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Abstract

The expertise in Kuttaka and Vargaprakrti, the methods used for the solution of first and second
degree indeterminate equations respectively, were considered pre-requisite qualifications of an Acharya

in ancient and medieval India.. For solution of Kuttka of the type; by =ax + c, the values of % were

approximated from the successive divisions of a by b as in HCF process and the number of steps was
reduced with choice of a desired quantity [mati] at any step, even or odd . The solution of Vargaprakrti of
the type, N x *t ¢ =y ?[where N = a non-square integer, and ¢ = ksepa quantity] was in the manipulation

of the value of YN— - based on two set of arbitrary values forx,y, and c and their cross multiplication
when c == 1,42, + 4, as given by Brahmagupta (c. 628 CE). The solution was concretized by Jayadeva
[1100 CE] and Bhaskara II [1150 CE] by a process, known as Cakravala. The number of steps used in
Cakravala is much lower than the regular and half-regular expansions for VN used by Euler and Lagrange.
The minimization property of Cakravala is unique and the method may be treated as one of the major
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achievements of Indian mathematics in the history of solution of second degree equations.
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Half-regular expansion, Jayadeva, Ksepa, Kuttaka, Lagrange, Minimization properties, Narayana, Pierre

de Fermat, Regular expansion, Vargaprakrti
1. INTRODUCTION

Aryabhata I, the pioneer siddhantic
mathematician cum astronomer who was born
in Kusumpura (near Patna) in 476 CE wrote his
Aryabhatiya (A) at the age of twenty-three. He
concretized his knowledge of arithmetic, algebra
including pulverizer (kuttaka) and geometry in
his second chapter on mathematics (ganita).
Brahmagupta, the first great mathematician
of Indian history after Aryabhata I, wrote his
Brahmasphutasiddhanta (BSS) in 628 CE in
Ujjain at the age of thirty, and is the earliest
known Indian mathematician to have separated
algebra from mathematics (ganita). He described
the qualifications of an d@carya (‘great teacher’) in
algebra, in the following words (BSS, xviii 2):1

kuttaka-kha-rnadhana-avyakta-madhya harana-

ekavarna-bhavitakaih/acarya sa tantravidam
jnataih varga-prakrtya ca //

English translation:

One who is well versed in [operations]
with the kuttaka (pulverizer), kha (zero), rna-
dhana (negative and positive quantities), avyakta
(unknown quantities), madhya-harana (the
elimination of the middle term), ekavarna (one
unknown), bhavita (equations involving products
of unknowns) and also varga-prakrti (second
degree equations) is [recognized as] a great teacher
(acarya) among the specialists (tantravids).

The above verse shows that Brahmagupta
set a very high standard for qualifications of an
acarya in algebra. It was emphasized that he
should be expert in the operations of Kuttaka and
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Vargaprakrti beside others. Both the operations
had wide ramifications in both mathematics and
astronomy.

In this paper, I will discuss the features
of solutions of Kuttaka of the type :by=ax+ 1
and by =ax + ¢, and of Vargaprakrti of the type:
Nx?+ 1 =y? and Nx%*tc= y? as found in Indian
tradition.

2. KUTTAKA OF THE TYPE: BY = AX £ C

The solution of indeterminate equations
of the type :

by = a x % ¢, leads to:
y=L oy (1), orx =L Dpea) )

The solution was actually manipulated by

Aryabhata I from the approximations of % — %

in (1), and % — —in (2).

2.1. Aryabhata I (b. 476 CE)

Aryabhata 1, the pioneer siddhantik
mathematician, himself cited that he had his
education in Kusumpura school (kusumpure
carcita jianam, A, ii.1).The place has been
identified in North India between Patna and
Nalanda by Shukla (vide his edition of the text,
Aryabhatiya, Introduction p. xviii). Bhaskara I
referred to Aryabhata 1 as an Asmakiya, which
indicates that he belonged to A§maka tribe or
country (MBh, Eng tr, p.2), and according to
commentator Nilakantha he was born in that
country. The ASmaka country has also been
identified with Kerala by some scholars.

A.Rule: Aryabhata I gives a rule in his Aryabhatiya
for obtaining solution by mutual division of a
and b as in HCF process (a, b are integers) and
is the knowledge of pulverization or kuttakara.
The rule (Aryabhatiya, Ganita, 32-33) runs
thus:

adhikdagra bhagahdram chindyat undagra
bhagaharena /

Sesaparaspara bhaktam matigunam agrantare

ksiptam /

adhaupari gunitam antyayug iinagracchedabhajite

Sesam /

adhikagracchedagunamdvicchedaagramadhikagr
ayutam // (4, Ganita, vs.32-33)

Tr. Divide the divisor (adhikdagra-
bhagahara) corresponding to the greater remainder
(adhikdagra), by the divisor (unagra bhdagahara)
corresponding to the smaller remainder (unagra);
the residue and the divisor corresponding to
the smaller remainder being mutually divided
(Sesaparaspara bhaktam); the residue (at any
stage) is to be multiplied by a desired integer
(mati) to which the difference of the remainders
(ksepa) is added (the number of partial quotients
being even) or subtracted (the number of partial
quotients being odd), the result when divided
by the penultimate remainder will give the final
quotient; the partial quotients, the mati and the
final quotient are placed one below the other;
then, the mati is to be multiplied by the quotient
above it to which the final quotient below it
is to be added (adhaupari gunitam antyayug),
and the process (of multiplication and addition)
is continued; the last number obtained is then
divided by the divisor corresponding to the smaller
remainder; the residue is then multiplied by the
divisor corresponding to the greater remainder to
which the greater remainder is added; the result
will determine the number corresponding to the
two divisors.

Explanation: Aryabhata I might have
been interested to find a number (N) , which
when divided by an integer (a) leaves a remainder
( 1)), and by an integer (b) separately leaves a
remainder (r,) .

O,N=ax+r,=by+r,

i.e.,tosolve:by=ax=(r, - r,) accordingly
as r, >r, or otherwise,

orby=ax=+c,wherec=(r,-r,),.
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(1) Solution of: by=ax+ ¢

Aryabhata 1 proceeded with the
Y
E3
mutually divided as in HCF process, a and b being
integers. He kept ¢ (i.e., r;- r, or r,- r,) always
positive.

approximation ~— % (a>b), where a and b were

The rule says, when a and b are mutually
divided (a >Db), a being the dividend and b being
the divisor as in HCF Process of Division :

»obal,

rn

[where q,,q,...... q,. are partial quotients,
and r,, r,, r;....r, are corresponding remainders].

a _ I 1 1

If r,= 0, th + — — .=
fn o b € q. 4q; q

(41,45 -....q,). Aryabhata I however introduced
a unique method to find the approximation or
convergent of % In this method he could stop at

any point of the HCF process to compute a result
which is nothing but the penultimate convergent.
What he did, he advised to multiply any remainder
of the division by a desired quantity (m), to which
the ksepa quantity (c) is to be added or subtracted
depending on the number of quotients even or
odd respectively, and the result when divided
by the previous remainder gives a final quotient

(@- As a result, (¢, 45 45 ¢ ). In short,

the quantities m and q were obtained from the
following,

(heymt ) :
“ntl 7= 7 = g (n=no.of quotients as

Tn—2 even or odd respectively),

Then the rule says, the partial quotients:

m

(G5 9» 95 94 q) are to be placed one below the

other (here it is placed side by side result being
same), and the process of multiplication is to be
started from the mati (m) upwards multiplying
with the upper quotient & the final quotient (q)
as additive; the operation then is repeated and
stopped after getting two final numbers. The
operation is same as in modern process.It may be
represented as follows:

y a m
< b (91.92,93 44, q),
1 pllabdhi) _ yi (p=at+yy)
-1 + T = = —
Qp+———— q(guna) x1 (q=b t+ x1)
@B+——1—
9atmrq
fort=0,1,2,.;
It gives a_n (penultimate convergent of

b X
%),which is undoubtedly an ingenious technique

for obtaining the equation : a x,- b y, = - ¢

(c = +ve or — ve depending on the even or odd
number of quotients).

Then, (x, y,;) is the solution of :
by=ax+ ¢, where ¢ = r,-r,.The desired number
N is found from:

N=ax,+r,=by, +r,.

(2) Solution of : by=ax—-c¢,orax=by+c
(b<a),

X b X;
Then, v as 0.9, ¢, g5 2) ~y, (no.
of quotients even or odd), orby, -ax, =-c, or
by, = ax, -c giving a solution (x,,y,) forby =
ax-c.

Aryabhata 1, however, did not specify
the results for even or odd number of quotients,
the details of which is of course clear from the
commentary of Bhaskara I, which says, ‘add ksepa
(c) when number of quotients are even, and subtract
when these are odd ; so is explained by schools
(agrantaram praksipya visodhyam va asya raseh
suddham bhagam dasyatiti / samesu ksiptam
visamesu sodhyam iti sampradayavicchedad
vyakhyayate/) [ABh, 11.32-33 (bhasya of Bhaskara
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I)]. Brahmagupta (BSS, xviii, 3-5, Eng. Tr. Datta
& Singh,pt.2, pp.1-2) gave exactly the same
method.

B. Features of Aryabhata I’s solution:

(i) For solution of : by=ax+c, Aryabhata I gave
an ingenious method actually manipulating

y a m Y
(F =) 5 — @r4:4544 ¢) = 5, (@>b),
where m and q are found from (Tnl—m” =q
(n=even or odd). The result y is nothmg but
the penultimate convergent of Z leading to the

solutionof:ax,-by,=-c,orby,=ax+
¢ (when number of quotients is even or odd,
¢ = ksepa number). The value (x,,y,) gives
the solution of: by =a x + ¢ from which the
required number N is obtained.

(i1) For solutionof : by=ax -c,orax=by +c,the
X

3, (b>a),
which is also the penultimate convergent
leading to the solution of :b y,-ax,=-c, or
b y,= a x;,- ¢ (when number of quotients is
even or odd , ¢ = ksepa number). The values of
(x,, ;) gives the solution of by,=ax,—c.Or

in other words, (x, y) gives the solution from
which the required number N is obtained.

X
original approximation (7 —) -

(i11) Indicates that if (x,, y,) is the solution of :
by~=ax,=+1,then (cx,, cy,) is the solution
ofby=axxc;and

(iv)Aryabhata I managed to obtain the solution
of ¢ (9, 4.~ 4, Pr.) = % ¢, ¢ being any ksepa
quantity, for n = even or odd.

C. Examples:

1. To find a number N such that N=60y + 7
=137 x + 8

This leads to : 60 y = 137 x + 1 (here r,=

7,;’2:8,(::1'2_1'1:8_7:1)
) 137 )4 i 1 1 16 _ yiqaban
() ¥ 2% T2V TR T 7 xgua

[quotients = 2, 3, 1, % (number even);

remainders (7,r,r;)= 17, 9, 8 respectively];

giving, ' r3’:"+c) = (8'19“) =1 (m=mati =1, final
2

quotient= q =1, ¢ = positive= + 1, number of
quotients being even);

This leadsto : 137.7-60. 16 =-1, or 60 y,=
137 x,+ 1, giving x,= 7, y,= 16. This gives,
x =7.y =16, fixing the minimum solution
of 60 y=137x+ 1.

This suggests that 1—76 is the penultimate

137
convergent of 50

oy Y 137 11 1 1 _153_
< + - — - 1 12
(i) x 60 — 2 3+ 1+ 1+ 9/8 67
(137 .1+16) =16 (mod 137) 16 (=yyq) [quoticnts
(60.1+7)=7 (mod 60) 7(=xq1)’ qu

(number odd): 2, 3, 1, 1. %.; corresponding
(1.9-1)
1

8, the

remainders : 17, 9, 8, 1]; for (7am=9) —
T3

= §8; then m = 9; q = final quotient =
number of quotients being odd .

This leads to : 137. 67 - 60. 153 = -1, or 60.
(137+16)—137.(60+7)=1,0r60. 16 =137.7
+1,0r 60 y~=137 x+ 1, giving x=7, y,~=
16.

Then, x = 7,y = 16,fixes the solution of 60 y
=137 x +1.

The solution fixes the penultimate

16 137

convergent as — 7 of (the number being even

or odd). This satisfies the relation (p, g, ;- ¢, Pn.1) =

+1 (for n=even or odd).The solution is same when
the number of quotients is even or odd..

Now, N=137x+8=137.7+8=967, or
N=60y+7=60.16+7=967.

2. To solve : 60 y =137 x -1

The equation reducesto: 137x=60y + 1.
X b 60 1 1 1 1 1

Y oa o7 0% 3 T AT
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% [quotients: 0, 2, 3, 1, 1, 1 (final quptient);

remainders : 60, 17,9, 8, 1]; mis calculated from :
(rg.m+1)  (1.7+1)
Ta 8
being even). This leads to : 60. 121 - 137.53 =-1,
or 60. 121 =137.53 - 1,orby=ax—-1l,orx =

53,y =121 giving solution of 60 y = 137 x — 1.

= 1 (final quotient, no. of quotients

3. To find a number N such that N = 60 y =
137 x + 10

Y o137 111 1 297
2 157 + L1 2 - 22
@F > % 227351 80 130
(297=137 .2+23)=23 (mod 137) 23(=3’1)
(130=60.2+10)=10 (mod 60) 10(=x4)

[quotients (number odd): 2,3,1,1,%;;
corresponding remainders: 17, 9, 8,1; for
(rg.m o _(1.18-10) . _ _

m s =1; hence m = 18, q = 1].
This leads to : 137. 10 - 60. 23 = - 10, or

60.23=137.10 + 10;

Comparing with 60 y = 137 x + 10, it gives,
x = 10, y = 23 as the solution of 60 y = 137 x
+10. Now ; N=137x+10=137,10+10=
1380.

(b) From Example C.I: x =7, y =16 is the solution
of : 137 x+ 1 =60Yy. For, c = 10, obviously,
x=(7.10) =70 =10 (mod 60) For, 70 = 60. 1
+10); y = (16. 10) = 160= 23(mod 137); For,
160=137. 1+ 23=23 (mod 137);

This shows that if (x =7,y =16) is the solution
of : 137 x + 1 =60 vy, then (¢ x, ¢ y) is the
solution of : 137 x + 10 =60y, for ¢ = 10.

2.2 Bhaskara I (c.600 CE)

Bhaskara I imbibed his knowledge of
astronomy from his father, a follower of the school
of Aryabhata 1. He wrote his Mahabhaskariva
(MBh), Aryabhatiya-bhasya (ABh) (in 629 CE)
and Laghu-bhdaskariya (LBh) in order and used a
large number of problems relating to Kuttaka.

A. Bhaskara I’s clarification and modification

of the rules are extremely interesting. He set
a large number of examples for the solutions
of indeterminate equations for (1) and (2),
keeping ksepa quantity (c) as positive, following
Aryabhata 1. However, Bhaskara I emphasized
more importance to the solutionof:by=ax-c,

(ax=9) straightway, because of its application

ory=
in solving astronomical problems, where a =
revolution number, b = civil days in a Yuga, ¢ =
residue of the revolutions of planet. x = number
of days passed from the epochal point (ahargana),
and y = complete revolutions performed by the

planet.

B. Features of Bhaskara I’s solution:

(1) Dividend and the divisor (a and b) should
be prime to each other (harabhajyau drdau
syatam kuttakaramtayorviduh / MBh, 1. 41);

(i1) For the solution of : by =a x — ¢ ( a<b); the

mutual division of %A% ) leading to its

solution.
Y a 1 1

Let - ==—>—= + —_—— ... where
X b d qz+ q3+ > (

¢,=0). The first quotient being zero was
not effective in the calculation. Obviously,
Bhaskara I concluded that the ksepa number
is to be subtracted (apaniyam) for even number
of quotients,and added for odd number of
quotients (MBh, 1.42-44).

(i11) Bhaskara I also suggests that if (x,, y,) is
the solution of : by = a x — ¢, then (b - x,,
a-y,)isthe solution of : by=ax +c. Likewise,
if (x;, y,) 1s the solution of : by =a x + ¢, then
(b-x,,a-y,)is the solutionof :by=ax -c.

(iv) He also explained that if (x,, y,) is the solution
of :ax,- 1=by,, then (x=cx,, y=cy,)is the
solution of : ax —c=by (MBh, 1.47);

(v) Bhaskara I also recommended that if x = x,,
y =y, 1s the minimum solution of: by =ax—c,
then the other solutions of the same equations
are:x=bt+x,y=at+y,,fort=1,2,3,
.. (MBh. 1.50)
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(vi) Bhaskara I had also the knowledge of successive

convergents.

a I 1 1
Let4—=q,+— —........—

b ql Qe q3+ C],,
Then,
Py q1 . P 1
—_—= === + — = + _——
% 1% . ( )
..., Where 22 Pz p3 ..are the 1%, 2“d, 3rd

q1 QZ Q3

convergent (or approximation) values of the
rational number %.

Bhaskara I’s application justifies his knowledge of
convergents. In his formula for declination,he
uses two variants of the same result as
under:

(1397 x R Sine A)

(a) RSined= 2138 (MBh.1ii.6-7),and
(b) R Sine § = ZEXRIED) (yrpp_ iy, 25),

where 6 =declination, A= longitude.

The result E, the fifth comvergent of 12:;

(vide Example C.2 below) is used in the

formula for declination, it is quite likely that
Bhaskara I had the knowledge of successive
convergents.

C. Examples:
1. To solve ; 3438 y =1397 x - 1

According to Bhaskara I’s procedure, 2 —

1397 11 11 1 141 (=y,)

—_— = 4+ ———— =
338 = 0 T 5 or sy v 1071 347 (o WhETE

partial quotients=0,2, 2, 5, 1, and 1 (final
quotient); the partial remainders = 1397, 644,
109, 99, 10; m (mati) and the final quotient 1
is obtained from, (¢ becomes negative no. of

quotients being even) : T8 = (10(;:_1 =1

(final quotient) form = 10. TfliS leads to: 1397.
347 - 3438. 141 = 1, or 3438. 141 — 1397 .
347 =-1, or 3438 y,= 1397 x,-1,which gives
x/~= 347, y~= 141 as the required solution.
This also 1ndlcag[§7s that i; is the penultimate

convergent of 3238 "

Bhaskara I suggests that then, b - x, = 3438 —

347=3091, a-y,=1397-141= 1256, will be
the solution of 3438 y = 1397 x + 1.

2. To solve ;3438 y =1397 x -1

o Y 1397_0+1111111
CIC, X 73438~ 2+ 2+ 5+ 1+ 9+ 1+ 9

1 2 11 13 128 141 1397

=0, 5527732 * 315 * 347 3a3g (CONvergents).

This shows that the Indian method always
calculated the value of penultimate convergent
2 of 227 which gives: x =347,y =141 (n

347 ° 34387
=even).

3. The residue of the revolutions of Saturn
being 24, find the ahargan a and the
revolutions made by Saturn [LBh,viii.17;
see also Shukla, MBh edition, p.30)

Saturn’s revolution number= 146564, number
of civil days = 1577917599, both numbers
has an HCF = 4; dividing by 4, the number
of Saturn’s revolutions , and the civil days
in a yuga are: 36641, 394479375; to find

the ahargana (x) and the Saturn’s revolution

. 36641 x—24
number (y); this leads to; y =220

1
y 36641 _
\ W .y — = —+

ow, X 394479375 0 10766+

1 1 1 1 1 1 288689

15+ 2+ 7+ 22+ 2+ 27/1 3108045549
(36641 t+32292) 32292 (=yy
(394479375 t+346688814) 346688814(=x1)

0, 10766, 15, 2, 7, 22, 2, 1 (final quotient),
remainders : 36641, 2369, 1106, 157, 7, 3, 1;
(rp.27-24) _ (1.27-24)
Te 3
=1 for m = 27. This gives, 394479375.
32292 — 36641. 346688814 = - 24; This
gives, 394479375 y,= 36641. x, - 24 where
x, = ahargana=346688814, y,= Saturn’s
revolution=32292.

;quotients:

m (mati is obtained from :

2.3. Brahmagupta

The most prominent of Hindu
mathematicians belonging to school of Ujjain
was Brahmagupta. His Brahmasphutasiddhanta
(BSS) was composed in 628 CE.
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A. Features of Brahmagupta’s solution:

(1) Recommended the same rule, as was prescribed
by Aryabhata I for the solution of: by =ax
+ ¢ (BSS, xviii.3-5);

(i1) For the solution of : by = a x — ¢ (a<bh),
Brahmagupta supported the method of
Aryabhata I and Bhaskara I ,when first
quotient is zero and not effectively taken part
in the calculation. Brahmagupta categorically
said, ‘Such cases become negative and positive
for even and odd quotients being alternative
to what is positive and negative in the normal
cases, leading to the calculation of guna (x)
and ksepa (c) [evam samesuvisamesurnam
dhanamdhanamr n am yaduktam tat /
rnadhanoyor vyastatvamgunyapraksepayoh
karyam // BSS, xviii. 13];

(ii1) Prthudakasvami (860 CE) observes that it

is not absolute, rather optional, so that the
process may be conducted in the same way
by starting with the division of the divisor
corresponding to the smaller remainder by the
divisor corresponding to the greater remainder.
But in the case of inversion of the process, he
continues, the difference of the remainders
may be made negative.

Brahmagupta followed the earlier tradition
and his method is no different than the method
of Aryabhata I and Bhaskara I. He clarified the
method with a few examples from astronomical
and mathematical problems. The most important
contribution of Brahmagupta lies in the fact that he
utilized the knowledge of continued division for
solution of Vargaprakrti of the : N x*+ ¢ = y*.

2.4. Bhaskara II (b.1114 CE)

Bhaskara II, a versatile scholar from the
school of Ujjain in the field of mathematics and
astronomy was trained by astronomer father
Maheg$vara at Bijjalabida under the patronage of
Saka king I. His Bijaganita contains important
contributions in algebra.

A Bhaskara II’s rules are far more simplified and
may be summarized thus. This in short:

(1) For solution ofby=ax + ¢, Bhaskara Il said
that the mutual division may be continued to
finish, i.e., till the last remainder is 1; then
the sequence of quotients should follow with

Y a
¢ and O.e.g., x _)7 = (611, qd>» 43 44 C/O)

1 1 "1 1 cy1

= + — = —— =
A" 0% qat qat /0 cxy where ¢ = any

number,leading to the solution of ; ¢ (ax,- by,)
== ¢ (n=even or odd).

(1) If (x, y) be the solution of by =a x + 1, then
(c x, cy) is the solution of by =a x + c.

(111)If (x,, y,) is the solution of by =ax — ¢, then
(b-x,,a-y,)isasolutionofby=ax+c.This
was already explained before by Bhaskara 1.
Likewise, if (x, ,y,) is the solution of : by =
ax+c,then (b - x,, a- y,) is the solution of :
by=ax -c.

B. Examples:

1. To solve : 23 y =63 x + 1

Bhaskara II says that for solution of
23 y =63 x + 1, the dividend 63 and divisor 23
are to be mutually divided as in HCF process
till the remainder reduces to 1, then place the
quotients one below the other with ¢ and 0, as is
done for mati and final quotient by other authors.

Obviously,
y 63
¥ om=2+=5mrT==(2,1,2,1,1/0)

= - This gives : 63.4-23. 11=-1,0r23. 11 =
63 x + 1 (no. of quotients = odd); then, x =4, and
y = 11 gives the solution of 23 y =63 x + 1;

2. To solve : 63 y = 100 x + 13

DU TN S T S S N NP

1+ 14 2+ 2+ 1+ 1/0

ﬁ —
X 63
1, 2,2, 1, 13/0)= 221 (penultimate convergent);
This gives : 100. 221- 63. 351=- 13 (n = odd) ,
or 63. 351 =100. 221 + 13;x =221 =63.3 + 32
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=32 (mod 63); y=351=100.3+ 51 =51 (mod
100). Hence x =32, y =51 is the least solution of
63y=100x+13.

3. VARGAPRAKRTI

3.1. Definition: The Vargaprakrti involves solutions
of indeterminate equations of the type : Nx*tk =
y?, where

N — a non-square integer, known as prakrti or
gunaka;

x — known as lesser root, kanisthapada,
hrasvamiila, or adyamiila,

y — refers to greater root, jyesthamiila, anyamiila,
or antyamiila and

k — refers to number added, ksepa, praksepa, or
praksepaka.

Brahmagupta obtained two sets of
approximate values and applied the process of
Bhavana. Jayadeva and Sripati (both of 11th
century CE) established the process of Cakravala
and led the foundation, while Bhaskara II (c. 1150
CE) and Narayana (c. 1350 CE) made further
extention and clarification with examples in his
Ganita Kaumudi (GK). The solution however
is based on the theory of continued fraction as
expounded by Aryabhata I, Bhaskara 1.

Narayana following tradition had catego-
rically said which runs thus

mitlam grahyam yasya ca tadriipaksepake
pade tatra /

jyestham hrasvapadena ca samuddhan
miilamasannam //

“ Obtain the roots (of the Vargaprakrti)
with ksepa quantity as unity (i.e., N x>+ 1 = )?)
and the number (N) whose square-root is to be
obtained; then the greater root divided by the
smaller root will determine an approximate value
of the square-root (\N)”” (GK, p.244).

This implies that Narayana, following
others, has categorically said that the solution lies
in the approximation of YN — %

The complete theory of solutions was
expounded by Euler and Lagrange later in 1767
CE.

3.2 Brahmagupta’s Solutions

Brahmagupta’s solutions in rational
integers of both positive and negative types
of the equation Nx*t k = )?, may be explained
with method of cross-multiplication, known as
Bhavand or Lemmas.

Lemma I: Brahmagupta (BSS, xviii, 64-65) first
formed a set of auxiliary equations described
as follows:

milam dvidha istavargad gunakagunad ista yuta

vihinan ca /

adyavadho gunakagunah saha antyaghatena krtam
antyam //

vajravadhaikam prathamam praksepah
ksepabadhatulyah/

praksepasodhakahrte miile praksepake rippe//

English Translation:

‘From the square of an assumed number
multiplied by the gunaka, add or subtract a
desired quantity and obtain the root, and place
them twice. The product of the first [pair of roots]
multiplied by the gunaka increased by the product
of the last [pair of roots] is the [new] greater root
(antya-miilam). The sum of the products of the
cross-multiplication (vajravadhaiam) is the first
[new] root (prathama-miilam). The [new] ksepa
is the product of similar additive or subtractive
quantities. When the ksepa is equal (tulya), the
root [first or last] is to be divided by it to turn the
[new] ksepa into unity’.

This explains Samasa (additive), Vislesa
(subtractive) and Tulyabhavana (equal roots)
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discussed under Features (A&B).

Lemma II : Brahmagupta (BSS, xviii. 65) says,
if x=a, y=>b be asolution of : N x* + k*=)?,
then x = a/k , y = b/k , is the solution of : N
X+ 1=y~

Lemma III: Brahmagupta (BSS, xviii, 66-69)
prescribed his subsequent rules, which
explains how the solution of the equation
N x? + k = )? is obtained when k.= +1,£2,+4
by applying tulyabhavanda.

Features: Lemma I suggests the following:
(A) Samasa and Vislesa Bhavana:

If, (a,,b,,k,) and (a,,b,k,) satisfy the
equations of the type: Nx*+ k = )? by choice,
then put

Prakrti | Kanistha root |Jestha root | Ksepa
N a b k
a b k

Then it satisfies, : N(2ab)* +k*> = (N a*> +
b?)%. By application of Lemma II, it is reduced to:

N (2% +1 = {%}Z.The aim was to obtain
k

the solution of N x> + 1 = )2, so on.

C. Example (Brahmagupta):

Brahmagupta gave several examples of
which one is to solve

92x* + 1 = y? (Brahmasphusasiddhanta
(Dvivedin 1902, BSS, xviii, 75), where x refers
to the rasisesa, y to the ahargana of the planet
Mercury, and N =92.

(i) For solution of the example, select 92. (1)?

Prakrti | Kanistha root |Jestha root | Ksepa
a; b, k,

[Then it satisfies] N (a, b,+ a, b))* + k, k,
= (Na, a, = b, b,)* i.e. x = Kanistha root = (a, b,
+ a, b)), y = Jyestha root= (Na, a, = b, b,) will
satisfy the equation, N x*+ k, k, =

It will satisfy both the addition (samdsa-
bhdvana) and the subtraction rule (vislesa-
bhavana). This was discovered by Brahmagupta,
and later rediscovered by Euler in 1764. This also
leads to Tulya Bhavana when both the roots are
same.

(B) Tulya Bhavana (when two roots are equal),
which is a special case of samasa-bhavana. The
rule runs as follows:

If (a, b, k) and (a, b, k) the two equal roots
of Nx? + k = )?is taken into consideration by
choice, then put twice the roots,

+ 8 = (10)%, then tulya bhavana is applied as

follows:
Prakrti | Kanistha root | Jestha root | Ksepa
92 1 10 8
1 10 8
New root 20 192 64
New Equation:
192

(2) 922

+1(

); or, 92(2)2+1 =(24)

Then again repeating the process of tulya-
bhavana, we get:

Prakrti Kanistha root | Jestha root | Ksepa
5/2 24 1
92 5/2 24 1
New Roots 120 1151 1

(3) New roots: 5 24+ >.24=120; 92. —+ 2424 =

1151;1.1=1 Theroots satlsfy 92 (120)%L 1=(1151y
which gives the required solution. When compared
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with the original equation : N x> + 1 =)?, then
x=120,y= 1151, N being 92.;

Y 10 48 1151
X 1’5’ 120°
The solution is obtained in 3rd step. Brahmagupta’s
method of solution of N x* +1= )?is, no doubt
interesting but limited, and based on arbitrary
choice.

The convergents 0f V92 —

4. SOLUTION OF VARGAPRAKRTI BY JAYADEVA
(1100 CE) AND OTHERS

The Cakravala process, an improved
method, was first given by Jayadeva and Sripati
in the eleventh century, followed by Bhaskara Il
(1150 CE), Narayana Pandita (c. 1350 CE) and
others.

4.1. Solutionof :Nx* + 1 = y? by the Cakravala
(Cyclic) Process

The Sundari, Udayadivakara’s commentary
onthe Laghubhaskariya of Bhaskaral (Vargaprakrii,
verses 8-15) quotes from Jayadeva’s work'. This
was brought to our notice by Shukla (1954) :

Jayadeva assumed in verse 8 one set of
integer values (a, b, k) for lesser (kanistha) root,
greater (jyestha) root and ksepa number satisfying
Nx? + k =)?, then found the other set (1, m, k)
satisfying the identity equation: N. 12 + (m*- N)
= m? where ksepa quantity, k = (m*- N).

The process of Bhavand is then applied, by
Jayadeva to find an arbitrary set, as follows:

(a) Taking
Na®+k=b> and
N.12 + (mz_ N)Z m? (al’l identity),

Jayadeva developed a new set of auxiliary roots
by Cakravala as follows:

Prakrti | Kanistha root | Jestha root | Ksepa
N a b k
1 m m*-N
(new root) am+b Na + bm k
(m>-N)

The new root satisfies the equation :
N (am + b)? + k(m> —N) = (Na + bm)?

Dividing by k* we get,

2
(b) N <{(an’;:b)}z + (mk N) _ {(Na;bm)}2
In verses 9-11, Jayadeva also hinted at a
ready made new kanistha (lesser) root in the form
(am+Db)

of a kuttaka i.e.,

2_
(Natbm) and a new ksepa =/ = - N/ He

, a new jyestha (greater)

root =

k
said that they should be integers and that the value

of m should be so selected that the new ksepa
should be an integer as small as possible.

As regards new ksepa,/ ™ =N dcarya
Jayadeva said, tavat krteh prakrtya hinezra@epakena
sambhakte svalpatara avapti syat ityakalitd aparah
ksepa (verse 9) i.e., tavatkrteh (m?) prakrtya hine
diminished by (N) and praksepakena sambhakte
divided by the interpolator (k), should be such that
it yields the least value (svalpatara avapti syat).

As regards new kanistha (lesser) root

(am+b) " he said, praksipta-praksepa-kuttakare

k
kanisthamiilahate sajyesthapade praksep(ak)

ena labdham kanisthapadam / (verse 10 ).i.e.,
kanisthapadam lesser root is obtained (labdham)

I hrasvajyesthaksepan pratirasya ksepabhaktayoh ksepat / kuttakare ca krte kiyadgunam ksepakam ksiptva // (8)
tavatkrteh prakrtya hine praksepakena sambhakte / svalpataravaptih syad ityakalito 'parah ksepah //(9)
praksiptapraksepakakuttakare kanisthamillahate / sajyesthapade praksep(ak)ena labdham kanisthapadam //(10)
ksiptaksepakakuttagunitat tasmat kanisthamulahatam / pascatyam praksepam visodhya. sesam mahanmiilam 1/ (11)
kuryat kuttakaram punar anayoh ksepabhaktayoh padayoh/ tat .sa istahataksepe sadrsagune 'sminprakrtihine // (12)
praksepah ksepapte praksiptaksepakdc ca gunakarat / alpaghnat sajyesthat ksepavaptatn kanisthapadam // (13)
etas ksiptaksepakakuttakaghatadanataraksepam / hitva 'Ipahatam sesam jyestham tebhyas ca gunakadi (14)
kuryad tavad yavat sannamekadvicaturnam patati / iti cakravala karane ‘vasarapraptaniyojyani (15).
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from the product (hate) of praksipta-praksepa-
kuttakara (i.e.,m) and kanistha-miila (a), increased
by jvestha-miila (b) and divided by ksepa.

Regarding new jyestha (greater) root,
Jayadeva said ksiptaksepakakuttagunitat tasmat
kanisthamiilahatam pascatyam praksepam
visodhya sesam mahanmiilam /(verse 11) i.e., from
the product of ksipta-ksepa-kutta (m) and tasmat
i.e., the previous lesser root (am+b) 'the product of

K
kanisthamiilam (a) and the pascatyampraksepam

(m®-N) s subtracted (visodhya), the remainder

k
(sesam) gives the greater root (mahan-miilam).

(Na+bm) — [m(am+b)

a(mZ—N)]
k k

Le., -

Features of Jayadeva’s solution as given in steps
of 4.1 actually reduces to the form:

(i) From N &>+ k =b?, Jayadeva found a solution:

(Na+bm)
Ui k )

(am+b)

2

N a? +ki= b1 where a,=

(m?=N)
K

and k, = .. (4.2)

(i1) Treating 4.2 as an auxiliary equation, and
proceeding as above, a new equation of the
same type:N a3 + k, = bZ, could be obtained,
where a,, b,, and k, are whole numbers [verses
12-14].

(iii)Jayadeva said that the process could be
repeated till it reduces to an equation with
interpolator & as +1, +2, +4, where a, b are
integers [tebhyas ca gunakadi kiryat tavad
yavat sannama eka-dvi-caturnam patati,
[footnote 8, vs. 14c-15b)].

(iv) Then apply again the samdasa-bavana, leading
to solution an equation of the type:Na’+ 1 =
b*. The process is known as cyclic process
(cakravala) [verse 15]

Comparing with Nx? + 1 = y2, it gives the
integral solution as x=a, y = b.

4.2 Sripati, Bhaskara II (1150 CE), Narayana
(1350 CE):

Sripati also obtained the solution of N x2+
1= )?by using the identity equation and applying
the principle of Composition. English translation
of the relevant verse (SiSe, xiv.33, Datta & Singh,
Pt. 11, pp. 152-153) runs thus:

“Unity is the lesser root; its square
multiplied by Prakrti is increased or decreased by
the Prakrti combined with an (optional) number
whose square root will be the greater root; from
them will be obtained two roots by the Principle
of Composition”.

In the identity equation, N. 12+ (m*- N) =
m?, the roots, (1, m, m?- N) by tulya bhavana gives
2m m2+ N
w2 Y = mrn
Bhaskara II based his ‘Cyclic Method’ or
Cakravala (Bijaganita, Cakravale karanasiitram,
verses 1-4) on the following Lemma:

‘For solution of N x?+ 1=)? if (a,b. k ) be

integers, k being positive or negative, satisfying
the equation, N a*+k= b?, then it leads to :

new set of roots, x =

2 am+b bm+Na
Nai+ k=b?, where a= ,b= -
m2—N! . .
and k= —.m=an arbitrary integral number,

and (m?- N) is as small as possible

This is the same rule as discovered by
Jayadeva. Bhaskara II said that he got it from
Sripati and Padmanabhava but does not mention
Jayadeva. Narayana’s rule is no different from that
of Bhaskara II.

5. ANALYSIS OF THE SECOND DEGREE

5.1. Regular Expansion

Pierre de Fermat (c.1608) first asserted
that Nx*> + 1 =y? has infinite number of solutions
in integers, possibly being influenced by the
double equations of Diophantus.It is Euler (1732)
followed by Lagrange (1766) in their classical
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theory first gives a solution of Nx? + 1 = y?
which is based on the regular continued fraction
expansion(Dickson 1919-1923: ch. 12) of the
number /N, i.e

VN=[bg,by,by, ...c,by]=bog+ ———;
b1+—

where b, ,b,,...b, 1s the primitive period
(* indicates the periodicity) and b,=2b, .
Example 1. \/23— @ = 4+ (\/23- 4)=4+
0
v23+4 =b, + ( 0=0,7,=1,b,=4);
/_+ 4 /§§+ 4 J23-3 1
—=1 +(T-1)= — = l+—=—>=0b+

i (01:4, r=7,b,=1);

J"’_T—3+( 2 3) =3+ (B34 2

=b2+b (=3, r=2,b73),
J2_3 V23+3 J_ _ —

=14+ - _1)—1+ =1+23+4
_b+b (a=3,r=17,b,=1);
53 — 1
23;+4:8+\/231+4 8)=8+ \/23+4—8+ 1.(423+ 4

. (vV23-4)(V23+ 4)

:8+\/23+4_b+ (a4 4 1”4,b 8)
711 1

V2324t Tots 5 = [bo B%, by by, b%, b,
...], here b, = bs, obviously the partial quotients,

[ b,*, b,, by, b,*] will recur infinitely and so on.
In other words,k = 4 form a cycle or a period.

. B 4 B 5

The successive convergents are 'A—° =2 A—l =3
0 1

B2 D Bs_2% o \/232——wherex 5,y=24

A, 4°A; 5 Az x
giving the solution of 23 x*+ 1 =)~

Features: In short, the first non- trivial solution
of Nx? + I =)? is given by :
(i) the convergent ? in (k—1) steps when k is
k-1
even number in the cycle; and

(i) the 221 in 2k — 1) steps when & is odd

Azk-1

number in the cycle. In both cases, % = f
Example 2.To solve :58x* +1=y?, then by regular

expansion,
V58 =[7*1,1, 1,1, 1,1,14* ...].

Here, b= 2 b,, and k = 7 (odd) ; the solution is
obtained in (2k —1),i.e. 13" step.

Convergents:Z_7 2_8 5 _15  Biz _
y 4 174, 174, 2 A1a 2574

X
In the regular expansion of Euler and Lagrange,
the 14" step of the convergent of V58 gives

the value 12993,
2574

5.2. Half regular expansion

Example: Examples are shown below.

(a) V58 =1[8,2% 1,1, 1, 1, 15%]
By 8 B; 15 B, 23
Convergents:2=—- —Lt=2"2=22___. ,
4, 1 A, 274, 3
E _ 19603 . y _ 19603
Aqq 2574 >~ ; - 2574

Here,b, =2 by 1 , k=6 (even); the solution is
obtained in 2k steps or 12" step.

(b) V58=[8,3*,2, 1, 1,15*] (negative numerators
are underlined),

Convergents:

Bo _8 By _ 23 By _ 38 By _ 19603 _
2020120 52 2% 202 =
Ag 1A, 37 A, 5 A9 2574 -YX

Here also b, =2 b, - 1 (i.e. 15=2.8—1); here
k=5 (odd), the solution is also obtained in 2k
or 10 steps.

In short, the solutions of (a) and (b) in half-
regular expansion are obtained always in 2k
steps, when k = odd or even.

6. ANALYSIS OF THE CAKRAVALA PROCESS

6.1. For solution of Nx> + 1 = y?, the Cakravala
process,
first:

(a) found a solution, NaZ? + k, = b7 (by selection)
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(b) then obtained a solution in integers by the
method of composition (explained before) in

the form, N a3+ k, = b2, Where

__ay;m+ by) .
a,= Tkl 0 bz -
2 N) 1
(m*-
/—k /;
1

N a{+mby) _
Naitmby) and k, =
kq

where, m is so selected that k, becomes a
smallest integer.

The process 6.1(b) is repeated till the &, =
+1, + 2, +4. Then by applying the method of
composition, the infinite number of solutions
including the final one is found by comparing

with the original equation.This determines
an xn+bn

kn
b,which is evolved as kuttaka algorithm. This

=y, (an integer), or k, y,= a, x,t

also suggests / ( y2 -N)/ is the minimum

integer satisfying the kuttaka equation.
6.2.Examples:

Example 1. To solve the same equation :
58x? + 1 = y?by the Cakravala process

Step 1 : 58(1)2 + 6 = (8)?

Here,a=1,b=8,k=06
Step 2 : a,= (@ '7:: bl)—(l'n:B) = )\ (say), then

m = 6A —8; m should be so selected that

the ksepa quantity k, becomes the smallest

positive integer. For A=1, k,=
for A=2, k, = /-T7/; for A =3, k=7 (a smallest

whole number); hence m = 6.3 — 8= 10;. So a,=

2-58 10%—-58
(112+8) 3 k= (m )=( )_7;

ky 6
1
This satisfies, 58 (3)* + 7 = (23)%, hence, a,=
3,b,=23,k,=1.
(az m+ by)
k2

_ (3:m+23)

Step 3 : a,= = A, then m =

(72-23)
3 b
when, A=5, m=4;s0 a, = 3'4:23) =
k3—/‘"l =P
_(58a2+mb2) B (58.3+4.23) ol
b= P, = e = 38;
i.e., 58 (5)* — 6 = (38)%, hence a, =5, b; =38,
k3: 76,
Step 4: a, = (s 'r:+ bs) _ (S'm_fs) =)\ orm=
3
(—6A-38)
5
when A= —8, m=2;s0a,= (5'2_+38)= - 8.
f= =5 @58, g
b4 :(58 a3’:-mb3) (58 5+2.38) ~- 61,
3 -6
i.e., 58(-8)* + 9 = (-61)?, hence, a,=—38, b, =
_61, k4: 9,
(ag m+by) (-8m-61)
Step5:as= T = 5 =\, orm=
(9 1+61)
-8
Taking A=—13, m = w = 7; so
2= (=8.7-61) _ 5
9
_ (m?-58) , (72-58) B
ks=/ P /== /=/—1/=1,
b5=( 58.a4+mby) _ 58.(-8)+7.(—61) —_99ie.,

K4 9

58 (132 + 1 = (-99),

hence a;=—13, b=—99, k;= 1. Since k;=1
tulya-bhavna is applied

Step 6 : Interpolator 1 is obtained, hence applying
tulya bhavana,

Prakrti | Kanistha root |Jestha root | Ksepa

58 -13 -99 1
-13 -99 1

2574 19603 1
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i.c., 58 (2574)* + 1 = (19603)

i.e., a= 2574, b= 19603, k=1

This gives the solution, x = 2574 and y =
19603.

Comparison:(a)By the cakravala process the

convergentsof V58 are: 22 = E, ,bz 23,
aq 1 az 3

bz 38 b, 61 bs 99 bg 19603

@ 5'a, 8 as 13’ ag 2574 ;thesolution

in 6th step.

(b) By the regular expansion process of Euler
and Lagrange (See 5.1. example 2),

VS8 =[7,%1,1,1,1,1,1,14* ...]. k=7, solution
in (2k -1) in 13% step;
By _ 19603

i.e.,,— =——and
’ Aqs 2574

(¢) By half-regular expansion (See 5.2),\/58 =
[8,2* 1,1, 1,1, 15*], here k = 6; the solution
is obtained in (2k -1) or 1l1step,

By 19603
180 2574

Example 2.: To solve 97x* + 1 = y? by the
Cakravala process

(withone negative numerator)..

Step 1: 97(1)> + 3 = (10)?,

here a,= 1, b, = 10, k=3,and\/97=z_1:%
1
Step 2. a, = (a;. 7"’:‘*' bq) _ (1.m;'10) _ (m;-10)_ A
1
(say),

then m =3A— 10=11, a whole number, when
(m N) /(112 97)

A=1. ObVlously, =/ /=8,
1
i.e., 97 (7)* + 8 = (69)%,
hence, a, =7, b,= 69, k, =8. (/97 = Z—z =$,
Step 3 : a,= (az '1:+ bp) _ (7-m+69) _ A, then m =
2

(8A —69)
2
7

Taking & =20, m = 13; 4, = —=2 = 20,
k=T = A0 g,
b3 _ (N azl-: m by) _ (97.74+13.69) _ 197’

2 8
ie., 97. (20)+9 = (197),
hence, a;= 20, b;= 197, k;= 9,

Step 4 (a3.1:+ b3) _ (20.m+197) _ A, or
(9A 197) 3 9
20

Taking, A.=33, m=5;a,= @ 33,
e A ==LUEYE YR Y
b= (N a3:mb3) _(97. 20+5.197) =325,

3 9

i.e., 97 (33)* - 8 = (325) 2, hence, a,= 33, b,=
325, k;=-8,

_ (agm+by) _(33.m+325), _ _
Step 5: ks (—8) / 7L, or, m
(—8A— 325)’
33 (33.11+325)
Taking A = -86, m = 11; g, = ————=
(—8)
- 86,
_,(m?-N) ,_ (11%-
k=l —=— =1 /313
(N.ag+m.by)  (97.33+11.325
py= o BT — 847,

ka (—8)
1.e., 97(—86)2— 3= (—847)2, or, 97(86)2 -
(847)?, hence, as= 86, bs= 847, k=-3

(a5 m+ b5) _ (86 m+847)

Step 6 : p = 3 =\ o0r m=
. _
(-31 —847)’

86 86.10+847
Taking A = -569, m = 10; a, = fBe 10047 '(_; L=
- 569,

_(m?-N) , ((10)?
k=1 P /=1 3) / /-1/=1;

_ (Nas+mbs) (97.86+10.847) _ .
b= e = 3 =(-5604) ;i.c.,
97(-569) - 1 = (-5604)?,

or as= 569, b= 5604, k=1
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Step 7 : Since the interpolator is -1, the tulya-
bhavana is applied:

Kanistha root | Jestha root Ksepa
97 569 5604 -1
569 5604 1
6377352 62809633
1

i.e., 97 (6377352)2 + 1 = (62809633)2.

Comparing with the original equation, x
= 6377352, y = 62809633 is the required
solution.

Comparison: (a) By Cakravala, the convergents

10 b, 69 by 197 b, 325

of , \97 are: L —_—=— = —=—

a; 1’a2 7’ as 20 ay 33°

4 2 . )

_ 560 ’ﬁ:‘i 809633 (solution in
569> a; 6377352

bs 847 b
as 86 ag

7th step).

(b) By Euler’s regular expansion,

V97 =19,1%,5,1,1,1,1,1,1,5,1,18*.. .].

Here, k=11 (odd) and the solution is obtained
by Euler’s method in (2k — 1) or in the 21
steps.

Example 3. To solve 67x> +1 = y? by the
Cakravala process

8 41 90 131 221 49042

(a) By Cakravila, \/67 TT 511 16’ 27 5967

== the solutuin in 6th step.

(b) In regular expansion,\/67 =(8,5*%,5,2,1,1,7,
1,2,5,16%*, ...). Here, k= 10, and the solution
is obtained in (k — 1) or 9th step.

6.4. Solution of N x’+ ¢ = y?

If (a, b) be an arbitrary rational solution of
N x*+ ¢ = )” (obtained by any process), and
(c, d) be solution of N x>+ 1 =)?, then x=(ad
+bc),y=(bd+Nab) by applying Samdasa
Bhavana, which gives the solution of N x>+
c =)~

6.5. Features of Vargaprakrti:

(1) The solution of Vargaprakrti is undoubtedly
an extension of the Kuttaka process.

(2) What a beauty of the Cakravala algorithm
of Jayadeva (1100 CE) is in the solution of
N x?+ 1 =y?!It is far better than the regular,
and half-regular expansion of Euler and
Lagrange (1754) as far as solution in number
of steps are concerned. It corresponds to a
new algorithm of minimal length having
deep minimization properties, the reason of
which needs further critical examination.
The Cakravdla is undoubtedly a unique
achievement of Indian mathematics.

(3) If N x*t ¢ = »? has one rational solution
(arbitrary or, otherwise), then it might have
an infinite number of solutions.
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