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. 11 —r-12 A
The commutative neutnx product of the distnbutions x, and x_ 1s evaluated for r = 0, 1, 2, and
Cor-1 -r-32 .
the product of x_ and x, 1s deduced for r = 0. 1. 2.
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In the following, we let p(x) be an infinitely differentiable function having the following
properties :

(i) p(x) =0 for ix | 2
(i px) 20,
(i) p(x) = p(=x)

and  (1v) j plx) dx =
-1
Putting & (x)=np(nx) for n = 1, 2, .., it follows that {§ (x)} is a regular sequence of
infinitely differentiable functions converging to the Dirac delta-function &x).

Now let D be the space of infinitely differentiable functions with compact support and let
7 be the space of distributions defined on D. Then if f is an arbitrary distribution in 2F, we define

£,(0) =(f*8,) (x)= (A0, S,(x~1))

for n = 1, 2, ... . It follows that {f (x)} 15 a regular sequence of infinitely differentiable functions

converging to the distribution flx).
A first extension of the product of a distribution and an infinitely differentiable function is
the followmg, see for example”.

Definition 1 — Let f and g be distributions in T for Wthh on the interval (a, b), f is the

kth derivative of a locally summable function F in [P(a,b) and g is a locally summable function
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in L%a, b) with 1/p + 1/g = 1. Then the product fg = gf of f and g is defined on the interval
(a, b) by

k
=Y, ( : )(— 1) (Fg®-?.
i=0

In the following, we let N be the neutrix, see van der Corputl, having domain N’ = {I, 2,
..y M, ...} and range the real numbers, with negligible functions finite linear sums of the functions

i ln, W A>0,r=1,2, ..

and all functions which converge to zero in the normal sense as n tends to infinity. A function fn)
is then said to have the neutrix limit L as n tends to infinity if fn) — L is a negligible function

and we then write N-lim fin)=L. It is clear that the nuetrix limit is equal to the usual limit if
n— oo

it exists.
Neutrix limits can be used to define functions and distributions. For example, it was proved
in [4] that the Garnma function I{x) can be defined for x < 0 by

M= N-lim [ el xz1,-2, ...

n—=% 1/n

This is because if — r < x < - r + 1, then

oo o0 r-1 i r-1 ;
j Fledr= _[ £l et .;O f;’;’_)_ dt - % —(-——t)—n_x_'.

Hx+1:
1/n 1/n ( )

Since the second sum in this equation is a sum of negligible functions, it follows that

3 o0 r—1 i
N-lim I Fledr =I Fl et 2 L_—“L)- dt = Ix).
i=0

n2% \/n 0

Similarly, if xf is the locally summable function defined by
_ _x}“’ X2 O,
] 0, x<O

for A> - 1 and xi is the distribution defined inductively for A < — 1 and A # - 2, - 3, ... by

A
Xy

the equation

A-1 -1, A,
x =ll(x+),

+
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then

(o) =N-tim | Fowde A#-1,-2 .

R i/n

for arbitrary function @ in D.

The above results gave the motivation for the following definition of the commutative neutrix
product of two distributions which was given in [2] and generalizes Definition 1.

Definition 2 — Let f and g be distributions in 7' and let f (x)=(f* 5n(x)), g,(x) =
(g * 8,) (x). We say that the nuetrix product f a g of f and g exists and is equal to the distribution
h on the interval (a, b) if

N~lim (f,(x) g,(0), 9(x) ) = (h(x), o(x))

n—» o0

for all functions ¢ in D with support contained in the interval (a, b).

We now prove the followmg theorem.

. r-1/2 -r-1/2 .
Theorem 1 — The nuetrix product x_ O x . exists and
r-1/2 -r-1/2 -1
x, 0 x, =x, +a,dx) . ()

forr =20, 1, 2, .., where

ag=21n2-2c(p),

,
1
a,=2In2-2c(0)-2 X, 377

i=1

forr=1 2 .. and

N |

1 1
c@=1 [ [ po)pew) il u - v 1 du dv.
- -1 -1

PROOF : We first of all consider the case r = 0 and put

-1/2 =1/2
Gy Dp=x ¥ 6,(x)
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r

1/n
[ a-0"smwa, x> 1/n,
-1/n
=+ X
[ a-n"2sma ~1/n<x<1/n,
-1/n
0, x<-1/n.
Then
1 2 1/n x X
[ WD pPa= | [ [ c-0"280x-9"28)dsdrdx
-1/n -1/n -1/n -1/n
1 1/n 1/n
+ J J _‘- (x-1)" 172 8,(1) ()c—s)_l/2 0,(s) ds dt dx
I/n -1/n -1/n
1/n 1/n 1/n
= 6o [ 60 | a-n"e-s V2 dxdsdi
- 1/n t K
1/n ! 1/n
v ] sw [ o | a-0"Pa-9 2 dxdsds
-1/n -1/n t
1/n 1/n 1
v [ s [ s | a-0"Pa-9 V2dxdsar
-1/n -1/n 1/n

1 1 1
= j p(v)_[ p(u)J. (w—v)—l/z(w—u)'l/zdwdudv

v 1
+ J p(v)_[ p(u)J (w—v)_]/z(w—u)"l/zdwdudv
-1 -1 v

1 n
+ J. p(v)_" p(u)I (w—v)_l/z(w—u)_Vzdwdudv,
-1 -1 1

where the substitutions ns = u, nt = v and nx = w have been made.

Now
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1
1
j w-v)” 12 (w - uy V2 dw= 2[ In [(w=v)!"2+(w- u)]/z] ]u

u
=2In[(1 -2+ - -Inlu-vI,

1
J W=y V2w V2 dw

v

21 -2+ - -Inlu-vl,

n
j (w-v) V2 (w—uy V2 dw
1

21In[(n- v)l/2 +(n- u)l/z]

21 =-w 2 (1w

and it follows that

1

1 1
J. [(x;l/z)n]zdx = - j J p(v) p(u)Inlu—vldudv
-1/n -1 -1

1 1
+ f j pv) p() {In n + 2 In[(1= wm)' 2+ (1 —u/m)" 2} du av.
-1 -1

Thus
1 11
Notim | 1P dx = 2m2- [ [ pw) o Inlu—vidudy
n== _\/n -1 -1
=21In2 - 2c(p)=ao, .. (2
Further
1/n
[ e AP xde
-1/n
1/n X x

= [ [ ] we-0"?eme-97"? 891 ds drdx
- i/n -1/n —=1/n

1 1 1
= n! _[ p(v)j p(u)_[ iw(w—v)_l/z(w—u)'l/zldwdudv

-1 v

using the above substitutions again. It follows that if y is any continuous function, then
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1/n
im | [0"), P x ww dx = 0.

R _1/n

If now 0 < <1 and n>11"1, then

} [, /%), P xdx
1/n

I/n 1/n
} [ ] se-o0V*60-97"26s)dsdrdx
1/n -1/n -1/n

1 1 nn
n! f p(v)I p(u)J w(w—v)‘l/z(w—-u)'l/zdwdudv,
-1 - 1

where

w

n1) - - ‘
I wiw=v)" Y2 w-uy V% aw = Z (—li/Z ) J‘ [u+v—§]'dw
i=0 1

= nn—1+%(u+v)ln(nn) + ..

and it follows that

lim } 16 Pxde=1.

B> 1/

Thus, if ¥ is a continuous function

lim } [, "%, 12 xy(x) dx = O(n).

nR—=e 1 /p

c)

. (8

Now let @ be an arbitrary function in D with support contained in the interval [- 1, 1]. By

the mean value theorem

(KX) = ‘KO) + xd(&%

where 0 < £ < 1 and so

)
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1
UG 00 = | 1007, o de
-1/n

1/n

1
=00 [ D Par+ | 160" x¢f (0 dx
~1/n

~1/n

1
+ } (" P g B dx + | 1671 xef (&9 d.
1/n n

Using egs. (2), (3), (4) and (5) and noting that the sequence {[(xll/z)n]z} converges

uniformly to x~' on the interval [7, 1], it follows that
1

a,@0) + 0+ | X7 [g(x) - (0)] dx
n

N-tim ([, 73,12 o))

n— oo

1

ag@0) + Om + | ¥ {o(x) - 9(O)] d.
0

Since 7] can be made arbitrarily small, it follows that

. -1/2 -
N-lim ([, 1% ¢0)) = ag@(0) +(x"", o)),

n-~>o0
giving eq. (1) on the interval [- 1, 1] when r = 0. However, eq. (1) clearly holds on any closed

interval not containing the origin.
Now suppose that eq. (1) holds for a non-negative integer 7. The product of x? 172 and

-r-12 exists by Definition 1 and is equal to H. Differentiating the equation

x‘l‘

X:+]/2 -;r—l/z = H)
we get

e+ L0 e 0 57 = &)
and so

r+1/2 -r-372 ~1 2
x, O x, =X, +ar5(x)—2r+15(x)

-1
=X, +ar+1 E(X)
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Eq. (1) now follows by induction for r = 0, 1, 2, ...

-172 -172

Corollary 1.1 — The neutrix product x_ Ox ' exists and

r-1/2 -r-1/2
x 0O x_ .=

x_ 't a, &x) .. (6)

for r=0, 1,22, ..
PROOF : Eq. (6) immediately follows from Theorem 1 on replacing x by - x.
To prove our next corollary, we need the following result proved in [2] :

xi-le_/l:—%ncosec (mA) &x)

for A# 0, £1,+2, ... so that in particular

r- -r- 1 r
x, 2 x_ 2 _ 5(—1) (x) .. (D

for =0, £1,+2, ..
Corollary 1.2 — The neutrix product (x+i0) ™20 (x+i0)""~'/? exists and
x+i0) 120 (x+i0y " V? = (x+i0)!

for =0, £1,22, ... .

PROOF : The distribution (x +i0)* is defined by

. A iam A
(x+ tO)/1 = x++e'brx_

for Az -1, - 2, ... and

(x+ iO)":x"+—i7:(__ 11)): &1 ()

for r = 1, 2, ..., see Gel’fand and Shilovs. Thus

x+i0) ~120 (x+i0) "~ 172

r-1/2 .r-1/2 -r-1/2- L -r=1/2
= ['x+ _(— l)r x_ ]D [x+ -(_ l)r x_ ]
r-1/2 -r-172 r.r—-1/2 -r-172
= x, O x, - (-1 ix, Ox
- -1/2 -r-1/2 -172 -r-1/2
- (—l)’ixi Dx+r -x Ox
.~v—1
= (x+i0)

on using egs. (1), (6) and (7).
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The following results can be proved similarly :

-1/ - -
Ix" V20 [sgn x- 1x 7" V2 =57

r-1/2 -r-1/2 _ -1
xl Oixl = lxI7 +[2a,+ (- 1) 7] &x),

Y210 (sgn x- 1xM"7 Y = 1k 4 [2a, - (- 1) 1) &),

[sgn x - Ix{~
for r=0,%1,%2, .., since by definition

-1 A A A A
X =x, —-x_, lxll=x++x_, sgn x-|x|l=x+—xﬁ.

Theorem 2 — The neutrix product x:_ 2 O x;r‘3/2 exists and
x:_ 172 5 x;—r-3/2 = xf—br &'(x) .. (8)
for r=0,21,%£2, .., where
by=ay,
ag . a,
b’=2r+1+2 2r+1

r i
4 1
=21In2-2(p) -5 E} El Ty

PROOE : We first of all consider the case r = 0. Differential equation (1) for the case
r =0 we get

-1/2 -3/72 -2

x, " Ox." " =x, -ay I (%),

and so eq. (8) is true for r = 0.
Now assume that eq. (8) is true for some non-negative integer r. From eq. (1) we have

r+1/2 -r-3/2 _ -l

x, O x, =x, +a, ;&)

and differentiating this equation we get

1 ~-1/2 -r-372 3 r+1/2 -r-5/2 -2
(r+5)x: Dx+r —(r+§)x+ Dx+r =-x_+a, ;X

Thus
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r+1/2 -r-5/2 _ 2r+1 r—l/2 -r-372 2 2

= O x, T3 Ox, 2r+3{ =G4 0’
2r+1 -2 , 2 -2 ,
= 2’-_'_3[)c+ -b,6'(x)] + 2r+3[x+ -a,, , 6')]
-2
=X - r+16(x)

and eq. (8) now follows by induction for r = 0, 1, 2, ... .

The following corollary follows on replacing x by — x in equation (8).

-1/2 -r-3/2
Corollary 2.1 — The neutrix product x ad x_r 3 exists and

r-1/2
X

-r-3/2 _

Ox :2 -b,8'(x) .. (9)

for r=0, +1,+2,
The next corollary follows as above on noting3

r-1/2

-r-3/2 r ,
x, =

O x_ %(—— D 6 '(x). .. (10)

Corollary 2.2 — The neutrix product (x+i0) ™12 00 (x +i0)""~3/? exists and
ac+i0) 12 0 (e +i0y "% = (x+i0)" 2

for r =0, £1,%2,

The final results follow as above on using eqgs. (8), (9) and (10).
xI”" 12 O sgn x-1xI7 7732 = x2,

=12 0 0xr 32 = 1 xr?- 26, - (- 1Y 1 6°(x),

[sgn x 1x"""21 O sgn x- 1xF "2 = (xr'—[2b — (- 1) 7] 6°(x)

for r=0, £1,£2,
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