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The fundamental equations of the problems of generahized thermoelasticity with one
relaxation time parameter including heat sources have been wrilten in the form of a
vector-matrix differential equation in the (/) Laplace transform domain for a one
dimensional problem, and in the (if) Laplace-Fourier transtorm domain for a two
dimensional problem and they are solved by the eigenvalue approach. The results are
compared with the existing literature.
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NOMENCLATURE
AU = Lame constants
a, = Coefficient of linear thermal expansion
g = [(A+un/p'”?
y = Gi+wa
P = Density
v = Speed of propagation of longitudinal waves
= [(A+2u)/p1'?
o = a"“ component of the stress tensor in x’-direction
7 = Component of displacement in x’-direction
Ce = Specific heat at constant stain
K = Thermal conductivity
K, = Thermal diffusivity

5 = pCE/K
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r = Time

T =  Absolute temperature

T, = Reference temperature chosen that | (T-Ty)/ Tyt < 1
b = YTV

g = ypCe

Ty = Relaxation time

q = Heat flux

Q = Intensity of the applied heat source per unit volume
7 = Stress tensor

A = Elastic moduli of the material

B = Stress-temperature coefficients

K, = Coefficient of thermal conductivity in Y-direction

K. = Coefficient of thermal conductivity in Z-direction
C = Specific heat per unit mass

a. o, = Material constants

T = Thermal relaxation parameter.

INTRODUCTION

Apart from the constitutive relations, the governing equations for displacement and
the temperature fields, as in the linear dynamical theory of classical thermoelasticity
consist of the coupled partial differential equation of motion and the Fourier heat
conduction equation. The former equation, in terms of displacememt field. is governed
by a wave type hyperbolic equation, whereas, the latter equation for the temperature
field is a parabolic diffusion type equation. This amounts to saying that classical
thermoelasticity predicts a finite speed for predominantly elastic disturbances but as
infinite speed for predominantly thermal disturbances., which are coupled together.
This means that a part of every solution of the equations extends to infinity. vide,
Lord and Shulman'. Experimental investigations by Ackerman et al>*, Von Gutfeld
and Nethercot’, Taylor er al.%, Jackson and Walker’ etc. conducted on different solids
have shown that heat pulses do not propagate with infinite speeds. In order to
overcome this paradox, efforts were made to modify classical thermoelasticity, on
different grounds, for obtaining a wave type heat conduction equation ; vide Kaliski®
Norwood and Warren®, Green and Lindsay'® ; Suhubi!!, Lebon'” etc. A resume on
this generalization for the last twenty years can be found in Chandrasekharaiah'’.

At present there are two different generalizations of the classical theory of
thermoelasticity. The first proposed by Green and Lindsay'® (G-L theory) involves
two relaxations times for a thermoelastic process, the second by Lord and Shulman'
(L-S theory) takes into account only one parameter on relaxation time. Owing to the
mathematical difficulties encountered in coupled thermoelasticity, mainly due to
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inertia and coupling terms in the governing equations, this kind of problems are
mostly confined in one dimensional problems, vide, Furukawa et al.!*, Anwar et al.l’
and Chandrasekharaiah et al.'® etc. However, in the present paper following one
parameter L-S theory, the authors have considered two problems, one in each part,
of generalized thermoelasticity by taking into account both the dynamic effect and
the influence of coupling terms. In part I, a one dimensional problem with heat
sources distributed over a plane area in an infinite isotropic elastic solids, and in
part II, a two dimensional problem with instantaneous heat sources in an infirite,
transversely isotropic, elastic medium have been considered. The new eigenvalue
approach of Das et al.!- '8 has been applied for the solution of the problem.

PART 1 : ONE DIMENSIONAL PROBLEM .

1. BASIC EQUATIONS AND FORMULATIONS

We consider a homogeneous isotropic thermoelastic solid occupying the whole space;
- a <X’ <, whose state depends only on the space variables x” and the time variable
¢’ in dimensional form.

The nondimensional equation of motion and the generalized equation of heat
conduction with one relaxation time parameter are given by!'®,

o? 8 . 0%
ﬂz?x;’bﬁzﬂ"?ﬁu . (LD
égg__a_g EJZ___Q 8214 3314 —a—
0_’X2_o7t+r"¢9t2 +g[3)(071+7007x0"t2}_[1+r0¢9t}g' .. (1.2)

The constitutive relation takes the form

0’=,52%—.b0. .. (L3)
In the above equations, we have used the following nondimensional variables

=1/T,

x=V&', u=Vow', t=V2&, 1,=V2 3z, o=0/4,

Q=pQ' /KTy 82 V. . (1.4)
We assume that the heat source acts on the plane x = 0, and is of the form

Q= 0y dx) H(r), .. (1.5)

where Qq is a constant, &x) and H(#) are Dirac delta function of x and the Heaviside
unit step function of ¢ respectively.

For the solution of these equations, we now apply the Laplace transform of the
parameter P defined by
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a

ux,p)= J' u(x, t)y exp(- pt) dt
0
a
and 9(x,p)= J O (x,?) exp(-pr) dt. (1.6)
0

Taking the Laplace transform on both sides of eq. (1.1) (1.2), and (1.3) we get,

d? _ d@
[sz_pz},: 42 . (1D
& - du (1+%p)
[E—P—fopz]%gp(l + rop)g—QoToﬁ(x) - (1.8)
and
— du _
= ==
o =0 I be .. (1.9)
a a 1
where a=b/f2, I X exp(-ptydt=1 and J H(t) exp(- p1) dt=;. . (1.10)
0 0
In the above expressions, we have used the conditions that u,%tu—, and 6 are
initially zero, while g, Ea and x are zero at infinity.

As in Das et all?, egs. (1.7) and (1.8) can be written in the form of a vector
matrix differential equation as follows :

sep) 1 {0 0 1 0 8(x.p)
u(x,p) 0 0 O 1 u(x, p)
a6 «p|_| G 0 0 Gyl dixp)
dx
Wwp | |0 Coo Cs 0 || W(xp)
_ 0 :
0
o] 2QU+m) & | (LI
14
. 0 -
Whefe, C3| =p(1 + Top), C34=gp(l + fop), C42=p2, C43=a. . (1.12)

The primes indicate differentiation with respect to x.

Eq. (1.11) can be compactly written as :
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d - ~ ~ .. (1.13
V=A@ Vxp)+Fxp) (13
where
Vx,p)=16(x p). ulx,p), & (x,p), &'(x,p)I,
%U+npdw |
X
E(xip)'-:[oao,_ 2 Op ,O:I
14
0 0 1 0 ]
0 0 0 1
and i0) = Cy O 0 Cy
| 0 Co Cs 0 |
Eq. (1.13) is to be solved subject to the conditions
(i) (9=u=§[u—=0 at 1=0, Vux
- - d@g du
1 = == = - +
and (ii) g=u = o 0 at x=za, Vi>0. .. (1.14)

2. SOLUTION OF THE VECTOR MATRIX
DIFFERENTIAL EQUATION

The rudiments of the solution methodology through eigenvalue approach, as in
Das et al.'’ have been presented in the appendix. We now proceed to solve eq.
(1.13) by eigenvalue approach.

The characteristic equation of the matrix A (p) takes of the form
/14—/22 (C31 +C42+C34 C43)+ C:“ C42 = O (2.1)

The roots of the characteristic equation which are also the eigenvalues of the
matrix 4 (p) are the form

A=x14,, A=%4,, . (222)
where, 1f+/l§=C3,+C42+C34 Cu=(1+&) (p+ 5 p) + p*

A B=Cy Cp=p*(+1yp) . (23)
where, E£=ga.

The right eigenvector X = [X;, X5, X3, X4]7 corresponding to the eigenvalue A
can be written as : ’

X = [(Cia =AY, —ACy3, A(Cia— A?), —A2C4). .. (2.4)
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From (2.3) we can easily calculate the eigenvector X;, corresponding to the
eigenvalue A=A4; i = 1,2,3,4. For our further reference we shall use the following
notations :

Xi=Xh=a,» Xo=Xh-_s,, Xs3=Xl-s,» X=Xy, . @23)

The left eigenvector Y = [y, y,, y3,¥4] corresponding to the eigenvalue A can be
calculated as :

.. (2.6)

2 _ 2
Y=[ (A2 = Cy), AC3 Cao, A~ Cp) 2 Cos ] .

Gy 7 Gy

As early the left eigenvector Y;, corresponding to the eigenvalue A;, i = 1, 2, 3,
4 be denoted as ‘

Y/ =Yz, Y2=Yh-_y, YV3=[Y]i-1,, Ya=[Y]1-_,, .. (2.7

Considering other physical conditions of the problem as in Das and Bhakta'8 the
solution of the eq. (1.13) can be written as :

V.p) = @) Xy exp(-4ix) + agx) Xy exp(-4px), x>0 .. (28)
1 T 5
where, a(x)=—— J Y, B(s p)expl-A;5)ds, x>0
Y2X2 s(=-a)
1§ AR -G 0l + 1)
= Y, X, J l lC31 = p € Xs)exp(-A,s)ds x> 0.

s (=-a)
Integrating, these expression we get

iy = L AG=Co) Q1+ %0p) Q0 M- Ca)
TN, Gy PN p

.. 2.9)

Similarly,

1 A5 - Ci) Qo1 + 7 p) _ Qo A3 - Cy)
YiX4 Gy p YiX, P’ '

Thus the displacement and temperature field can be written from (2.8) as

o Qg[ AL (A1 - Ca) A (A3~ C)
s V4

.. (2.10)

a)x) =

u(x, p) 7 exp(—A4x) + exp(— Apx) }

. (2.1
and

A A3 - Cpp)?
’l(-‘z“,;“ﬁ‘ex?(—/lzx)]’

@(x,p)= exp(— A;x) +

- Qo[ LAl - C?
P’ V2

. (2.12)
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where V,=Y,X; and V,=Y,X,.
Using egs. (2.11) and (2.12) in (1.9), we write the stress component o (x,p)

as
. =P20u| A A -Cy) A A~ Cy)
ox,.p)= 7 7 exp(— A;x) + 7 exp(— Ax)
b0, [ A (A - Car)? Ay (A3~ C¥.
+ —p'z“ [ —‘—V;*L— exp(- 4;x) + '”Z*T/:L exp(—A,x) |.

. (2.13)

Egs. (2.11), (2.12) and (2.13) determine completely the state of the solid for
x > 0. The solution for the whole space (when the space x <0 is also included) is
obtained from (2.11), (2.12) and (2.13) by taking the symmetrics under consideration.
Thus, considering the heat source to act at the location x = ¢, instead of x = 0, we
may write down the field variables as follows.

i )= 2 { 4%—“%7;9—2—) explt (- Ay(x - )

+ i%_(i%‘_/;—_&_z) exp(t (= Aox = ©))) } . (2.14)
G p)= ”p(f‘) [ 4 (ﬁv’; € xpit (- A x - c2)

+ iz—@%ﬂﬁ exp(t (= Ay(x = ©))) ] . (2.15)
ot ="2 2 [ 2 (J%V; ) exptt (- - )

AUi-cC
+ Lﬁ,d-—“z—) exp(z (- Ay(x - ©))) ]

2 2
+ %[ﬂl‘v——zg@—exp& (Ax-c)

2_ oo
+/l_2(_2276£exp(i (_gz(x_c)))} , e (2.16)
4

where the upper (plus) sign denotes the solution in the region x < ¢, while the lower
(minus) sign denotes the solution in the region x > c. We now compare our results
(2.14), (2.15) and (2.16) with those of the existing literature (Sherief'%) obtained
through state space methodology, for determining the state of the solid. If we write
p = s in the eqs. [(2.14)-(2.16)] and use the characteristic eq. (2.1), then these
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equations representing displacement, temperature, and stress, are in complete agree-
ment with those of Sherief!® as in his eqgs. (31), (32) and (33).

3. NUMERICAL SOLUTION

Sherief'® presented the solutions for two fixed values of time with varying space
variable x. The present author prefer to determine the state in the space time domain
numerically by Bellman?® method for a fixed value of the space variable and for
varying time. The computations for the state variables are carried our for a fixed
value of x = 1 and for values of time r = 0.0257750, 0.138382, 0.352509, 0.693147,
1.21376, 2.04612, 3.67119 which are also the roots of the Legendre polynomial of
degree seven, vide Bellman®. The Copper material is chosen for purposes of
numerical evaluations.

The values of the nondimensional constants £ and #2 as well as the values of
7, and C are taken as

£=0.0168, f>=35, 1, = 0.02, (sec) ¢ = 0 (meter).

0-40
020 8
/ *
[¥s) 4 U
2 aQo
<
=
¢
> 0.00
8

-0.20

-0.40L

Fic. 1. Distribution of displacement temperature and stress (for x = 1) versus time.
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Using Cubic spline formalism the computed values of the state variables are then
plotted in a graph. It is clear from the graph (Fig. 1) that in the time range
considered; the temperature, displacement and stress fields rise from the initial value
of the time upto a certain value and thenm decrease to vanish at ¢+ = 2.7
(approximately). It may be noted that this value for 7 = 2.7 when x = |, is the
location of the wave front, and this distance x from the heat source depends on r.

PART II : TwO DIMENSIONAL PROBLEM

4. BASIC EQUATIONS AND FORMULATIONS

We consider a transversely isotropic infinite elastic medium subject to plane strain
parallel to yz-plane. As such

U=0,V=Vy z bt W= Wy z 0, N

where U, V and W are displacement components in the x, y, z directions respectively,
vide Tauchert and Akoz?!, as follows :

v W
rxszIZE"'AlB——& _ﬂl[l“’a%)n

N oW
T”=A22§+Azgz—ﬂ2[l +Q§JT,

N
fu=A23§+A33%V—ﬂ3(l +a§JT

07V W
and Ty, = ay & . (4.2)
The corresponding displacement equations of motion are
k% IV w JZV d d
Azza 2+A44 azz + [A23+A44]07\3” 3{2 +ﬂ29—>[1+05JT
and
aW W ¥V W J
A440-,y2+A33 o2 +[A23+A44](9V07_—p07t2 ﬂ3&[1+adt}T
.. (43)

The temperature field T(y, z, t) is assumed to satisfy the general heat conduction
equation

Kyisz K_«a—r= [%T‘*ao%zT}*'To[%““T&sziﬂza}*’ﬁz[;,}

l:l+r-—}Q(y z, 1) . (4.4)
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From these general eqs. (4.2)-(4.4) we now classify the problem into three
classes, vide Chandrasekharaiah'?, for our further reference and for the comparison
of our numerical computation of the resuits.

i) Il ay=0 a=0and 7 =0, then the problem reduces the problem of
Classical thermoelasticity (CTE).

(i) In the case when & = 0, but & = 7#0 we call the problem as a problem
of Extended thermoelasticity (ETE).

(iii) When a# 0, ap # 0 but 7 = 0, then equations reduces to a problem of
temperature Rate Dependent thermoelasticity (TRDTE).

We now assume that the heat sources are instantaneous and acts on the line
v = 0, £ = 0; then we can write

Q0. 2, 1) = gy ) Kz) A1), . (4.5)

where g, is the strength of the heat source and &(r) is a Dirac delta function of .

5. METHOD OF SOLUTION : FORMULATION OF A VECTOR
MATRIX DIFFERENTIAL EQUATION

We apply the Laplace-Fourier double integral transform of the form

a

T(y, z. p) = J. T(v,z.nyexp (—pndr .o (5.1
0
_ a
and T, (€ = p) = ”o [ 7.2 pyexp (i) dy. (52
L -

(where p and & are transform parameters) to eqs. (4.3)-(4.5).

a7 dWi | g0 &0
~-K.$ T +K. P —pCpT|+TnP zfﬂ Vi+5; d‘}‘w{\)fﬁ .. (5.3)

.’__

d
~(F2An+PP YV +Auw— >

d"z ’5 A‘)} +A44] +l§ﬂ T| = O - (54)
_ d:w, Vi 4 dT
~ (2 Au+pp Y Wi+ Ay~ 42 —ig [Axs + Ayl ‘A“ﬁ} d_l =0.... (55
where we have used
Tt 1t !
I &1 exp(-ptydt=1 and NGy J Ay) exp(i&y) dy V=g .. (5.6)
0 —a

and C=Cl+ap), Ty=To(l + ), go=qo(l + p), f, =5, (1 +ap)
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Bi=p (1 +ap), f=5(1+ap). . (5.7)

We also assume that at time ¢ = 0; the body is at rest; in an undeformed and
unstressed state, and is maintained at the reference temperature. Then the following
initial conditions hold.

Vo, 2 0y = 2020 _

e
W0, 2, 0) = QM&LZL@ -0
and Ty, 2, 0) = 20 L D _ o . (58)

We have further assumed that 7", V and W as well as their derivatives with
respect to y vanish at infinity.

Egs. (5.3), (54) and (5.5) can be written in the form of a vector matrix
differential equation as follows : vide Das er al.'’ and Das and Bhakta'®

d

<

7. —AVEA, .. (5.9)
where V=V W T Ve W T 1T
, T
qo 5(2)
and fiz) = 0,0,0,0,0,- . .. (5.10)
N2 K,

We now solve eq. (5.9) subject to the condition

(i) as given in (5.8)

2, é,oh,arezcroatvzioo,
) Y 1t -

<
QU
<
&

and (i) V, W, T,

where the primes indicate differentiation with respect to z. The matrix 4 is

0 0 0 | 0 0 |
0 0 0 0 i 0
~ 0 0 0 0 0 1
A=l cy o Cs O Cis 0 - (511
0 Ca O Csa O Cse
| Ca O Cs 0 Cos 0 |
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Azy + pp? ~i i“(Ay +A
C41="n 2tPP” liﬂ;,C45=l§( 23 +Aw)

Aus s 43— A A44
o EiAutor L EGntAw
52 Asz P As3 TR T Ay
~ ik Top K, £2+ppC ToBsp
C6l = K__ N C63= Y K N 65=T . (512)

6. SOLUTION OF THE VECTOR MATRIX EQUATIONS
The characteristic equation of the matrix 4 takes the form
AS = A3 [Cyy + Csy + Co3 + Ca3 Csy + Csg Cos) + A2 [Csy Coa
+Cy Cs3+ Cyy Cg3 ~ Ca3 Gy + Cg3 Cys Csq — Cy3 Csy Cis

+ C4y Cse Cos — Cys5 Coy Csg] — [Cay Csp Co3— Ca3 Coy Cs2] = 0. ... (6.1)

The roots of characteristic eq. (6.1) which are also the eigenvalues of the matrix
A are of the form

/l=i/ll, /‘lzilz, /?.=i/13. (62)

The right eigenvector X = [X, X5, X5, X;, Xs. X¢)7 corresponding to
eigenvalue A can be calculated as :

[ 22 [Cy4s Cs6 + Ca3]1 = C43 Csp ]
A A% Cs6+ (C,q Ca3 — Cyy Cop)l

A% = A2 [Cyy + Cs3 + Cy5 Csy) + Cy Cs

X = . .. (6.9)
A [A2 [Cy5 Csp + Cy3] = Cy3 Cs3)

A2 [A% Csg + (Cs4 C43— C4y Cs))

I A[A* = A2[Cyy + Csp + Cas Csgl + Cgy Csy) |

From (6.3) we can easily calculate the eigenvector X corresponding to the
eigenvalue A=A, For our further reference we shall use the following notations :

Xy =[Xlh=g,» Xo=Xh-ca, X3=Xhi-y,, Xe=1[XNi-_y,

Xs=[Xl4=4,, Xe=I[Xl1=_2, .. (6.4)
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The left eigenvector ¥ = [y, y2, ¥3, ¥4, Vs, Y] corresponding to the eigenvalue A
can be calculated as :

E Ce1 + A [~ Cy4y Cg) = Co1 Cs3~ Cey Cas Csq + Cyy Cop + Cay Csy Cs) T
Csy [A? Cos + Cys Cey = Cos Cat
A3 = 3 [Cyy + Csy + Cys Csy + Cs Cgs]

Y = + 4 [Ca) Csy ~ Cas Cg1 Cos + Cay Csg Ces]

A [Co) + Cs4 Ces) — Cey Cs2
A [A2 Cgs + Cys Cgy — Cgs Ca1)]

| A% — A2 [Cyy + Csy + Cys5 Csyl + Cyy Csz |

... (6.5)
For simplicity, henceforth, we shall denote them as

V'=[Yhoh, H=Vhosg H=Vhog, Ye=Yhey,,
Ys=[Yioa, Ys=1[Y]1-_a, ... (6.6)

Assuming the regularity condition at infinity as in Das er al.!” '® the solution
of the equation (5.9) can be written as :

V (x, p) = ap(x) Xs exp(=4,x) + ay(x) X4 exp(~ A3x) + ag(x) Xgexp(- A3x)

. (6.7)
where
1 I -2 Q(,) Kz) e
a)(z)=- YoXo S(:_[ . 41— 21 [Car + Coz + Cas Ca) + Cai Coal = 5 — VN2r K. as.
>0

Integrating, this expression

—4q 2
as(z) =72‘)72_‘\/2)7‘IZ A} - AL[Cy + Csa + CisCaul +Cyy G5z, 2> 0.

. (6.8)
Similarly, a4(z) and ag(Z) become
0D = —— B (43 A2(Cy + Cor# Cus Csi 4+ Cyy Coal . 2 0.
uX,V2r k.72 53T s T4 52

.. (6.9)
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and

= 4
ag(z) = ;’E‘/T%;Z [A3 - A3 [Cyy + Csz+ Cas Cs4) + C4y Csol . 2 > 0.

.. (6.10)

Writing (as, a4, ag) as (A;, Aj, A3) the deformations V, (£, z, p)., W) (£, z p) and
temperature Ty (£, z, p) can be compactly written from eq. (6.7) as

3
‘_/] (f» Z,P) = z A; [/2,2 [C45 C56 +Csp3] - C43 C52] exp(«— /l,‘ 2), ... (6.11)

i=1

3
Wi p) = z Ai -4 {/l? Cse+ (Css Cy3~ Cqy Cs)] exp(=4; 2),
i=1
.. (6.12)

and

3
i p) = 2 AT =27 (G + G+ Cus Csa)

i=1

+ Cyqy Csq] exp(=4;2). ... (6.13)

Using eqs. (4.2), (6.11), (6.12) and (6.13) and stresses in the Laplace-Fourief
transform domain can be written as

3
(T =—i6A Z Ai[A] {Cas Cs+ Caz} — Cu3 Cs) exp(= 4, 2)

i=1

3

+ Az D, AIA] (A7 Coo+ (Csy Caz — Cay Cse)}] exp(=4; 2)

i=1

3
-4 Y A [A] =47 {C4y+ Csp+ Cus Csq} + Cyy Cs) expl=4;2)

i=1
.. (6.14)

3
(Fuh =—iAss Y, A;[A] {Cis Css+ Caz} — Cy3 Cs;l exp(-4; 2)

i=1
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3
+ Ay 3, A AT {47 Cs+ (Csq Caz = Coy Csg)}] exp(=4;2)

i=1

3
=B Y AMA - A7 {Cy+Csp+ Cus Cs} + Cuy sl expl-4;2)

i=1

... (6.15)
1000
A
n A
r O -1+ 7 al Y —T —T T v 1
i i ! ‘\ 1-00 2'39-~\\ 3.00 2.00
o 1s [ TIME {(sec)—~»
« -10004 { !
- 1
;{ 1
Z -20004
Zle
= =3000-
x L4
jal Wi
w -s000-ff Vi ETE
o 0]
b \J
—5000-
~6000-

RG. 2. Distribution of stress (Zu) (for y = 20 and z = 1) versus time.

3
(T =—ifAy 3, Ai[A {Cis Css+ Ci3) — Ca3 Csal expl(=4;2)

i=1

3
+ Asz 3, A4 (A} Cs5+(Csy Cy3— Cay Cs)}1 exp(=4;2)

i=1

3
~B S AR -2 {Cy+Csy+CasCsy} + Cay Csal exp(=4;2)

i=1
... (6.16)

3.
G =Au 2, Ail-4] {Cis Css+Ca3} + A Ca3 Cs] exp(=4;2)

i=1
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3
—ifAy Y, Al- AHA} Csg+(Csy Cu3— Cyy Cs)} expl- 4, 2)

. (6.17)

We now write down from egs. (6.13), (6.14), (6.13), (6.16) and (6.17), the
expressions of the temperature and the stress fields from the Laplace-Fourier
transform domain to the Laplace transform domain as

[ T ’ ?.\'x 1’ ?_\}" .T:.:] (y~ Z p) = 42/’[ J' [Tl’ (?xx)l’ (?\'}')lv (?::)l] Cos (C_,KV) dé
0

.. (6.18)
and
a
?‘ 0.z, p)=VN2/7 I (_7_,'\:)! sin (f}) df. ... (6.19)
0
4000"
20004 7
\ r\

- ,'l N _

_§ Y All v ll/A\‘ T T Z'"GE —y= T T 4100

i -2000- TIME (sec)—»
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z

é‘tc}’ ~40004
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> -6000+ A\ W

Ll W \

2 -8000 vl ~7

o vi

s I v
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FiG. 3. Distribution of stress (7,y) (for y = 20 and z = 1) versus time.

7. NUMERICAL SOLUTION

The Fourier-Laplace inversion of the expressions for temperature and stresses in the
space time domain are very complex and we prefer to develop an efficient computer
software for the purpose of inversion of these double integral transforms. As such,
as in the previous case, for the inversion of Laplace transform we follow the method
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of Bellman?® and choose seven values of the time ¢ = L, i=1,23,45617, at
which the stresses are to be determined, where, ; are the roots of the Legendre

polynomial of degree seven, vide Bellman?. Simultaneous calculations for the inver-
sion of the Fourier-transform were done by evaluating the infinite integrals (6.18),
(6.19) numerically by five point Gaussian quadrature formula for several prescribed
values of y and z.

The following data S.1. units of Cobalt (considered as transversely isotropic) have
been used, vide Dhaliwal and Singh?.

MATERIAL CONSTANTS

A A An A3 A3 L x 10" Nm2
1.650 1.027 3.071 1.027 3.581 1.510

B H P x 10°Nm? deg™

7.04 7.04 6.90

Ky K; Wm™! dcg’l

69 69

p=8836x10kgm™, ¢ = 427 x10° J (kg)"' deg’

Tp=298° K.

We now .present our results in the form of graphs (Figs. 2-5) to compare with
the cases CTE, ETE, TRDTE for the stresses [z, 7, %o ] (0, 2, #) when time
variable ¢ = 0.025775, 0.138382, 0.352509, 0.693147, 1.21376, 2.04612, and 3.67119
are labelled in the abscissa and for particular values of the space variables y = 20
and z = 1. The material constants &, a, and thermal relaxation parameter r were
taken as for different cases (i) CTE, (ii) ETE and (iii) TRDTE as follows :

(i) CIE a=0, a=0, =0
(i) ETE a=0, a = 1073, r= 107
(iii) 7TRDTE a=10-5, a = 107, r=0.

The behaviour of the stresses etc. for + — 0 can be estimated from the initial
value theorem

lim ¢¢)= lim pd (p).

t—0 p—reo

As such the stresses all assume very large value, vide Paria?® and Hetnarski?*.
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FiG. 4. Distribution of stress (7z) (for y = 20 and z = 1) versus time.
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FiG. 5. Distribution of stress (7z) (for y = 20 and z = 1) versus time.

Further, to determine the location of the wave front, a separate graph for the
stresses in the case of TRDTE has been made for values of the variables y = 20,
z = .001, 0.01, 0.1, 1 for ¢t = 3.67119. It is found from Fig. 6 that all the stresses
tend to zero when z = 1. Thus (y, z, 1) = (20, 1, 3.67119) is a location of the wave
front. As in the earlier case, the graphs have been drawn by using the cubic spline

formalisms.



EIGENVALUE APPROACH TO GENERALIZED THERMOELASTICITY 1591
500000
4000001
300000

200000

(NW/ml deg | —>

1000004

K,
o

1
100 120

Z{m)—»
100000

(TllyTYYYTll)Tyl)

TRDTE Stresses

200000 A

300000~

Fig. 6. Distribution of TRDTE stresses (7w, %y, Tz, %2 (for time 3.67119 and y = 20) versus z.
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APPENDIX

8. SOLUTION OF THE VECTOR-MATRIX DIFFERENTIAL EQUATION

Consider a vector-matrix differential equation

%:A V4 Ax) .. {8.1)

with the condition
Vixg) =C, .. (8.2)

where A is an n X n constant teal matrix, C is a given constant real n vector and f
is a real n vector function.

Let,
V=Xexp (Av) .. (8.3)
be a solution of the homogencous equation
dv .. (8.4)
—=AV
I A

where 4 is a scalar and X is an n-vector independent of x. Substituting (8.3), (8.4)
we get,

AX - AX) e =0 = AX-AX =0 = AX = AX

This may be interpreted that 4 is an eigenvalues of the matrix A and X the
corresponding right eigenvector.

Let A),45 43, ...4, be n distinct eigenvalues of the matrix A and
X1, X5, X;, ..., X, be the corresponding right eigenvectors of the matrix A. Then the
vectors X3, X3, ..., X, are linearly independent and so they form a basis of the space

I, where T" denotes the field of complex numbers. We can find scalars
by, b,, ..., b, such that
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C=b1X1 +b, X0+ ... b, X,
choose,

ci=bje*% (i=1,2, .. n).

n

ux)= Y c;X; . ... (8.5)

i=1
Thus u(x) is a solution of the differential equation (8.4) and

n n
u(-x':())——_ Z C; X,' e'{:'t(l, Xi= 2 b‘X,=C

i=1 i=1

Now, let

wix)= Y afx) X;et* .. (8.6)

i=|
be a solution of eq. (8.1), where a\(x), a,(x), ..., a,(x) are scalar function of x such
that a,~(x0)=0.

Differentiating (8.6) with respect to x we get,

w(x) = 2 a; (x) X; ehiv + z a; (xM; X; et .. (8.7)

i=1 i=1
Substituting (8.6) and (8.7) in (8.1) we have

Z a;-(x)X,-e’li" + 2 a,-(x)/l,'X;e’lr‘ = z ai(x)AX,- el"‘ +ﬂ.X)

i=1 i=1 i=1
or,

"

Y, a0 Xieht = 3 aix) [AX; - AX]] 4+ fix) = fix) . (88)

i=1 i=1
multiplying (8.8) by Yje"’r" (where Y, Y,, ..., ¥, are left eigenvector of A correspond-
ing to the eigenvalues A, 45, ..., 4,).
We get,

n

Y, G Y X eh A=Y flx) e A



1594

or,

or,
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a Y, X;=Y;fx) e {¥X;=0 for i#j]

1 A
— Y. —AX
Y. XI Yjﬂx) 4

a} x)= 7

af) = § (VXY ¥, fis) et ds -~ (89)

*o
(ajxp) = O for j =

Not take
... {8.10)

Vix) = u(x) + wix)

Differentiating we get,
Vix) = u'(x) + w(x)
= Au(x) + Aw(x) + fix)

Alu(x) + w(x)] + flr)

AV(x) + fix)

1}

and
V(xg) = u(x) + wixe) = C.
Hence, V(x) = u(x) + w(x) is the unique solution of the differential eq. (8.1)

satisfying the condition (8.2).



