
we have 2-C(2,0) = C(1,0).Thus we arrive at the desired decomposition for 48:

48 = C(7,2)+C(6,2)+C(5,2)+C(2,0+C(1,0) (13)

In Table 6 we have displayed the combinatorial representations of
both the first and the second kind for all numbers 0< k< C(8,3)-1.

We shall finally indicate how the nasta process can be carried out by
means of the combinatoria representation of the second kind. For this purpose,
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let us see how the form of the combination in row 48 can be determined
from the combinatorial representation given by (13). In this connection we
may note that the first C(7,2) rows of the prastara (as shown in Table 5) end
with 8, the next C(6,2) rows end with 7 and the next C(5,2) rows end with
6. The presence of these three terms in the combinatorial representation of
48 (and the absence of C(4,2)) shows that the last symbol of the combination
in row 48 is 5. The combination in the row whose number is given by
C(7,2)+C(6,2)+C(5,2) (i.e., row-number 46) is 345. To find out the penultimate
symbol of row 48, we need to consider the distribution of the last elements
in the prastara of C(4,2) combinations of two symbols selected from among
{1,2,3,4}. The first C(3,1) rows in this prastara end with 4 and since 48-
th row is the third from 46", we can conclude that the penultimate element
of the combination in the 48" row is 4. The first symbol is determined by
noting that it will be the last row in the prastara of C(3,1) combinations
selecting one element from among {1,2,3}. Hence we conclude that the
combination in row 48 is given by 145.

Table 5. Prastara of the C(8,3) Combinations of 3 Digits Chosen from {1,2,..., 8 with the
Rows Numbered from Top

0 678 14 158 28 257 42 146
1 578 15 348 29 157 43 236
2 478 16 248 30 347 44 136
3 378 17 148 31 247 45 126
4 278 18 238 32 147 46 345
5 178 19 138 33 237 47 245
6 568 20 128 34 137 48 145
7 468 21 567 35 127 49 235
8 368 22 467 36 456 50 135
9 268 23 367 37 356 51 125
10 168 24 267 38 256 52 234
11 458 25 167 39 156 53 134
12 358 26 457 40 346 54 124
13 258 27 357 41 246 55 123
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Appendix
The Method of Lostaka-Prastara or Laddukka -Calana

Varahamihira’s Lostaka-prastara

In Section | of the paper we cited the cryptic verse by Varahamihira
in the Gandhayukti chapter of Brhatsamhita, where he gives a method for
constructing a Meru (a tabular figure) which could be used to calculate the
number combinations C(16,4), which can be formed by choosing 4 perfumes
from a set of 16 basic perfumes, and also indicates a way of arranging these
combinations in the form of an array or prastara. The method of sequentially
arranging the 1,620 combinations in the form of an array by means of
logaka-prastara (movement of clay-balls) has been explained in detail by
Bhattotpala in his commentary as follows:

FIAUT ATEFTEAAE ~ A FAqstaAE o [y
qAAANS:| T qTag FATEET ®S AT SIS ArrEer foE)
AT Ao RaereERAaE Far agf awwre FRad $or w7
FUTARA 74 Atar affafEgim 9% TeEmEaE taHaT w6
qAYT FEAHI AT IHH=@Aweddl ATy
FHTTAAT s g i fgfn wah e a=feg =
FTATEHSATY TTHRITAEFAT AL A4 T T L Fear qzva:
fRrde =earedT A2 Sl fEEEET 4ET Y19 qd g
AT ALAEFAATAL Aiedr a5 Fad A g qgaa:
R aaTed SWTEHEEET 95T Y1t uaney Ruaveres
YT Rueted T 99 99 IUTATAl  aaareddt
FeaTed AGTAATI H&T: TFAq TE9AT:| Ud qau7 FH0 FAH I
TATAEATAHTEAT Aafead|

T - are Bk RursrefafRae pear wqd d=miar aaEe s
FAEGAAA ArghT wqd 7= Aid aqd ArgE SN ZrEe S|
FACAT TFAEATH A1 IqF AT2H TATIATI THEHT Ieqe | qaeqe i
eIt f1T 29T UF GHE 791 ATHSON| U A9GH TH| T G| UFHTEI
T BRI FeATE:| AR F4:| TG4 BT TFIA TF:| TaHTwaara: 441
aa: wwfadmEgdeR  RueefaEaa far =qd d=riEm
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BT qAEGAT T ST ATAH 999 HATHT UHTEe 297
FATE TH UZ TF TATHAT g% Tqaa~| TIHgFAa: ol I+
aEFEEEAtaE  gaq 252l da gaw BdmogEy wmAg
FuarefafRaay aqd d=rdaTe uARy 297 AATE 99 UT 9 qeardar
FTAF IqT| U weut®: <) g A aagd gy 23u)
sorAfgdtg-veermy RurereRRaay =g d=rEmr 29 79 79 9
Tg FENEAl FEF ISl Ud THUGIO 44l 4 A odasd
FAAFH 2%0| qq: TAHTGAETAAY =AY FraefaEaay =g
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gy | TF: 7 g ggtHeataE 23w | a9 waw-fadiEreay sy
RoerefRfRaay =qd S=rumr ow 99 9T Oy TE@Edr gEes
swafe ug afEmaq 3% OF: 9% qaaaueaacAiasy 2e?| a9 J9H-
fedftamameamy RararefaRaay wqd semeiamr a7 w2 ay Tt
gra®e wafa | anefEafa: v<) TaHea FHOT ST A EET
=g F=raTr Rl 2 0 i oI 29 @ 390 (ol T uE
Y e 3 AR UF AqE@fd: o4 ¥ wg =y gaara
THOGTEfAFR a4l TIHAT WERROT JAT TAT WIAHTAT ATEHT
fadfrnfay s=fea auar aurent® g v 23ey
Il whpaERgare Faafgme watta 14300
FERTTHI N AT (I EcaTg [ 99T U TZf9a: |

Then he states the method to [enumerate] these combinations in the form
of alogaka-prastara: “icchavikalpaih... “. There, [in the first row], the
first aksara of the sixteen substances (perfumes) starting with ghana may
be written. There mark the first three substances with a fixed lostaka and
the fourth with a moving logaka and then move that [fourth] through
other substances and then flnaIIy bring it back. [After the moving lostaka
goes through al the substances from fourth to sixteenth], it is brought
back to the fifth. Thus, following this procedure, all the [lostakas] are to
be moved. That iswhy it is said “From the desired combinations’. From
the desired combinations, the moving lostaka is sequentially moved through
and then it has to be returned. “ punaranyanztl h". In the next [row], after
the moving lostaka has reached the last substance, the [previous] fixed
lostaka has to be moved to the next place. Fixing it at that place, the
moving lostaka, next to it, is again moved through the [subsequent] places
and various combinations may thus be exhibited. Then again, the fixed
lostaka which has already been displaced [once] is displaced further and
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fixed there, and the the moving lostaka next to it is again moved through
the [subsequent] places and [this way] the various combinations are to be
exhibited. Thusin the end, if the fixed [third] lostaka attains the penultimate
place, then another fixed lostaka is moved from its place. Next to it are
placed the lostakas which were at the penultimate place and the last
place; again, by moving the last, the combinations have to be generated
as before. In this way all have to be moved in order, till all the lostakas
reach the last [possible] places.

Thisis how it is done [in the given example]. When the first three places
are marked with fixed lostakas and the fourth is moved [from the fourth
to the sixteenth place], thirteen [different combinations] are produced.
Then, while the third logtaka is placed at the fourth substance, and the
fourth logtaka is moved twelve are produced. Then, while the third [lostaka]
is placed at the fifth place and the fourth [lostaka] is moved, eleven are
produced. When the third [lostaka] is fixed in the sixth place, ten. In this
way [if it is fixed] at the seventh [place], nine. [If it is fixed] at eight,
eight. [If it is fixed] at ninth, seven. [If it is fixed] at tenth, six. [If it is
fixed] at eleventh, five. [If it is fixed] at twelfth, four. [If it is fixed] at
thirteenth, three. [If it isfixed] at fourteenth, two. [If it isfixed] at fifteenth,
one. Thus 91 [combinations are produced]. Then if the first, third (*)® and
fourth places are marked with fixed logtakas and the fourth [lostaka] is
moved, 12 [combinations are produced]. ‘Then if the third [lostaka] is like
before fixed at successive places and the fourth [lostaka] is moved, then
11, 10, 9, 8, 7, 6, 5, 4, 3, 2 and 1 [combinations] are produced. In this
way [we get in al] 78. Combined with what we had obtained earlier, [we
get in al] 169. Then if the first, fourth (*) and fifth places are marked
with fixed lostakas and the fourth [lostaka] is moved, 11, 10, 9, 8, 7, 6,
5, 4,3, 2and 1 [combinations are produced]. In this way [we get] 66.
Added to the earlier ones, [we get in al] 235. Then if the first, fifth (*)
and sixth places are marked with fixed loufiakas and the fourth [lostaka]
ismoved, 10, 9, 8, 7, 6, 5, 4, 3, 2 and 1 [combinations are produced]. In
this way [we get] 55. Combined with the earlier ones, [we get in al] 290.
Then if the first, sixth (*) and seventh places are marked with fixed
lostakas and the fourth [lostaka] is moved, 9, 8, 7, 6, 5, 4, 3, 2 and 1
[combl nations are produced]. In this way [we get] 45. Combined with the
earlier ones, [we get in all] 335. Then if the first, seventh (*) and eighth
places are marked with fixed lostakas and the fourth [lostaka] is moved,
8,7,6,5 4,3 2and 1 [comblnanons are produced]. In thisway [we get]
36. Combined with the earlier ones, [we get in all] 371. Then if the first,
eighth (*) and ninth places are marked with fixed lostakas and the fourth
[lostaka] is moved, 7, 6, 5, 4, 3, 2 and 1 [combinations are produced]. In
this way [we get] 28. In this way, following the above procedure, [if the
third is moved to ninth place] and the fourth is moved to various places,
21. Then again 15; then again 10; then 6; then 3; then 1. In this way [we
get] 84. Combined with the earlier ones, [we get in al] 455. In this way
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following the same procedure, when the first and the other lostakas,
move [entirely among the] the second, third, etc., places, we obtain the
other 1335 [combinations]. Taking them all together, [the total number of
combinations] will be 1820. In order to avoid prolixity, and since al this

is well known, we have only demonstrated an example here.

The logtaka-prastara discussed above is dsiplayed in Table 6. In the
first 13 rows, the first three logtakas are fixed at the first three places and
the fourth is moved through the 4" to 16" places. Then, in the 14" row, the
fourth logtaka is brought back to the 5™ place and the third logaka is moved
to the 4™ place. In the 14" to the 25" rows, the third logtaka stays in the 4®
place and the fourth is moved through the 5" to 16" places. Then, in the 26"
row, the third lostaka is moved to the 5" place and the fourth is brought back
to the 6™ place. Then the fourth logtaka is moved again, and so on, till we
reach the 91% row when the third and the fourth logakas are in the 15" and
16" places. In the 92" row, the third and fourth lostakas are brought back
to the 4™ and 5" places the second logtaka is moved to the third place (as
we have noted above, there is an error in the published version of the
commentary at this point). Then the fourth logtaka is moved again, and so
on, till we reach the 169" row, when the third and fourth logtakas have
reached the 15" and 16" places. Then in the 170" row, the third and the
fourth logtakas are brought to the 5" and 6" places, and the second lostaka
is moved to the 4™ place (again, there is an error in the published version
of the commentary at this point). Then the fourth logaka is moved again,
and so on, till we reach the 455" row, where the second, third and the fourth
lostakas have reached the 14™, 15" and 16™ places. Then in the 456™ row,
the second, third and fourth logtakas are brought back to the 3, 4" and 5"
places, and the first logtaka is moved to the second place. After this, the four
lostakas move among the 2™ to 16™ places only, and generate 1355 more
combinations. In the 1820" row, the four logtakas finally reach the 13", 14™,
15" and 16" places.

In other words, Varahamihira's procedure for logaka-prastara can
be summarized as follows:

o Start with all logakas placed sequentialy in the extreme left.

e At each stage, starting from the right, move the first lostaka which can
be moved to the right by one step. Leave the logakas to the left as they
are. If there are logtakas to the right, bring them back sequentially next
to the logaka which has been moved.
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e Repeat the operation till all the lostakas get placed sequentially at the
extreme right.

Varahamihira’'s procedure does provide a systematic way of
enumerating al the C(n,r) combinations of selecting r objects from an ordered
collection of n objects in the form of a prastara. However, as we shall see
below, the prastara generated following Varahamihira's procedure is indeed
very different from the one generated following the rule given (much later)
by Narayana Pandita in Ganitakaumudr.

Table 7. Varahamihira's Lostaka-prastara for Generating the C(16,4) Combinations of 4 Perfumes
Selected From a Collection of 16
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Narayana's Method of ladduka-calana

In Section 11 of the paper we discussed the procedure given by
Narayana Pandita for enumerating the C(n,r) combinations of r digits selected
from among n digits, in the form of a prastara. Narayana also presents an
alternate way of generating the prastara (in the reverse order or from below)
by means of a sequence of movements of sweetmeats (ladduka-calana).
Narayana also indicates that this method can be used for carrying out the
naga and uddiga processes. Narayana s description of the method of |adduka-
calana is as follows:

gfeaareHiad: Frd: ﬁ%?ﬁi’ﬁﬁl
THTIHR AR A TrE R T

e g2 18 g% AT
TefRad Aad aEagaE:

e g3 = que T E g g he|
AT UTTHY, q2UF OA: T |

AT ATAAT SLE - HeAT = AT

ASTH AT HATHLT TAZEET I
BEQREREIRIRIC LI Er e

Two horizontal rows are to be made with the number of cells measured
by the last number. Write numbers beginning with one, and increasing by
one at each step, in thefirst row. In the row below, place as many laddukas
as the number of places in a sequence [from the left] without any gap.
Now the movement of laddukas. The ladduka in the front is moved, then
the one behind and so on till thereis no gap. Then the ladduka in the front
is moved and the laddukas behind it are all placed at the begmnl ng so that
there is no gap. Again the ladduka in the front is moved and so on. From
the sankhya [the total number of combinations], the number of movements
made is reduced. By means of the above numbers the lost combination
(nasta-bheda) [associated with a given row number] can be surely
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determined. Subtract the number of movements by the digits for the given
combination from that [saikhya or total number of combinations]. The
remainder when added to one gives the uddista [or the desired number of
the row associated with the given combination].

The rule for movement of laddukas, given in the above verses, is as
follows:

e Start with laddukas placed sequentially in the extreme |eft.

e At each stage, starting from the left, move the first ladduka which can
be moved to the right by one step. Leave the laddukas to the right as they
are.

e If there are laddukas to the left, move them to the extreme left.

As an illustration of the process, Narayana again considers the
prastara of the C(8,3) combinations obtained by selecting three digits from
among the eight digits {1, 2,...,8}. The process of |ladduka-calana generates
the prastara, as shown in Table 8, which is nothing but the prastara displayed
in Table 2, but enumerated in the reverse order or from the bottom.

Table 8. Narayana's Ladduka-calana for generating the prastara of C(8,3) combinations

1 2 3 4 5 6 7 8
1 O O O
2 O O O
3 O O O
4 O O O
5 O O O
6 O O O
7 O O 0O
8 O O O
9 O O O
10 O O O
1 O O O
12 O O O
13 O O O
14 O O O
15 O O O
16 O O O
56 O O O
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Narayana suggests that the process of ladduka-calana, which generates
the prastara from below, can be used to simplify the nasta process in some
cases. For instance, in order to find the combination in the 40" row in the
original prastara (given in Table 2), we need to do C(8,3)-40 = 56-40 = 16
movements, in order to find the desired combination. From Table 8, we see
that the desired combination is 346.

Finally, we may note that while the process logstaka-prastara of
Varahamihira and the process of ladduka-calana of Narayana, though of a
similar nature, are formulated in terms of very different rules of movement.
Consequently, they lead to very different prastaras. In Table 9, we display
the first 14 rows of the prastaras of the C(8,3) combinations as generated
by both the logaka-prastara and the ladduka-calana processes.

Table 9: Prastara of C(8,3) Combinations by Lostaka-prastara and Ladduka-calana

Logaka-prastara Ladduka-calana
1 123 1 123
2 124 2 124
3 125 3 134
4 126 4 234
5 127 5 125
6 128 6 135
7 134 7 235
8 135 8 145
9 136 9 245
10 137 10 345
1n 138 1 126
12 145 12 136
13 146 13 236
14 147 14 146

NoTes & REFERENCES

1.  We employ the symbol C(n,r) to denote the binomial coefficient given by, C(n,r) =
n!/[(n-r)!r!] for nonnegative integers r, n such that 0 < r < n (where we take 0! = 1)
and C(n,r) = 0 whenever 0 < n<r.

2. It may be noted that what we refer to as the combinatorial representation of the first
kind is known in the literature as the Macaulay expansion. Our proof of this result
follows the exposition in T. Hibi, Algebraic Combinatorics on Convex Polytopes,
Carldaw Publications, Glebe 1992.

3. Here, and in the subsequent places marked by a (*), the original wrongly has dvitrya
(second) while it should actualy be tritrya (third), caturtha (fourth) etc.
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