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Three concepts of bitopological local connectedness known in the literature are compared. In particular, for a
topological space (X, 7) and its related topology T? of a-sets, local connectedness of the bitopological space

X, T T % is considered with respect to local connectedness of the spaces (X, 7°) and (X, T %). Weaker forms
of connectedness and local connectedness, known as €- and - (local) connectedndess of the bitopological space

X, T T are also considered.
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1. BITOPOLOGICAL LOCAL CONNECTEDNESS

Bitopological connectedness was introduced by Pervin!. A bitopological space (X, U V) is called
pairwise connected if X cannot be expressed as a union of two nonempty disjoint sets Ue U and
Ve V. A subset A of (X, U, V) is pairwise connected if the space (A, U | A, V1 A) is pairwise
connected.

The study of bitopological local connectedness was initiated by Birsan?. In a space
(X, U, V), Uis B-locally connected with respect to 4V if for each point x € X and each U open
set U containing x, there is a pairwise connected U open set G such that xe G c U. The space
(X, U V) is B-pairwise locally connected if U is B-locally connected with respect to v and ¥
is B-locally connected with respect to T

Dasgupta and Lahiri® have introduced a new concept of local connectedness for bitopological
spaces. Their notion can be split into its two constituent parts as follows. In a space (X, U, V),
U is DL-locally connected with respect ot ¥ if for each point x€ X and each U open set U
containing x, there is a pairwise connected v open set G such that xe Gc U. The space (X, U
V') is DL-pairwise locally connected if U is DL-locally connected with respect to ¥ and ¥ is
DL-locally connected with respect to U
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A direct comparison of these definitions reveals that if xe U e U, then the required pairwise
connected set G such that xe Ge U, y is U open in Birsan’s definition, but 9/ open in Dasgupta
and Lahiri’s definition. This difference determines the contrasting behaviour of the two notions of
bitopological local connectedness causing the DL-pairwise locally connected bitopological space to
collapse to the corresponding (uni-) topological case.

Proposition 1 — If in a bitopological space (X, U, ¥V ) the topology U is DL-locally
connected with respect to ¥, then U c V. O

Corollary 1 — If (X, U, V) is DL-pairwise locally connected, then U = V. O

Though DL-pairwise local connectedness causes a bitopological space to collapse to the
topological case, there are many examples of proper bitopological spaces in which only one topology
is DL-locally connected with respect to the other. The next example shows two extremal cases.

Example 1 — (i) If in a bitopological space (X, U, V) the topology U is indiscrete and
Y is any topology on X, then U is DL-and B-locally connected with respect to V.

(ii) If U is any topology on X agd ¥ is the discrete topology, then U is DL-locally connected
with respect to ¥, while ¥ is B-locally connected with respect to U.

In view of these observations it is clear that B-local connectedness and DL-local
connectedness are independent properties. The space (IR, L, ) of the real numbers with the left
hand and the right hand topologies is B-pairwise locally connected but neither L is DL-locally
connected with respect to & nor X is DL-locally connected with respect to L If X = IR, U is the
usual topology and ¥ is the discrete topology on IR, then in (X, U, V) the topology U is DL-locally
connected with respect to %, However, ¥ is neither DL-locally connected with respect to U, nor is
U B-locally connected with respect to V. In Example 4 below, U is DL-locally connected with
respect to ‘Y, but V is not B-locally connected with respect to U If (X, U, V) is DL-pairwise
locally connected, then it is a locally connected topological space, and hence it is B-pairwise locally
connected.

Théoréme 6 of Birsan® states that in a space (X, U, V) the topology U is B-locally
connected with respect to ‘V if and only if the components of each U open set are U open. A
parallel statement is the following.

Proposition 2 — In a space (X, U, V) the topology U is DL-locally connected with respect
to v if and only if the components of pairwise connectedness of each U open set are Y open.

O

An easy modification of the proof of Theorem 3 by Dasgupta and Lahiri® gives the following
result.

Proposition 3 — If f: (X, U, V) - (¥, S, T) is pairwise continuous and surjective, and
f: &, V) -, T) is open, then DL-local connectedness of U with respect to 4V implies DL-local
connectedness of § with respect to Z. O

By following the standard arguments it can be shown that the product Theorem and the
quotient theorem hold for DL-local connectedness. This is a parallel to Théorémes 7 and 8 of BirsanZ.

Proposition 4 — In the product space (X, U, V) of a family (X, U, "lé) ljeJd}, Uis
DL-locally connected with respect to YV if and only if U; is DL-locally connected with respect to
V) for every je J and all (X, U;, V) are pairwise connected except finitely many of them. [
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Proposition 5 — Let (X, U, V) be a topological space and p an equivalence relation on
X. If U is DL-locally connected with respect to ¥, then in the quotient space (X / p, U / p,
YV | p), the topology U / p is DL-locally connected with respect to ¥ / p. O

Lakshmi* has given another definition of bitopological local connectednes. In (X, U, V)
the intersection U\ V of a U open set U and a ‘V open set V is called a partially open set. The

space (X, U, V) is L-locally connected if for every point xe X and every partially open set
UMV containing x, there is a pairwise connected partially open set G\ H such that

xe GNH cUNV.

Partially open sets form a basis for the supremum topology U v v on X. The next two
examples show that L-local connectedness is not equivalent to local connectedness of the supremum
topology; that local connectedness of the supremum topology and B-local connectedness are
independent properties; that L-local connectedness does not imply either B- or DL-local connectedness.

Example 2 — Consider the real line (IR, U ) and let 7V be the countable complement
topology on the reals. The space (IR, U v V) is not locally connected (see Steen and Seebach’,
Example 63), while the bitopological space (IR, U V) is L-locally connected and B-pairwise locally
connected. It does not satisfy any DL-local connectedness property. The spaces (R, U ) and
(R, V) are not locally connected.

Example 3 — Let U and V be the left and the right half-open interval topology on the
reals (Steen and Seebach, Example 51). The supremum topology is discrete, thus the space (R, U
v V) is locally connected. Hence the space (IR, U, V) is L-locally connected, but neither topology
is either B- or DL-locally connected with respect to the other. Furthermore, the spaces (IR, U) and
(IR, V) are not locally connected. For example, that ¥ is not B-locally connected with respect to
U follows from the fact that the sets [x, y) and [y, x + k) form a separation in (R, U, V) of
the subset [x, x + h) € V, where x <y < x + h.

Consider a special case when in a bitopological space (X, U, V) one topology is finer than

the other, say U € ¥ holds. In that case the supremum topology U v ¥ on X is ¥, as well as

the family of all partially open sets. Since every ‘V connected set is pairwise connected, the following
result follows.

Theorem | — If in a space (X, U V) the inclusion U < V holds, then (X, V) is locally
connected = (X, U V) is L-locally connected < V is B-locally connected with respect to U =
U is DL-locally connected with respect to V. |

That the first implication in Theorem 1 is not reversible follows from Example 1(i), by
taking (X, 7) to be the Sorgenfrey line (Steen and Seebach®, Example 51). That the last implication
‘in the above theorem is not reversible follows from Example 4 by taking for U the usual topology
on the unit interval [0, 1] and for ‘V/ the family of its a-sets.

2.  DLLOCAL CONNECTEDNESS OF THE SPACE (X, T, T%

Njastad® defined a subset B to be an a-set in a topological space (X, T) if B< T int (7 cl
(T int B)), and proved that the family 7% of all @-sets in (X, T') is a topology on X larger than T
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Two related topologies 7 and 7% on a set X define a bitopological space (X, Z, T%) of a
special kind. The sharing of topological properties by (X, 7) and (X, T%) has been considered by
many authors. The relations between separation, covering and connectedness topological and
bitopological properties, including Birsan’s local connectedness, of the spaces (X, 7T), (X, T%) and
X, T, T% were studied by Mrfevi¢ and Reilly” &,

We consider here DL- and L-local connectedness of the space (X, 7, T%). In the sequel we
shall need the following two lemmas.

Lemma 1 — (MrSevic and Reilly7, Lemma 5.) Let in a topological space (X, 7 ) a subset
G = U\ N, where Ue T and N is nowhere dense. Then
T2 1 G=TcdG=Tcl U=T%cl U holds. ]

Lemma 2 — (MrSevic and Reillys, Lemma 3.) (i) Let W be an &-set in the space (X, 7).
Then

W is T% connected <> W is pairwise connected <> W is T connected.

(i) Let W = U \ N, where U € T and N is nowhere dense. Then W is 7% connected (=
T connected = pairwise connected) implies U is T% connected (= T connected = pairwise connected).

a

Theorems 2 and 3 characterize the spaces (X, 7°) in which the topology T% is DL-locally

connected with respect to 7 and T is DL-locally connected with respect to T%. The first statement
follows from Proposition 1 and Corollary 1.

Theorem 2 — (X, T ‘T%) is DL-pairwise locally connected < T% is DL-locally connected
with respect to T<> T= T% and (X, T) (= (X, T%)) is locally connected. O
Theorem 3 — T is DL-locally connected with respect to T® ¢ (X, T) is locally connected.
PROOF : It is similar to that of Theorem 3.5 of MrSevic and Rei]lys. O

Remark : That DL-local connectedness of 7% with respect to 7 is not equivalent to local
connectedness of the space (X, 7%) can be seen from the following example (MrSevic and Reilly7,
Example 1). Let X be an infinite set, p,qe X and p#gq. Let T= {¢, X} U {Gc X\ {p, q} |

X \ G is finite}. The space (X, T7) is an infinite set with the cofinite topology, thus locally
connected, but 7% is not DL-locally connected with respect to 7 since T # T%.

Example 4 — Let (X, T) be the unit interval 7 = [0, 1] of the real line with the usual
topology. Then 7 is DL-locally connected with respect to T% but 7% is not DL-locally

connected with respect to 7. It is enough to consider the point 0 and its T% neighbourhood
[0, 1] \ {,l,' neW}.

Thus DL-local connectedness of 7 with respect to 7% does not imply DL-local connectedness
of T% with respect to T.
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Theorem 3.5 in Mrsevic and Re:illy8 states the following : (X, T%) is locally connected

& T% is B-locally connected with respect to 7 = T is B-locally connected with respect to 7%
& (X, T) is locally connected.

Since T < 77, Theorems 1 and 3, and the above result give the following relations between

the notions of local connectedness for the spaces (X, T), (X, 7% and (X, T T%). The previous
argument shows that the implication is not reversible.

Theorem 4 — (X, T%) is locally connected < (X, T T%) is L-locally connected

T? is B-locally connected with respect to ‘T = T is DL-locally connected with respect to T <
T is B-locally connected with respect to T® & (X, T) is locally connected. O

3. OTHER FORMS OF CONNECTEDNESS OF THE
SPACE (X, T, T%

Thakur and Paik9 called a subset of a bitopological space (X, U, V) a quasi a-set if it is a union
of a U-a-set and a Wa-set. In the space (X, T, T%) quasi a-sets are precisely the elements of
T% and the quasi @-closure operator is the closure operator in 7% Thus the space (X, T, T%) is
quasi a-connected if and only if the space (X, T%) is connected. And a subset A in (X, 7. 79 is
quasi a-connected (Thakur and Paikg, Definition 5) if the subspace (A, 7T | A, T | A) is quasi
a-connected. If A is a semi-preopen set in (X, 7 ) (as defined by Andrije\’iélo, or almost locally
dense as called by Jankovic and Konstadilaki-Savvopoulou‘1). then A 1s quasi a-connected in (X, 7.
T%) if and only if it is connected in (X, T%) since (T1A )% = T% 1 A = (T% | A% holds. (See
Jankovic and Kons[adilaki-Savvopouloul], Theorem 4.3).

The notions of & and J&closure where introduced by Velicko!?. Clay and Joseph]3 have
used the é&-closure to define H-connected subsets relative to the space. Different types of
é-connectedness in a topological space where studied Mrievic and Andrijevic'm. We recall some
definitions and notations.

Let (X, 7 ) be a space and let A cX. The closure and the interior of A are denoted by
cl A and int A, respectively. A point x is in the &-closure (resp. J&closure) of A, denoted by
clgA (resp. clsA), if each closed (resp. regular open) neighbourhood of x intersects A. The operator

clg is the closure operator in ‘7; the semi-regularization topology of 7, while in general cly 1s not

a Kuratowski closure operator since it need not be idempotent. A subset A is &-closed if A =
clyA. A subset is g-open if its complement is 6-closed. The collection of all f-open sets forms a

topology 7, on the set X, and 7, ¢ 7. < 7T holds.

Using the operators cl, and clg, Di Maio and Noiri'® introduced two weaker forms of
connectedness in a bitopological space (X, U, V). They called a pair (A, B) of non-empty subsets
of X a @-separation (resp. d-separation) if (A U clyB) U (BM VclgA) = ¢ (resp. (AM

UclgB) U BM VclgA)) = 0). A subset S of (X, U, 1) is called pairwise @-connected with

respect to X (resp. pairwise J-connected) if it cannot be expressed as a union of two subsets A and
B which form a &- (resp. &) separation.
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By Corollary 3.2 of Di Maio and Noiri!®, a bitopological space (X, U, V) is S-connected
if and only if the space (X, U, ‘VS) (with the corresponding semi-regularization topologies) is
pairwise connected.

Since 7 and 7% have semi-regularization topologies which are equal, the following result
from Corollary 3 of Mrievi¢, Reilly and Vamanamurthy'®.

Theorem 5 — The space (X, T, T%) is S-connected if and only if the space (X, D) is
connected. a

Sen!” introduced another notion of 6-connectedness in a bitpological space (X, U, V). A
point x is in the UV-Gclosure of A, denoted by UMl A, if the ¥V closure of each U open
neighbourhood of x intersects A. A pair (A, B) of non-empty subsets of X is called an S-pairwise
6-separation if (A (M UV cly,B8) U (BM WU clyA)) = 4. A subset C of (X, U, V) is called
S-pairwise #-connected if it cannot be expressed as a union of two subsets A and B which form an
S-pairwise @-separation.

By Theorems 2.5 and 2.8(b) by Sen”, a bitopological space (X, U, V) is S-pairwise
6-connected if and only if it is pairwise connected.

Lemma 1 implies the following result.

Lemma 3 — (i) In a topological space (X, T), xe T¢ cly A if and only if xe T clA for
cach subset A c X.

(ii) In the space (X, Z, T% ) the following holds for each subset A cX. :

xe TT% cly A exe T*TclA < xe Tcly A. O

Thus in the space (X, T T% the notions of pairwise f-connectedness introduced by Di
Maio and Noiri'® and Sen!” coincide. Henceforth, we make no distinction and we use the term
pairwise 6-connectedness.

In the sequel we denote the 6-closure operator in ‘T and T¢ by cl, Note that (‘Z‘“)a =
T, holds, so that the space (X, T, (T%),) collapses to the uni-topological space (X, Tp. Similarly,
X, T, (T%,) reduces o0 (X, T).

Corollary 2 — A subset A of (X, T, T% is pairwise @-connected if and only if it is

¢-connccted with respect to X in the space (X, 7). O

14

Corollary 1 of MrSevi¢ and Andrijevic'* implies the following statement.

Theorem 6 — The space (X, T, T%) is pairwise 6-connected if and only if the space
(X, I) is connected.

Different types of éconnectedness and local &-connectedness in a topological space were
compared by Mrevi¢ and Andrijevi¢'®. Here we shall generalize some of these notions to the space

X, T T9.

By Proposition 2 of Mrievi¢ and Andrijevic'”, an open set in a topological space (X, 7))
is G-connected with respect to X if and only if it is connected. Using Lemmas 1 and 2 we get the
following.

Proposition 6 — Let G = U\N, where Ue ‘T and N is nowhere dense, be a 7% open set
= an a-set in (X, T)). Then
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(1) clgG =clglU = cl G = cl U holds; and

(i) G is pairwise f-connected < G is H-connected with respect to X <> G is connected

in (X, T% &G is connected in (X, T).

Theorem 2 of MrSevic and ,Amdrijevié14 states that: (X, 7') is locally connected = (X, 7))

is locally connected = (X, Tp) is locally connected. If we replace pairwise connectedness in the
above definitions of local connectedness in bitopological spaces by pairwise & (J-) connectedness,

we consider the following properties.

Definition — In a space (X, U V), U is B-locally 8- (&) connected with respect to ¥V if
for each point x € X and every U open set U containing x, there is a pairwise §- (J5~) connected

U open set G such that xe Gc U.

DL-local 6- (&-) connectedness of U with respect to ¥, and L-local & (J-) connectedness

of the space (X, U, V) are defined in a similar way. By Theorem 4 we get

©

1.
12.

B A O S

Theorem 7 — (X, T%) is locally connected < (X, T T?%) is L - 6- (6-)locally connected
& T% is B-6- (4-) locally connected with respect to ‘T = T is DL-locally 6- (5-)connected with
respect to T® & Tis B-6- (6-) locally connected with respect to T® <(X, ) is locally connected.
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