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The existence of the neutrix convolution product of distribution x" and x,~ Inx, is
proved and some convolution products are evaluated.
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The convolution product of two distributions satisfying certain conditions was defined
by Gel’fand and Shilov' as follows :

Definition 1 — Let f and g be distributions in D ’. Then the convolution product
f = g is defined by the equation

((f+ ), 8)={(fy){glx) x+y))

for arbitrary ¢ in D, provided f and g satisfy either of the conditions.
(B1) either f or g has bounded support
and (B2) the supports of f and g are bounded on the same side.
It follows that if the convolution product f % g exists by this definition then

frg=g+%1/ (1)
(f+g)=fxg=f"xg . (2)

Now let f and g be two distributions on R such that A = Supp(f) and B
= Supp(g) satisfying the following conditions:

(i) for every bounded set K< R, the set (AxB) K4 is bounded in R2,

(i) for every bounded set K c R, the set A (M (K- B) is bounded in R,
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(iif) for every bounded set K c R, the set (K—A) M\ B is bounded in R
and (iv) if x,€ A,y,€ B and |lx,1+1y,! > e, then Ix,+y,| = oo,
where K= {(x,y)e R?:x+ye K}, then the convolution product f *+ g of f and g
exists and is defined as in Definition 123,

If the supports of distributions f and g satisfy conditions (B1) or (B2), then they
fulfill conditions (i) - (iv). Fisher and Kaminski’ gave two pairs of distributions F,
G and f, g which did not satisfy the conditions (B1) and (B2), but their convolution
products F x G and f x g exist.

Several attempts to define the convolution product of distribution have been
made. The most known are given by Jones and Vladimirov. These are defined without
any restricttion on the supports*>. However, for many pair of distributions, the
convolution product does not exist in the sense of these definitions. In order to extend
the convolution product to larger class of distributions, Fisher gave the following
definition.

Definition 2 -—— Let f and g be distributions and let f,=f7, for n = 1, 2, ..,
where 7 is an infinitely differentiable function satisfying the following conditions :

(@) ox)=71(-x),

by 0snx) <1,

© x)=1 for IxIS%

and (d) 7x)=0 for Ixl21
and the function 7, is defined by
1, Ix1<n,
T(x)=< fin"x—n"*1), x>n,

" +n"tl), x<-n

forn=1,2, ...
Then the neutrix convolution product f @ g is defined as the neutrix limit of

the sequence {f, g}, providing the limit & exists in the sense that

N-=lim {f,*g,¢)=(h, &),

n-— oo

for all ¢ in D, where N is the neutrix, see van der Corput®, having domain N’ =
{1, 2, .., n, ..} and range N” the real numbers, with negligible functions finite linear
sums of the functions
in -'n,In"n(A>0,r=1,2,...)

and all functions which converge to zero in the usual sense as n tends to infinity.

Note that in this definition the convolution product f, g is in the sense of
Definition 1, since the distribution f, having bounded support. Note also that because
the definition in nonsymmetric, the convolution product f @ g is not always
commutative.
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The essential use of the neutrix limit is to extract the finite part from a divergent
quantity. In the neutrix calculus each limit, if properly defined, always éxists. The
neutrix convolution product depends on the negligible functions and so depends on
the sequence 7, The negligible functions in the neutrix N given above are selected
because these are the functions that occur in mathematics and physics.

The following theorem was proved in’, showing that the neutrix convolution
product is a generalization of the convolution product. ‘

Theorem | — Let f and g be distributions in D’ satisfying either condition
(B1) or condition (B2) of Definition 1. Then the neutrix convolution product f ® g
exists and

f®g=fxg

The next theorem was also proved in’.

Theorem 2 — Let f and g be distributiens in D’ and suppose that the neutrix
convolution product f ® g exists. Then the neutrix convolution product f @ g exists
and

FOg=0¢g.

Note however that eq. (1) does not necessarily hold for the neutrix convolution
product and that (f ® g)° is not necessarily equal to / @ g.
A number of neutrix convolution products were considered in®?. In particular,

Theorem 3 — The neutrix convolution product x. @® x,° exists and
X’k

= (s—rl ](- 1)’”[):;"7” Inx, + Prw s+ - pqr —s+ 1y ]

. (3)
fors=1,2, ...,r+land r=20,1, .. and
f oo s PUs=r=2) ,gay o (4
O ==y &

for s=r+2,r+3,...and r=0,1, .., where

_ 0, r=0,
Mr)—{ z{zli-l, r21~

Using Definition 2, we will get more results. In the following, we first of all
prove the existence of the convolution product x_ and In2x,, then by Theorem 2, we

evaluate the convolution product x @ x;’Inx,.
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Theorem 4 — The neutrix convolution product x_ In?x + exists and

+

_qy+l
x ® ln%r,,:gL[x'+1 n2x, - 2p(r + 1)1 Inx,

r+1
r r+1
_ wi-1) ,, W) r+1
22‘; i x"+2i§ o ]
)]
forr=1,2, ..
PROOF : Putting (x7), =x’ 7,(x), we have
(D), * I x,, ¢(x))=<(y:)m (In?x,, Hx+y) )
0 b
= | ocorno [ ma-y, smdxdy

b

0
= I #x) ) (~yyIn¥x-y), dydx

a -n

-n

b
o | cyrnoma-ydyd .. 6

-n-n"

for n > —a and arbitrary ¢ in 2 with compact_support contained in [a, b].
When x < 0, we have, on making the substitution y = xu~!

0 x

[ corme-yoay= | yrm a-yay
1

! [ w2 e x)+ 2In(- x) In (1 - u) — 2In(- x) Inu
-x/n

— 2 In u In(1- &) + In?u+In2(1 - u)}du

L+ Doy~ Iy = Iy + I, + I, )

We have,

1
1

r-2 = ——— —(— r+1

_J"W du ; 1[1 (=n/x)y+ YL

It follows that

a +1 In2(—
Netim [y, = CEY ) . ®

n— oo r+1
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Integrating by parts, we have

1 1
1
~r—2 - = - r-1_
J u In(1 — u)du 1 I In(1 -u)d (u 1)

~x/n -x/n

1
(—n/xy*'-1Nin(1+x/n) 1 i
r+l r+l Z I u! du

_len/xyri-1in(d +x/n)

r+1
1 r_ (-n/x) -1
-7 | Inn-InCx)+ Yy ;

i=1
and it follows that

2(~x)"*In(- x) 2~ x)y+! In?(~ x)

N-lim Bn === 1y r+l
+ 20 oy i, - O
Next,
} P O 72 el Lot 0 L N I V2
A B r+1 (r+1y
and it follows that
2= linGx) .. (10)
N-jmb=-""¢v1y
Integrating by parts, we have
1
[ w2 lnuln(l—u)du———-:l- Ilnuln(l-—u)d(u" 1)
-x/n

1 et o
= g e/ L~ 1) {In(- x) - Inn] In (1 + x/n)

r+l

I e R D) I i u du.

-x/n i=1-x/n

The neutrix limit of the first term on the right-hand side is

r+l

N-lim —— [(~n/xy* - 1] [In(~x) - 1nn]) In (1 + x/n) =~

l .
n—e +l (r+1)p In- x).

.. (11)
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We have,
1 oo 1 ui—l
-1 _ - v
I w1 In(l - u)du z J. ; du
-x/n i=1 -x/n
_ 1 — (—x/n)i
= 2
i=1 !
and S0

1
N-lim | ' In(l - u) du=- &2),

n—» e —~ Xn

where

fo)= 3y i
i=1

Now, we have from eq. (9) that

1
N-lim J- u"‘zln(l—u)du=_ 1 +ln(-x)+ p(r)

n—oo

—-x/n
Similarly,
r+1 1 1
Y, | winudi=-30nex)-tonp
i=1 -x/n

r

i=1

and it follows that

r+1 1 r
N-lim ; _!/nu‘llnuduz—%h'lz(—x)— g’. 2,

It now follows from eq. (11), (12), (13) and (14) that

1 o 2=xrtt 28 ayt! 2 (xy !
N"h_r'n” lan=- (r+1) T B (r+1)2

COIED |, 2 g, v
r+1 +r+l Er(x)’

Integrating by parts we have

(r+122 r+l1 r+1°

. (12)

- (13)

+ Y [L——ni/—xz[ln(—x)—lnn]—u:;"—/x)i:l

.. (14)

.. (15)
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1

- +1 — r+1
I u‘"zlnzudu=£—rrli—xlx—[ln(—x)—lnn]2+gn—mL

2
n (r+1)
2 r+1
[In(-x) -Inn] + 1y [(=n/xy*1-1}
and it follows that
1 _ 2(=xy+! .. (16)
Nlm == 1P
Finally,
1 . 1
[ wr-2 m2 - udu=- [ w2 -wdwr1-1)
-x/n r+l1 -x/n
n/xy+i-1 2 e
_ = - 2 s i _
= 1 In?(1 4+ x/n) Tl ,E _!/”;r In(l — u)du.
As in eq. (9), it follows that
1 2 v %2, 2 4 2 (_ eyt
Nnh_'mwlﬁ,,—(”_l)z( xy +r+1 +r+1 Py % (—x)
M) o 2 W=D
'r+1(") In(-- x) | ; (—xy+L .. (17

i=1

It now follows from eq. (8), (9), (10), (15), (16) and (17) that

0 r
. 2 Wi-1) ,41
e - 2 — = -
N"lm:o _J;( y)Y In*(x - y), dy Tl ,E] Pt .. (18)

When x > 0, we have, on making the substitution y=x(1 ~u"')

0
| cyymae-y),dy

-n

1
= xr+l I wr-lim?2x-2lnxInu+1In?u) (1 - uy du

x+n

Jig=Jon + T3y, . (19)

We have,
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1 r 1
j w2 (1 —uydu= 2 (-1)4‘[{] J' wri-2dy

i=1 X
x+n x+n

=Y r—(_%%( ;)[(1 +n/xy-itl-1].
i=1

It follows that

N-lim J,, =0
n—oo

3

Integrating by parts, we have

1
r+1

w2Inu(l -~ u)y du=-

|>‘ —_—

1
| a-uyinudicr-1du

x+n x+n

- (x+n) [Inx —Inn — In(1 + x/n)n"

.. (20)

r+ D+
| 1 1
-~r-2 —u¥ _ r r-1 - -1
s {u (1 -y du-—L {u‘ (1 =uy-"Inudu.
x+n X+n
Now,
Nl G Inx = Inn—In(l +x/mn _ (1Y (1 _1
7 o0 (r+ 1+ Tr+l|r o r+1

and it follows from eq. (20) that

1
N-lim | wr-2(1-uydu=0,
R

xX+n

forr=1, 2, ..
If we assume that

1
a,_; = N-lim j w V(1 -uy-'Inudu

noe

x+n

exists, it follows that a, exists and

r+1

(r+a,+ra,_=( l)’(%-— L J

for r=1, 2, ... . Since
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1
ag = N-lim I wllnu du=lnx-1

n—3oe

X+n

certainly exists, it follows easily by induction that

_Ey, ey

=L TR
Thus,
i oy 26D 26
ani’m“( )= ST x-S - D
Finally,
1 . 1
r-2in2 —u\ = 2 - ~r-1
Jurr2weut -y du=-—— [ m?u(t - uy du
X X
xX+n X+n
e - In(l 4+ x/m)?
r+ 1
5 1 1
—r—2 —uY - r ~—r—11n2 —_uy-1
+ Tl { u In u(l —u) du 1 { u In® u(l —u) ~!du.
xX+n x+n

The neutrix limit of the first term on the right-hand side of the equation above is
equal to

T (x +n)n”
N e

=2<—1>'[1_ 1 ],,,Hz(—l)'[y«r—l)_y«r)]_

[Inx —In 2 — In(} + x/n)P?

r+l1 | r r+1 r+1 r r+1

As in eq. (21), we have

1
L TR & ) AT oS ) 4
N-lim ;[ w2 (L~ wy du="T = T
X+n

Similarly, if we assume that

1
a,.1=N-tim [ w-Vin?u(l —uy-1 du

o
n-> x

x+n

exists, it follows that a, exists and
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(r+1)a,+ra,_ I—J—Llnx+2( 1)’[ Uur—1) qp&r:ll)]

forr=1,2, ..
Since

1
ag = N-lim I w?ln?udu=In2x-2

oo
n— x

x+n

certainly exists, it follows by induction that

r—

_21yun 2(—1)'i i-1) pi+1)
r+1 r+1 b i i+1

(_1)’1 2% _ _21__1_)_'

r+1°

Thus,

N-lim J3, ————2(—1) wr) xr+t
b o r+1

r+1 i i+1

L2y 2 [w—l) w+1)]x,+1

i=1

+—(—1)rx’“ln2x 2( l)r

+1
e x" .. (22)

It follows from eq. (20), (21) and (22) that

N-im [ y)rin2x—y) +dy

oo
n— -n

_ (_1)r+1 rely o 2(_ )r+IV’(r+1) r+l
S WL r+1

Inx,

_1y+1
2t

. N X, 0+
r+1 i i+1 M

21yt Z [ﬂi*ll_wﬂ)} rl
i=1

. (23)
Further, with a<x<b and n>-a, we have

-n

[ cwnmma-yydy|=0@-"1nm)

and so
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-n

im | 50 e-nd=0. e

n—o0 ~
-n-n"

It now follows from eq. (7), (18), (23) and (24) that

N-lim { (x1), * In? x,, §(x) )

n— oo

< (__ 1)r+l '+11n2 2(_ 1)r+l¢(r+ 1D r+1
r+1

Inx,

21yt Wi-1) p1y 21y ﬂ_) L
r+1 Z; i Y r+l 2 H) )
.. (25)
for r = 1, 2, ... and arbitrary ¢ in D.
Corollary — The neutrix convolution products x” @ In’x_, x” @ In’x, and
x” @ In? 1 x| exist and

2 . ﬂi—l!
d 2 - ———_—— +1
x @ In’x_ 1 ,-=§1 ; X+ ... (26)
r 2 wi-1) ..
X ® In e ,-gl AR . 27
x @ In?lxi=0 .. (28)

forr=1, 2, ..

PROOF : The convolution products x; # In?x, and x_ «In?x_ exist by Gel’fand
and Shilov’s definition and it is easily. proved that

£ W, 20+ 1) 2 - YR
r 2 + r r+l r+l
Xy, =—— e Inx, + - 2
. (29)
e apre1) 2
xxln?2x_= L Ltinx T z ﬂ_l T+l
r+1 r+1
. (30)

for r = 1, 2, ... Since

In?ixi=In?x, +In?x; ¥=x,+(1yx
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and since the neutrix convolution products are clearly distributive with respect to
addition, eq. (26), (27) and (28) follow easily.

Theorem 5 — The neutrix convolution product x. @ (x; Inx,) exists and
p

L ® (X;Slnx+=(’ 1)’+s( s:l)

r—s+1
12
_zgft_w(, s+ 1" -‘“mx Z Lx’ s+1

i=1

: .
2 r s+1

+ Y-, B X . (31
for s = 1, 2’."" r+landr=1,2, ... and

2~ 0 ] Inx)= ﬂz_’l)_:'zl_[ ;_S+llnx+-—¢t(s-r—2)x;_”l]

+ pis-1x ® x;° . (32)
for s=r+2,r+3, ..and r = 1, 2

x,’ is defined as in Theorem 3.

PROOF : If we differentiate equation (5) s times and using Theorem 2, we get
equation (31), eq. (31) for s = r + 1 gives

, ... where the neutrix convolution product x. @

r N
X ® x;"lln.x+=-%ln2x++ 2 ﬂl—i:—l—)+yl(r)xf ®x !
and so by Theorem 2,

O Hr+)xy i+ = I - 4+ 1) e @ xR
Then

£ @ x Glelng +pr+20 @ ;772

nx, =

r+

which proves eq. (32) for the case s = r + 2. Eq. (32) now follows easily by
induction.

The neutrix convolution products x* @ (x;°Inx,) and x” @ (x*Inixl) can be
easily obtained from Theorem 5.
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