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In his compendious work Br.hatsam. hita–, the great astronomer
Vara–hamihira (c.550 AD) discusses the number of possible combinations
which can be formed by choosing 4 perfumes from a class of 16 basic
perfumes and describes the construction of meru to compute this number.
Vara–hamihira also indicates a method of exhibiting all the 1,820 possible
combinations in the form of a prasta–ra (array). Bhat.t.otpala, the tenth
century commentator of Br. hatsam. hita–, has explained in detail the
construction of this prasta–ra.

A general mathematical treatment of most of the combinatorial
problems considered in the earlier literature has been given by Na–ra–yan.a
Pan.d.ita in his work Gan. itakaumudī  (c.1356 AD). In particular, Na–ra–yan.a
Pan.d.ita has considered the problem of enumeration of combinations and
has given explicit rules for the construction of the prasta–ra of combinations
both from “above” and “below”. The questions of nas. t.a and uddis. t.a
which consist of finding the row number associated with a given
combination, and conversely, in relation to this prasta–ra, naturally lead to
representations of number as sums of binomial coefficients. In this paper,
we shall show that there are indeed two different representations of numbers
as unique sums of binomial coefficients which are naturally associated
with the prasta–ra described by Na–ra–yan.a Pan.d.ita.
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INTRODUCTION

The history of combinatorics in India dates back to very ancient
times beginning with the work of Pin. gala on Sanskrit prosody and the work
of Bharata on music. This study of combinatorics has had a continuing
tradition with a view to applications in very practical problems in music,
architecture, perfumery and garland making. The work Br.hatsam. hita– of the
great astronomer Vara–hamihira (c.550 AD) has a chapter titled Gandhayukti
(perfumery), which deals with preparation of a large class of perfumes by
combining a set of basic perfumes in various ways. In this context,
Vara–hamihira remarks that there are C(16,4) = 1,820 combinations1 which
can be formed by choosing 4 perfumes from a class of 16 basic perfumes.
Later, he goes on to construct a Meru (which is a tilted version of Piïgala’s
Varn.ameru, or the ‘Pascal Triangle’ in modern parlance) with a view to
compute the number of such combinations. Vara–hamihira also indicates a
method of exhibiting all the 1,820 possible combinations in the form of a
prasta–ra (array). Bhat.t.otpala, the tenth century commentator of Br.hatsam. hita–,
has explained in detail the construction of this prasta–ra. The work of
Vara–hamihira can indeed be regarded as pioneering in the study of enumeration
of combinations of r objects chosen out of a collection of n objects.
Incidentally it may be noted that Sƒa–rn.gadeva (c.1250 AD), in his famous
treatise on music San.gī taratna–kara, enumerated all the permutations of n
objects in the form of a prasta–ra, which leads to the so-called factorial
representation of integers, as has been explained in [7].

A general mathematical treatment of most of the combinatorial
problems considered in the earlier literature has been given by Na–ra–yan.a
Pan.d.ita in his work Gan. itakaumudī  (c.1356 AD). In particular, Na–ra–yan.a
Pan.d.ita has considered the problem of enumeration of combinations and has
given explicit rules for the construction of the prasta–ra of combinations
both from “above” and “below”. The questions of nas.t.a and uddis.t.a which
consist of finding the row number associated with a given combination, and
conversely, in relation to this prasta–ra, naturally lead to representations of
number as sums of binomial coefficients. In this paper, we shall show that
there are indeed two different representations of numbers as unique sums of
binomial coefficients which are naturally associated with the prasta–ra
described by Na–ra–yan.a Pan.d.ita.
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I. COMBINATORICS IN VARA–HAMIHIRA’S BR. HATSAM. HITA– (C. 550 AD)

Vara–hamihira the great astronomer wrote a compilation entitled
Br.hatsam. hita– around 550 AD. The work, consisting of 106 chapters, deals
mainly with various aspects of divination, but also discusses many other
topics. In particular, Chapter 76 on Gandhayukti (perfumery) deals with the
composition of a various classes of perfumes and presents some very
interesting results on combinatorics as well as magic squares.

In verse 20 of the chapter given below, Vara–hamihira mentions that
there are 1,820 combinations which can be formed by choosing 4 perfumes
from a set of 16 basic perfumes.

In a collection of sixteen substances, the number of variations which arise
when we choose four out of them is eighteen hundred and twenty.

In verse 22, Vara–hamihira gives a method of construction of a Meru
(a tabular figure) which may be used to calculate the number of combinations.
This verse, given below, also very briefly indicates a way of arranging these
combinations in the form of an array or a prasta–ra.

The [number above] is to be added to the earlier and the earlier one
passed by [and so on] without the last place is said to be the san.khya– [or
the number of combinations (bheda or vikalpa)]. From the desired
combinations [displayed in a los. t.aka-prasta–ra (enumeration displayed by
moving clay-balls or los.t.akas)], by systematically moving [the last los.t.aka],
when the end is reached, there is a return. Again, there is a moving of the
other [or the previous los.t.aka].

The method of construction of the Meru and the method of
sequentially arranging the combinations in the form of an array by means of
los.t.aka-prasta–ra (movement of clay-balls) have both been explained by
Bhat.t.otpala (c.950 AD) in his famous commentary on Br. hatsam. hita–.
Bhat.t.otpala first explains the construction of the tabular figure or Meru for
obtaining the san.khya– or the desired number of combinations.
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Numbers starting from 1 and ending with 16 are placed one above the
other [in a column] and the number above is to be added to each of the
earlier ones, the numbers passed by. The earlier number is the number
that is passed by; just as when 2 is placed above 1, then 1 is both the
earlier number and the one passed by. With that is added the number
above, [and so on] till we reach 15, because it is said “without the last
place, is said to be the san.khya–”. The san.khya– is obtained when we leave
out the last place. [Having obtained the second column of numbers this
way], then again from the bottom we have to add the number above with
the earlier, the earlier one passed by. Till we reach the fourteenth place.
After that, [in the third column of numbers], again from the bottom we
have to add the number with the earlier one passed by, till we reach the
thirteenth place. This way, we get [in the end] 1820. For illustration, we
display the numbers starting from 1 ending with 16 [in the first column].

Here, from the earlier, that is the earlier number passed by, namely
1 etc., should be added the number above, 2 etc. Adding thus, without the
last one, in the top of the first column we have 16; in the second [column]
120; in the third [column] 560; and in the fourth [column] 1,820. Thus is
obtained the number of combinations of 4 objects (caturvikalpa) [selected
from among 16 objects].

Thus the first column of the Meru is filled, from below, with numbers
1, 2,... 16. The next column also has the entry 1 at the bottom. The entry
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above that is 1+2 = 3; the next is 1+2+3 = 6; and so on and the fifteenth
entry is 1+ 2+ ... + 15 = 120, which is the dvivikalpa, or the number of
combinations of 2 objects selected from among 16 objects, the binomial co-
efficient C(16,2). The third column starts from below with 1, and then has
the entries 1+ 3 = 4, 1+3+ 6 = 10, and so on, and the fourteenth entry is 1+
3+ 6+ ... + 120 = 560, which is the trivikalpa, or the number of combinations
of 3 objects selected from among 16 objects, the binomial co-efficient C(16,3).
The fourth column also starts from below with 1, and then has the entries
1+4 = 5, 1+ 4+ 10 = 16, and so on, and the thirteenth entry is 1+ 4+10+
...+560 = 1820, which is caturvikalpa, or the number of combinations of 4
objects selected from among 16 objects, the binomial co-efficient C(16,4).

In Table 1 we give the Meru generated by the above procedure.
Clearly, this Meru is a tilted version of the Varn.a-meru, described by Pin.gala
in his Chandah.su–tra (and is known in the mathematical literature as “Pascal
Triangl≥). Pin.gala’s rule for the construction of the Varn.a-meru is based on
the recursion relation:

C(n,r) = C(n-1,r-1)+ C(n-1,r) …(1)

The basic rule given by Vara–hamihira for the construction of the
Meru, given in Table 1, is the following well-known property of the binomial
co-efficients, which is obtained by iterating relation (1):

C(n,r) = C(n-1,r-1)+ C(n-2,r-1)+.......+ C(r-1,r-1) …(2)

This relation was later explicitly stated by Na–ra–yan.a Pan.d.ita in his
discussion of va–rasan.kalita (repeated summation) of the sequence of natural
numbers.

After explaining the construction of the above Meru, Bhat.t.otpala
goes on to explain the method of los.t.aka-prasta–ra, which makes use of the
movement of clay balls (los.t.aka) to generate all the desired combinations,
sequentially, in the form of an array or prasta–ra. We shall briefly discuss
Bhat.t.otpala’s los.t.aka-prasta–ra in the Appendix of this paper.

II. PRASTA–RA OF COMBINATIONS IN GAN. ITAKAUMUDI– (C 1356)

Na–ra–yan. a Pan.d.ita gives a very general mathematical treatment of
combinatorics in the 13th Chapter, entitled An.kapa–sƒa (net of numbers), of his
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celebrated work Gan. itakaumudī . Verses 92-93 of the chapter deal with the
prasta–ra of combinations (mu–lakrama-bheda-prasta–ra):

[Starting from] the beginning (i.e, from the left), place the [next] lesser
digit below the greater one; the remaining digits [to the right] are to be
placed as in the row above. If there are gaps [to the left], then place in
reverse order, digits which are successively one less than the previous.
This method of generating prasta–ra is to be followed till the [smallest]
arithmetic sequence is obtained.

In order to illustrate the above rule of enumeration, Na–ra–yan.a gives
the examples of the enumeration of combinations of three digits selected
from the eight digits {1,2,..., 8} and the enumeration of the combinations of
six digits selected from the nine digits {1,2,...,9}. We display them in Tables
2 & 3.

In general, Na–ra–yan.a’s rule for generating the prasta–ra of the C(n,r)
combinations of r symbols selected from among the (ordered) set of symbols

Table 1. Vara–hamihira’ Meru for Calculating C(16,4)

16
15 120
14 105 560
13 91 455 1820
12 78 364 1365
11 66 286 1001
10 55 220 715

9 45 165 495
8 36 120 330
7 28 84 210
6 21 56 126
5 15 35 70
4 10 20 35
3 6 10 15
2 3 4 5
1 1 1 1



613NA
–
RA

–
YAN. A PAN. D. ITA’S ENUMERATION

{1, 2, ... , n} may be stated as follows:

• The first row of the prasta–ra is given by the sequence of symbols n-r+1,
n-r+2, ..., n.

• To go from any row to the next row, scan the row from the left and
below the first entry i >2, such that i-1 does not appear earlier in the row,
place the symbol i-1.

Table 2. Na–ra–yan. a’s prasta–ra of C(8,3) Combinations of 3 Digits Chosen from {1,2,..., 8}

1 678 15 158 29 257 43 146
2 578 16 348 30 157 44 236
3 478 17 248 31 347 45 136
4 378 18 148 32 247 46 126
5 278 19 238 33 147 47 345
6 178 20 138 34 237 48 245
7 568 21 128 35 137 49 145
8 468 22 567 36 127 50 235
9 368 23 467 37 456 51 135

10 268 24 367 38 356 52 125
11 168 25 267 39 256 53 234
12 458 26 167 40 156 54 134
13 358 27 457 41 346 55 124
14 258 28 357 42 246 56 123

Table 3. Na–ra–yan.a’s Prastàra of C(9,6) Combinations of 6 Digits Chosen from {1,2,...,9}

1 456789 15 135789 29 124689 43 134679 57 345678 71 123478
2 356789 16 125789 30 123689 44 124679 58 245678 72 234568
3 256789 17 234789 31 234589 45 123679 59 145678 73 134568
4 156789 18 134789 32 134589 46 234579 60 235678 74 124568
5 346789 19 124789 33 124589 47 134579 61 135678 75 123568
6 246789 20 123789 34 123589 48 124579 62 125678 76 123468
7 146789 21 345689 35 123489 49 123579 63 234678 77 123458
8 236789 22 245689 36 345679 50 123479 64 134678 78 234567
9 136789 23 145689 37 245679 51 234569 65 124678 79 134567

10 126789 24 235689 38 145679 52 134569 66 123678 80 124567
11 345789 25 135689 39 235679 53 124569 67 234578 81 123567
12 245789 26 125689 40 135679 54 123569 68 134578 82 123467
13 145789 27 234689 41 125679 55 123469 69 124578 83 123457
14 235789 28 134689 42 234679 56 123459 70 123578 84 123456
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• The symbols to the right of i are brought down to the next row and
placed in the same order to the right of i-1.

• To the left of i-1, place the symbols i-2, i-3, and so on in order, till the
next row also has r symbols.

• The process is repeated till we reach the last row of the prasta–ra, given
by the sequence 1, 2, ..., r.

In verses 94-99, Na–ra–yan.a discusses another way of generating the
prasta–ra in the inverse order by moving lad.d.ukas (sweetmeats) and also
indicates that this could be used for nas.t.a and uddis.t.a. We shall discuss the
method of lad.d.uka-ca–lana in the Appendix.

III. THE NAS.T. A AND UDDIS.T. A PROCESSES AND THE ASSOCIATED

COMBINATORIAL REPRESENTATION OF NUMBERS

As we have seen, Na–ra–yan.a’s rule gives a systematic enumeration of
the C(n,r) combinations of r symbols selected from the n symbols {1, 2, ...,
n} in the form of a prasta–ra or an array. Associated with such a prasta–ra
are two process, namely the nas.t.a process which involves writing down the
combination occurring in the k-th row of the prasta–ra for any number k <
C(n,r); the uddis.t.a process solves the converse problem of finding out the
row-number corresponding to any given combination of r symbols selected
from the n symbols {1,2,...,n}. We shall now show that, both the nas.t.a and
uddis.t.a processes, of associating the k-th row of the prasta–ra with a certain
combination, are related to a certain decomposition of the number k as a sum
of binomial co-efficients. In fact, depending on the way we number the rows
of the prasta–ra, from the top or from the bottom, there arise two different
combinatorial decompositions of each number k < C(n, r), which we shall
refer to as the combinatorial decomposition of the first and second kind
respectively.

The Combinatorial Decomposition of the First Kind

We first consider the case where the rows are numbered from below,
with the last row being taken as the zero-th row and the top row being
numbered as the [C(n, r) -1]-th row. We refer to the associated decomposition
of each integer as the combinatorial decomposition of the first kind. We
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shall illustrate this first by considering the example of the prasta–ra of the
C(8,3) combinations of 3 symbols chosen from {1,2,...,8} given in Table 4,
which is the same as Table 2 with the rows being numbered from below,
starting from number zero. We notice that the last row of the prasta–ra ends
with 3, the next three rows end with 4 and the next six rows end with 5. In
fact, we can easily see that the last symbol of the k-th row of the prasta–ra
is 3 if k = 0, that is 0 ≤ k <C(3,3); it is 4 if C(3,3) ≤ k< C(4, 3); and it is
5 if C(4,3) ≤ k< C(5,3), and so on. In other words, the last symbol of the
k-th row is n3+1, if C(n3,3) ≤ k< C(n3+1,3).

Indeed it follows more generally that the last element in the k-th row
of the C(n, r) combinations obtained by selecting r symbols from among
{1, 2,..., n} is given by the symbol nr+1, where nr is the number for which
C(nr, r) ≤ k < C(nr+1, r).

Returning to our example of the prasta–ra of the C(8,3) combinations
of 3 symbols chosen from amongst {1, 2, ...,8}, if the last (namely the third)
element of the k-th row has been determined to be n3+1, then we can determine
the next symbol to the left as follows. Clearly this symbols is less than n3+1
and it can also be thought of as the last symbol in the [k- C(n3,3)]-th row
in the prasta–ra of the C(n3,2) combinations obtained by choosing two symbols
from among the symbols {1, 2, .., n3}. If n2 is such that 0 ≤ n2< n3 and
C(n2,2) ≤ k- C(n3,3)< C(n2+1,2), then from what we have remarked earlier,
we can see that the penultimate symbol of the k-th row will be n2+1.

Having determined the third and second elements of the k-th row as
n3+1 and n2+1, we can determine the first symbol in the k-th row by noting
that it can be viewed as the symbol in the [k- C(n3,3)- C(n2,2)]-th row of the
prasta–ra of the C(n2,1) combinations obtained by choosing one of the symbols
amongst {1, 2,..., n2}. This is the number n1+1, where n1 is equal to
k-C(n3,3)-C(n2,2). Thus, we have also arrived at the decomposition

k = C(n3,3)+ C(n2,2) + C(n1,1) (3)

where the successive symbols of the k-th row are given by n1+1, n2+1 and
n3+1. Since we have n3 ≥ 2, n2 ≥ 1 and n1 ≥ 0, we can see that the above
relation is generally valid, once we adopt the convention that C(nr, r) = 0
whenever nr< r.
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We can illustrate the above combinatorial decomposition by
considering a couple of examples. For instance, according to Table 4, the
row number 8 is given by the combination 245. In other words we have
n1= 1, n2=3 and n3 = 4. Now, if we compute C(4,3) + C(3,2) + C(1,1), we
get 4+3+1 = 8. Again, the row-number 25 is associated with the combination
347, so that n1= 2, n2=3 and n3 = 6. Now, if we compute C(6,3) + C(3,2) +
C(2,1), we get 20+3+2 = 25. Again, the row-number 35 is associated with
the combination 128 so that n1= 0, n2=1 and n3 = 7. Now, if we compute
C(7,3) + C(1,2) + C(0,1), we get 35+0+0 = 35.

More generally we have the following theorem which gives a unique
combinatorial decomposition of every number k< C(n,r), using which one
can read of the entries n1, n2,..., nr of the k-th row in the prasta–ra of the
C(n,r) combinations obtained by selecting r symbols from amongst {1, 2, ...,
n}.

Table 4. Prasta–ra of the C(8,3) Combinations of 3 Digits Chosen from {1,2,..., 8} with the
Rows Numbered from Below

55 678 41 158 27 257 13 146

54 578 40 348 26 157 12 236

53 478 39 248 25 347 11 136

52 378 38 148 24 247 10 126

51 278 37 238 23 147 9 345

50 178 36 138 22 237 8 245

49 568 35 128 21 137 7 145

48 468 34 567 20 127 6 235

47 368 33 467 19 456 5 135

46 268 32 367 18 356 4 125

45 168 31 267 17 256 3 234

44 458 30 167 16 156 2 134

43 358 29 457 15 346 1 124

42 258 28 357 14 246 0 123
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Theorem: For any natural number k with 1 ≤ k<C(n,r), we have the following
decomposition (combinatorial representation of the first kind):2

k = C(nr,r) + C(nr-1,r-1) +... + C(nj,j) (4)

with uniquely defined nr, nr-1,..., nj, satisfying n-1 ≥ nr> nr-1>... >nj ≥ j ≥ 1.

Proof: We first prove the existence of the decomposition (4). Suppose,
k = C(nr,r) for some nr satisfying n-1 ≥ nr ≥ r ≥ 1, then we are through.
Otherwise, choose nr, with n-1 ≥ nr ≥ r ≥ 1, such that

C(nr,r) < k < C(nr+1,r) (5)

Since,
C(nr+1,r) = C(nr,r) + C(nr,r-1) (6)

we have
k- C(nr,r) < C(nr,r-1) (7)

Again, the number k- C(nr,r) may be of the form C(nr-1,r-1) for some nr-1

such that nr> nr-1 ≥ r-1 ≥ 1, in which case we are through; or else, we choose
nr-1 such that C(nr-1,r-1) < k- C(nr,r) < C(nr-1+1,r-1) and so on. In any case,
by induction, it follows that k-C(nr,r) can be written in the form

C(nr-1,r-1) + C(nr-2,r-2) +... + C(nj,j)

with nr > nr-1 >... >nj ≥ j ≥ 1, and hence we arrive at the result

k = C(nr,r) + C(nr-1,r-1) +... + C(nj,j)

To prove the uniqueness of the decomposition (4), we start with the
following property of the binomial coefficients which [like (2)] can be read
off from the Pin.gala’s varn.a-meru (Pascal triangle):

C(n,r) = C(n-1,r) + C(n-1,r-1)

= C(n-1,r) + C(n-2,r-1) +... + C(n-r,0) (8)

The above equation is actually the combinatorial decomposition of
the number C(n,r) -1:

C(n,r) -1= C(n-1,r) + C(n-2,r-1) +... + C[n-(r-1),1] (9)

Now suppose

k = C(nr,r) + C(nr-1,r-1) +... + C(nj,j) (10a)
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and

k = C(mr,r) + C(mr-1,r-1) +... + C(ms,s) (10b)

are two decompositions of k satisfying the conditions of the theorem. We
assume that ni= mi, t+1 ≤ i ≤ r, and nt > mt, and show that this leads to a
contradiction. Since, mt> mt-1> mt-2>..., we have mt-i ≥ mt-i. Hence,

 k ≤ C(mr,r) + C(mr-1,r-1) +... + C(mt+1,t+1) + C(mt,t) + C(mt-1, t-1)
+ ... + C[mt- (t-1), 1]

Using the property (9), the above inequality reduces to

k ≤ C(mr,r) + C(mr-1,r-1) +... + C(mt+1,t+1) + C(mt+1, t) -1

Since ni = mi, t+1 ≤ i ≤ r, and nt ≥ mt+1, we get

k ≤ C(nr,r) + C(nr-1,r-1) +... + C(nt+1,t+1) + C(nt, t)-1 < k

The above contradiction completes the proof of the uniqueness of the
decomposition (4).

We shall now show how the processes of nas.t.a and uddis.t.a can be
easily carried out by means of the above combinatorial representation. Let
us first consider the process of nas.t.a which seeks to determine the particular
combination which is in the k-th row of the prasta–ra (counted from below
as per our enumeration), without any explicit knowledge of the other rows.
For this purpose, we write down the combinatorial decomposition of the
row-number k as given in Theorem 1:

k = C(nr,r) + C(nr-1,r-1) +... + C(nj,j)

with uniquely defined nr, nr-1,..., nj, satisfying n-1 ≥ nr > nr-1 >... >nj ≥ j ≥ 1.
Then the k-th row of the prasta–ra is given by 1, 2, 3,...,j-1, nj+1, ..., nr+1,
when j>1 and by nj+1, ..., nr+1, when j=1. Incidentally, the top row of the
prasta–ra has the row-number C(n,r)-1, and the associated combinatorial
representation is given by the identity (9) that we derived earlier:

C(n,r) -1= C(n-1,r) + C(n-2,r-1) +... + C[n-(r-1),1]

As an illustration of the process of nas.t.a, let us obtain the 28th row
of the prasta–ra (given in Table 4) of the C(8,3) combinations obtained by
selecting 3 symbols from amongst {1, 2, ...,8}. For this purpose, we need to
obtain the combinatorial decomposition of 28<C(8,3). We first have,
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C(6,3)<28< C(7,3), which gives us n3=6; then, 28-C(6,3)= 8 and
C(4,2)<8<C(5,2), which gives us n2 = 4; and finally 8-C(4,2) = 2 = C(2,1),
which gives us n1 = 2. Thus the combinatorial decomposition of 28 is given by

28 = C(6,3) + C(4,2) + C(2,1)

and, hence, the 28th row of the prasta–ra is given by 357.

Now for the process of uddis.t.a: Suppose we are given that p1, p2,...,
pr is a combination among the C(n,r) combinations of r symbols selected
from {1, 2, ...,n}. Then the number of the row in which this combination
occurs in the prasta–ra is given by

C(pr-1,r) + C(pr-1-1,r-1) +... + C(p1-1,1),

where it is understood that C(p,q) = 0 if p<q.

As an illustration we may find the row-number of the combination
127 in the prasta–ra (given in Table 4) of the C(8,3) combinations of 3
symbols selected from {1,2,...,8}. The row-number k is given by

k = C(7-1, 3) + C(2-1, 2) + C(1-1,3) = C(6,3) = 20.

Combinatorial Decomposition of the Second Kind

We shall now enumerate the rows of the prasta–ra of the C(n, r)
combinations obtained by selecting r symbols from amongst {1, 2, ...n} in
a different way, by counting them form top downwards, with the top row
being assigned the row number 0. The bottom row will then be the [C(n, r)-
1]-th row. We shall now briefly discuss another representation of each of
these row-numbers as sums of binomial co-efficients, which we refer to as
combinatorial representation of the second kind.

Given any natural number 0 ≤ k ≤ C(n,r)-1, either k ≥ C(n-1,r-1), or
k ≤ C(n-1,r-1)-1. If k ≥ C(n-1,r-1), then we take C(n-1,r-1) as the first term
in the decomposition of k. Now,

k- C(n-1,r-1) ≤ C(n, r)-1- C(n-1,r-1) = C(n-1,r)-1.

Then again, we check whether k- C(n-1,r-1) ≥ C(n-1,r-2), and so on.
In any case, we have by induction that k-C(n-1,r-1) has a combinatorial
decomposition depending on n and r, thereby yielding such a representation
for k itself.
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On the other hand, if k ≤ C(n-1,r-1)-1, then again check whether
k ≥ C(n-2,r-2), and so on. In any case, we again have by induction that k has
a combinatorial decomposition depending on n and r.

In this way, it can be shown that for each natural number k such that
0 ≤ k ≤ C(n,r)-1, there is a combinatorial representation of the second kind

k = C(n1,k1) + C(n2,k2) +... + C(nj,kj) (11)

where n> n1> n2>...> nj>0 and ki<ni, are unique, with the following properties:

(i) The first term C(n1,k1) is either C(n-1,r-1) or C(n-2,r-2), or ..., or
C(n-r,0).

(ii) The differences n1-k1, n2-k2, ... keep decreasing by 1.

We shall illustrate the combinatorial representation of the second
kind by a few examples. First we note that the decomposition of C(n,r)-1,
the last row of the prasta–ra, is essentially the well-known relation (2) used
in the construction of Vara–hamihira’s Meru:

C(n,r)-1 = C(n-1,r--1) + C(n-2,r-1) +... + C(r,r-1) (12)

As a second illustration, we shall now consider the specific case of
the prasta–ra of the C(8,3) combinations of three symbols selected from
among {1,2,...8} which was given in Table 2. We shall renumber the rows
from the top, with top row being assigned the number 0, as displayed in
Table 5. Let us first consider the combinatorial representation of the second
kind of say 48≤C(8,3)-1. Since, 48≥C(7,2), the first term in the representation
will be C(7,2). Now, 48-C(7,2) = 48-21=27. Again 21≥C(6,2), and the second
term in the representation will be C(6,2). Now, 21-C(6,2) = 27-15 = 12.
Again, 12≥C(5,2), and C(5,2) will be the next term in the decomposition.
Now, 12-C(5,2) = 12-10 = 2. Now 2<C(4,2). Further, 2<C(3,1). However,
2≥C(2,0), and hence C(2,0) is the next term in the decomposition. Finally
we have 2-C(2,0) = C(1,0).Thus we arrive at the desired decomposition for 48:

48 = C(7,2)+C(6,2)+C(5,2)+C(2,0)+C(1,0) (13)

In Table 6 we have displayed the combinatorial representations of
both the first and the second kind for all numbers 0≤ k≤ C(8,3)-1.

We shall finally indicate how the nas.t.a process can be carried out by
means of the combinatorial representation of the second kind. For this purpose,
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let us see how the form of the combination in row 48 can be determined
from the combinatorial representation given by (13). In this connection we
may note that the first C(7,2) rows of the prasta–ra (as shown in Table 5) end
with 8, the next C(6,2) rows end with 7 and the next C(5,2) rows end with
6. The presence of these three terms in the combinatorial representation of
48 (and the absence of C(4,2)) shows that the last symbol of the combination
in row 48 is 5. The combination in the row whose number is given by
C(7,2)+C(6,2)+C(5,2) (i.e., row-number 46) is 345. To find out the penultimate
symbol of row 48, we need to consider the distribution of the last elements
in the prasta–ra of C(4,2) combinations of two symbols selected from among
{1,2,3,4}. The first C(3,1) rows in this prasta–ra end with 4 and since 48-
th row is the third from 46th, we can conclude that the penultimate element
of the combination in the 48th row is 4. The first symbol is determined by
noting that it will be the last row in the prasta–ra of C(3,1) combinations
selecting one element from among {1,2,3}. Hence we conclude that the
combination in row 48 is given by 145.

Table 5. Prasta–ra of the C(8,3) Combinations of 3 Digits Chosen from {1,2,..., 8} with the
Rows Numbered from Top

0 678 14 158 28 257 42 146

1 578 15 348 29 157 43 236

2 478 16 248 30 347 44 136

3 378 17 148 31 247 45 126

4 278 18 238 32 147 46 345

5 178 19 138 33 237 47 245

6 568 20 128 34 137 48 145

7 468 21 567 35 127 49 235

8 368 22 467 36 456 50 135

9 268 23 367 37 356 51 125

10 168 24 267 38 256 52 234

11 458 25 167 39 156 53 134

12 358 26 457 40 346 54 124

13 258 27 357 41 246 55 123
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Appendix

The Method of Los.t.aka-Prasta–ra or Lad.d.ukka -Ca–lana

Varahamihira’s Los.t.aka-prasta–ra

In Section I of the paper we cited the cryptic verse by Vara–hamihira
in the Gandhayukti chapter of Br.hatsam. hita–, where he gives a method for
constructing a Meru (a tabular figure) which could be used to calculate the
number combinations C(16,4), which can be formed by choosing 4 perfumes
from a set of 16 basic perfumes, and also indicates a way of arranging these
combinations in the form of an array or prasta–ra. The method of sequentially
arranging the 1,620 combinations in the form of an array by means of
los.t.aka-prasta–ra (movement of clay-balls) has been explained in detail by
Bhat.t.otpala in his commentary as follows:
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Then he states the method to [enumerate] these combinations in the form
of a los. t.aka-prasta–ra: “iccha–vikalpaih.... “. There, [in the first row], the
first aks.ara of the sixteen substances (perfumes) starting with ghana may
be written. There mark the first three substances with a fixed los.t.aka and
the fourth with a moving los. t.aka and then move that [fourth] through
other substances and then finally bring it back. [After the moving los.t.aka
goes through all the substances from fourth to sixteenth], it is brought
back to the fifth. Thus, following this procedure, all the [los.t.akas] are to
be moved. That is why it is said “From the desired combinations”. From
the desired combinations, the moving los.t.aka is sequentially moved through
and then it has to be returned. “punaranyanī tih.”. In the next [row], after
the moving los.t.aka has reached the last substance, the [previous] fixed
los.t.aka has to be moved to the next place. Fixing it at that place, the
moving los.t.aka, next to it, is again moved through the [subsequent] places
and various combinations may thus be exhibited. Then again, the fixed
los.t.aka which has already been displaced [once] is displaced further and
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fixed there, and the the moving los. t.aka next to it is again moved through
the [subsequent] places and [this way] the various combinations are to be
exhibited. Thus in the end, if the fixed [third] los.t.aka attains the penultimate
place, then another fixed los. t.aka is moved from its place. Next to it are
placed the los.t.akas which were at the penultimate place and the last
place; again, by moving the last, the combinations have to be generated
as before. In this way all have to be moved in order, till all the los. t.akas
reach the last [possible] places.
This is how it is done [in the given example]. When the first three places
are marked with fixed los. t.akas and the fourth is moved [from the fourth
to the sixteenth place], thirteen [different combinations] are produced.
Then, while the third los.t.aka is placed at the fourth substance, and the
fourth los.t.aka is moved twelve are produced. Then, while the third [los.t.aka]
is placed at the fifth place and the fourth [los.t.aka] is moved, eleven are
produced. When the third [los.t.aka] is fixed in the sixth place, ten. In this
way [if it is fixed] at the seventh [place], nine. [If it is fixed] at eight,
eight. [If it is fixed] at ninth, seven. [If it is fixed] at tenth, six. [If it is
fixed] at eleventh, five. [If it is fixed] at twelfth, four. [If it is fixed] at
thirteenth, three. [If it is fixed] at fourteenth, two. [If it is fixed] at fifteenth,
one. Thus 91 [combinations are produced]. Then if the first, third (*)3 and
fourth places are marked with fixed los. t.akas and the fourth [los. t.aka] is
moved, 12 [combinations are produced]. Then if the third [los.t.aka] is like
before fixed at successive places and the fourth [los.t.aka] is moved, then
11, 10, 9, 8, 7, 6, 5, 4, 3, 2 and 1 [combinations] are produced. In this
way [we get in all] 78. Combined with what we had obtained earlier, [we
get in all] 169. Then if the first, fourth (*) and fifth places are marked
with fixed los.t.akas and the fourth [los. t.aka] is moved, 11, 10, 9, 8, 7, 6,
5, 4, 3, 2 and 1 [combinations are produced]. In this way [we get] 66.
Added to the earlier ones, [we get in all] 235. Then if the first, fifth (*)
and sixth places are marked with fixed loùñakas and the fourth [los. t.aka]
is moved, 10, 9, 8, 7, 6, 5, 4, 3, 2 and 1 [combinations are produced]. In
this way [we get] 55. Combined with the earlier ones, [we get in all] 290.
Then if the first, sixth (*) and seventh places are marked with fixed
los.t.akas and the fourth [los. t.aka] is moved, 9, 8, 7, 6, 5, 4, 3, 2 and 1
[combinations are produced]. In this way [we get] 45. Combined with the
earlier ones, [we get in all] 335. Then if the first, seventh (*) and eighth
places are marked with fixed los. t.akas and the fourth [los.t.aka] is moved,
8, 7, 6, 5, 4, 3, 2 and 1 [combinations are produced]. In this way [we get]
36. Combined with the earlier ones, [we get in all] 371. Then if the first,
eighth (*) and ninth places are marked with fixed los. t.akas and the fourth
[los. t.aka] is moved, 7, 6, 5, 4, 3, 2 and 1 [combinations are produced]. In
this way [we get] 28. In this way, following the above procedure, [if the
third is moved to ninth place] and the fourth is moved to various places,
21. Then again 15; then again 10; then 6; then 3; then 1. In this way [we
get] 84. Combined with the earlier ones, [we get in all] 455. In this way
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following the same procedure, when the first and the other los. t.akas,
move [entirely among the] the second, third, etc., places, we obtain the
other 1335 [combinations]. Taking them all together, [the total number of
combinations] will be 1820. In order to avoid prolixity, and since all this
is well known, we have only demonstrated an example here.

The los.t.aka-prasta–ra discussed above is dsiplayed in Table 6. In the
first 13 rows, the first three los.t.akas are fixed at the first three places and
the fourth is moved through the 4th to 16th places. Then, in the 14th row, the
fourth los.t.aka is brought back to the 5th place and the third los.t.aka is moved
to the 4th place. In the 14th to the 25th rows, the third los.t.aka stays in the 4th

place and the fourth is moved through the 5th to 16th places. Then, in the 26th

row, the third los.t.aka is moved to the 5th place and the fourth is brought back
to the 6th place. Then the fourth los.t.aka is moved again, and so on, till we
reach the 91st row when the third and the fourth los.t.akas are in the 15th and
16th places. In the 92nd row, the third and fourth los.t.akas are brought back
to the 4th and 5th places the second los.t.aka is moved to the third place (as
we have noted above, there is an error in the published version of the
commentary at this point). Then the fourth los.t.aka is moved again, and so
on, till we reach the 169th row, when the third and fourth los.t.akas have
reached the 15th and 16th places. Then in the 170th row, the third and the
fourth los.t.akas are brought to the 5th and 6th places, and the second los.t.aka
is moved to the 4th place (again, there is an error in the published version
of the commentary at this point). Then the fourth los.t.aka is moved again,
and so on, till we reach the 455th row, where the second, third and the fourth
los.t.akas have reached the 14th, 15th and 16th places. Then in the 456th row,
the second, third and fourth los.t.akas are brought back to the 3rd, 4th and 5th

places, and the first los.t.aka is moved to the second place. After this, the four
los.t.akas move among the 2nd to 16th places only, and generate 1355 more
combinations. In the 1820th row, the four los.t.akas finally reach the 13th, 14th,
15th and 16th places.

In other words, Vara–hamihira’s procedure for los.t.aka-prasta–ra can
be summarized as follows:
• Start with all los.t.akas placed sequentially in the extreme left.
• At each stage, starting from the right, move the first los.t.aka which can

be moved to the right by one step. Leave the los.t.akas to the left as they
are. If there are los.t. akas to the right, bring them back sequentially next
to the los.t.aka which has been moved.
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• Repeat the operation till all the los.t.akas get placed sequentially at the
extreme right.

Vara–hamihira’s procedure does provide a systematic way of
enumerating all the C(n,r) combinations of selecting r objects from an ordered
collection of n objects in the form of a prasta–ra. However, as we shall see
below, the prasta–ra generated following Varàhamihira’s procedure is indeed
very different from the one generated following the rule given (much later)
by Na–ra–yan.a Pan.d.ita in Gan. itakaumudī .

Table 7. Vara–hamihira’s Los.t.aka-prasta–ra for Generating the C(16,4) Combinations of 4 Perfumes
Selected From a Collection of 16

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 O O O O
2 O O O O
3 O O O O
4 O O O O
5 O O O O
6 O O O O
7 O O O O
8 O O O O
9 O O O O

10 O O O O
11 O O O O
12 O O O O
13 O O O O
14 O O O O
15 O O O O
25 O O O O
26 O O O O
27 O O O O
91 O O O O
92 O O O O
93 O O O O

169 O O O O
170 O O O O
171 O O O O
455 O O O O
456 O O O O
457 O O O O

1818 O O O O
1819 O O O O
1820 O O O O
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Na–ra–yan.a’s Method of lad.d.uka-ca–lana

In Section II of the paper we discussed the procedure given by
Na–ra–yan.a Pan.d.ita for enumerating the C(n,r) combinations of r digits selected
from among n digits, in the form of a prasta–ra. Na–ra–yan.a also presents an
alternate way of generating the prasta–ra (in the reverse order or from below)
by means of a sequence of movements of sweetmeats (lad.d.uka-ca–lana).
Na–ra–yan. a also indicates that this method can be used for carrying out the
nas.t.a and uddis.t.a processes. Na–ra–yan.a’s description of the method of lad.d.uka-
ca–lana is as follows:

Two horizontal rows are to be made with the number of cells measured
by the last number. Write numbers beginning with one, and increasing by
one at each step, in the first row. In the row below, place as many lad.d.ukas
as the number of places in a sequence [from the left] without any gap.
Now the movement of lad.d.ukas. The lad.d.uka in the front is moved, then
the one behind and so on till there is no gap. Then the lad.d.uka in the front
is moved and the lad.d.ukas behind it are all placed at the beginning so that
there is no gap. Again the lad.d.uka in the front is moved and so on. From
the san.khya– [the total number of combinations], the number of movements
made is reduced. By means of the above numbers the lost combination
(nas. t. a-bheda) [associated with a given row number] can be surely
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determined. Subtract the number of movements by the digits for the given
combination from that [saïkhya– or total number of combinations]. The
remainder when added to one gives the uddis.t.a [or the desired number of
the row associated with the given combination].

The rule for movement of lad.d.ukas, given in the above verses, is as
follows:

• Start with lad.d.ukas placed sequentially in the extreme left.

• At each stage, starting from the left, move the first lad.d.uka which can
be moved to the right by one step. Leave the lad.d.ukas to the right as they
are.

• If there are lad.d.ukas to the left, move them to the extreme left.

As an illustration of the process, Na–ra–yan. a again considers the
prasta–ra of the C(8,3) combinations obtained by selecting three digits from
among the eight digits {1, 2,...,8}. The process of lad.d.uka-ca–lana generates
the prasta–ra, as shown in Table 8, which is nothing but the prasta–ra displayed
in Table 2, but enumerated in the reverse order or from the bottom.

Table 8. Na–ra–yan. a’s Lad.d.uka-ca–lana for generating the prasta–ra of C(8,3) combinations

1 2 3 4 5 6 7 8

1 O O O
2 O O O
3 O O O
4 O O O
5 O O O
6 O O O
7 O O O
8 O O O
9 O O O
10 O O O
11 O O O
12 O O O
13 O O O
14 O O O
15 O O O
16 O O O

56 O O O
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Table 9: Prasta–ra of C(8,3) Combinations by Los.t. aka-prasta–ra and Lad.d.uka-ca–lana

Los. t. aka-prasta–ra Lad.d.uka-ca–lana

1 123 1 123
2 124 2 124
3 125 3 134
4 126 4 234
5 127 5 125
6 128 6 135
7 134 7 235
8 135 8 145
9 136 9 245

10 137 10 345
11 138 11 126
12 145 12 136
13 146 13 236
14 147 14 146

Na–ra–yan.a suggests that the process of lad.d.uka-ca–lana, which generates
the prasta–ra from below, can be used to simplify the nas.t.a process in some
cases. For instance, in order to find the combination in the 40th row in the
original prasta–ra (given in Table 2), we need to do C(8,3)-40 = 56-40 = 16
movements, in order to find the desired combination. From Table 8, we see
that the desired combination is 346.

Finally, we may note that while the process los.t. aka-prasta–ra of
Varahamihira and the process of lad.d.uka-ca–lana of Na–ra–yan.a, though of a
similar nature, are formulated in terms of very different rules of movement.
Consequently, they lead to very different prasta–ras. In Table 9, we display
the first 14 rows of the prasta–ras of the C(8,3) combinations as generated
by both the los.t.aka-prastàra and the lad.d.uka-ca–lana processes.

NOTES & REFERENCES

1. We employ the symbol C(n,r) to denote the binomial coefficient given by, C(n,r) =
n!/[(n-r)!r!] for nonnegative integers r, n such that 0 ≤ r ≤ n (where we take 0! = 1)
and C(n,r) = 0 whenever 0 ≤ n< r.

2. It may be noted that what we refer to as the combinatorial representation of the first
kind is known in the literature as the Macaulay expansion. Our proof of this result
follows the exposition in T. Hibi, Algebraic Combinatorics on Convex Polytopes,
Carlslaw Publications, Glebe 1992.

3. Here, and in the subsequent places marked by a (*), the original wrongly has dvitī ya
(second) while it should actually be tritī ya (third), caturtha (fourth) etc.
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