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The paper presents the method of evaluation integral of which has been found w appear in all problems of
evaluation of electrical capacitance of isolated metallic bodies of different geometrical shapes used in Saielhte
bodies and other electrical system. It s shown that the analysis based on consideration of (i) presence of an
apparent singulanty in and (i} even funclions for the integrand does not lead to a form suitable for general
application. Method of derivation without consideration of these aspects is presented. The formulas derived for
the general cases of rectangular plate and cylinder of finite iength are applied (o the cases of square plate and
cyhinder of infinite length and finite radius. The agreement of the formulas with those for limiting cases justifies
the validity of the analysis.

Key Words : Integral Evaluation in Closed Form; Diagonal Element of Matrix; Moment Methed in
Electromagnetics; Integral Evaluation in the Presence of Apparent Singularity

1. INTRODUCTION

Moment method formulation based on pulse function and point matching has been widely used for
evaluation of capacitance of metallic bodies isolated in free space and alse metallic structures used
in orbiting Satellites' . Method has been applied to a square plate on subdividing the surface into
square subsections, and converting inte%ral equation for the potential into a matrix equation which
ts inverted 1o obtain the desired result’. The integral appearing in the diagonal element of matrix
based on square subsections has been evaluated in closed form and have been presented in eq. (2-31)
of ref!. Tt is not always possible to subdivide the surface of the conductor into square or even
almost square subsections. It is, therefore, essential to evaluate the integral, when the surface is
divided into rectangular subsections. A rectangular plate is divided into plza?ar rectangular subsections
and curved surfaces are divided into curvillinear rectangular subsections®”. In the case the number
of subsections is very large, the curvlilinear subsections can be assumed to be planar for the purpose
of analysis.

The expression for the integral in eq. (2.31) of ref.(1), appears to have singularity at the
origin of two-dimensional co-ordinates and the integral appears to be an even function. When the
subsections are rectangular, the limits of integration for the two variables of co-ordinates system are
different.

It is shown in the present paper that the result of integration derived on the basis of above
consideration leads to exactly the same result as eq. (2.31} of ref[1] for a square plate. But when
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one of the dimensions of the rectangle tends to infinity as in the use of a cylinder of infinite length,
the expression so obtained is not applicable.

It is also shown in the present paper that integrand in (2.31) of ref[1] is not really an even
function. The expression for the integral derived in closed form based on this concept can be applied

to the special cases of (i) square plate and (ii} when one of the dimensions of the rectangular tends
to infinity.

2. ANALYSIS BASED ON CONSIDERATION QF EVEN FUNCTION

FOR THE INTEGRAND

Consider a planar rectangle of dimensions L; x L, as shown in Fig. 1, and also a cylinder of finite
length as shown in Fig. 2.
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Fic. 1. A rectangular plate with subsections.

Considering the configuration of Fig. 1, the potential at any point is given by

L2 L2
pul [ o rerd
4”80 _Ll/z _Lz/z .J(x"'r’)z-i'(y'_y’)z

The surface of Fig. 1 is assumed to be divided into MN rectangular subsections each of

sides il—q-
N'M

With ¢=V for all points on the surface of the conductor, the integral equation for the
unknown charge density ot(x’,y") assumes the form

L2 Ly2
- f o, ) dx’ dy’
g -L/2 ~L? VG- + -y

. (D
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F1G. 2. An isolated metallic cylinder with subsections.

The charge density ofx, ¥) is expanded in a series of pulse type basis functions as

where £, is the dielectric constant of free space.

- (2)
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n=1

ax, ¥}
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where @ are coefficients and the pulse function f, is expressed as

| on 4S5, (nth subsection)
S ={ . (3)

0 onanyother 45, {mth subsection)

S, is the basis function in the application of the method of moments [1], and AS,. AS, are elementary

L
rectangles having sides _i\l—]’ and i shown in Fig. 1. In Fig. 2 AS and A4S, represent curvilinear
27, 4
rectangular subsection having sides e and N The basis functions f, are in the form of pulse

functions over the subsection AS,, where 1t is equal to unity and has zero value over any other

subsection, The unknown function is then represented by a large number of discrete steps. In the
limit AS, is very very small. a close approximation to the desired function is obtained.

Substituting (2) and (3) in (1} and satisfying the resultant equation at the midpoint

(A, V) OF each subsection, which s point matching and ldkmg the inner product of both sides of

the resulting equation with Delta-function as the testing function', the following set of simultaneous
equations are obtained

MN
v= 3 I a. m=1,2,...MN
n=1l
Ly Ly
{ ] N M m= . B 5
mn 4?'{80 Llr L,
(m - ) ;\-&-J+(m n} [ =
L

Eq. (4} represents the nondiagonal elements of the matrix w0 be inverted. If 20=F],

L,

2b+-;g the diagonal elements of the matrix assume the form'
1 +a +h 1 d
r ,
I‘[r'.'n ::{_’_ J ,I ;(2 2 %)
™o [, lp NxT4y
Considering the integrand as an even function, eq. (5) reduces to
a b
-] A
00 X +}

Carrying out integration with respect to x,
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b 7.2
! = + I [ n M ] dy

Taking the lower limit of integration as &, the expression for the diagonal element assumes
the form

. {a+\1'a + b2
Imt flim —

b
b }—5ln%+a £ va—.f#

o

Substituting a = _ZF b=

R ECR { Lov oy, [iﬁ]
nn M N LN

)
+£l-ln -L—7
2N L,

For a square plate, L, =L, =L, M=N and hence, the diagonal elements are obtained as

gl

()]

Xl=
T
 ——

In (1 +¥2) S

tan= L
nn AF
which is the same as eq. {(2-31) of reference [1].
. ry h . .
For the structure of Fig. 2, a=?,b=~2~N—, the expression for the diagonal element assumes
the form

h M h M]z
.= 1 —_—
2,,_;,.-0 N+ +{2m-0 N ] - (8)

Eq. (8) is found to be vaiid for h=2mr, But it is definitely not valid when A tends to infinity,

since as h oo, f  — oo, Thus the expression {8) and hence expression {6) are not correct EXpressions

for the diagonal elements to be inverted.
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The evatuation of integral (5) without considenng the integrand as an even function should,

therefore, be attempted.

3. CORRECT ANALYSIS

Carrying out integration of (5) with respect to x first, without considering that the mntegrand 1s an
even function, the following expression is obtained

M=*-l*—~+J' |:|in(x+\4'xz+y2) |0 +‘ln(x+ \I'x2+y2)r :'dy
EEO -k —-a 4]

1

e

+b

I [ln_v-—ln(—a+\llx2-y2}+ln{a+ \I'x2+y2)-—1nde)‘

- b

b
—4—1—- J [ln (a@+ \)x2+yz)—ln(—a+ N'.x2+y2):ldy

Carrying out integration by parts,

i

41:80

2

dneg

H

L
Substituting a=

|yln(a+\1a2+y2)| - J -

~h _p a+\/a +\ \’a +v

+§ 5

- | vin(-a+ \J'az+y2) |jb + _[ Y dy

B —a+ Va4 Vo +y?

2% I a4+ Na® +;b2 '[ yz V2 dv
—a+ga +b2 ——a+\[y2+a2 a+\/y2+a2 '\[az+y2

b
bin a+VNa® +b° +a+j dy .]

.a+a+b2 +alinv+\)a +v‘ }

blin 5
| a+ga +h

bln

L

Lo, _ 2
ZN'b_ ’

2M

aln

a+Vat + b? N h+Na® +b° }

~a+\la2+b2

—b+Vat + b7

the diagonal element of the matrix for a rectangular plate is of
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the form

. {9

r
For a cylinder of finite axial length, a=-‘;'-49~ ) =2—};V- the diagonal element assumes the form

. (10)

4,  DISCUSSION

The two forms for the expressions (6), (9) and (7), (10} for the diagonal elements of rectangular
plate and cylinder of finite length respectively have been found to lead to almost identical values
L
of numerical result on capacitance for 1.4 and %:25. There is, however, one basic difference
0

between the two forms. Considering the case of cylinder, for example one may try to apply the
formulation for the capacitance of a single isolated cylinder or a pair of cylinders for the case the
length of the cylinder tends to infinity. From the expression (8 it is found that as
h—o0,l  —os, even when ry—0. In eq. (10}, when 4 is taken outside the square bracket. 2nd
term vanishes as # — oo, The limit of resulting first term multiplied by # tends 1o zero as h — <o
Thus the eq. (10) and hence eq. (9) are the correct expressions for the diagonal eler_}'lent, used widely
for evaluation of electrical parameters of isolated conductors”” , pair of cylinders’ and also multi-
conductor lines using pulse function and point matching”.

In the particular case L =L,=L M and N are identical. Applyig these conditions in eq. (9)

it is found that the expression of the diagonal element for square subsection of a square plate reduces

1 .
to } =L-%]nﬁ+ I =;‘£1n (¥2 + 1), which is the same as eq. {7} and hence (2-31) of ref.

mo 4me N 2~-1 me N
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(1). It is worthwhile to mention that derivation of Im=ﬁv%ln (\5+ 1) which is the result given

in eq. (2-31) of ref. (1) has been obtained from the integral | Vazdx—f:ln (x+Va? +12) given in
+

200.01 of ref. [8]. This form of integral is different from eq. (4) and hence eq. (5) of the present
paper. The discrepancy for 2 — o can be attributed to this deviation in the method of evaluation of
the integral
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