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In this paper, lower bounds are given for the norm of a 2-homogeneous polynomial on Banach spaces /, and cp.
For this, an inequality is obtained which bounds from below the mean value of the polynomial on the vertexes

of a hypercube in R".
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In this paper we will be interested in examining the relation between the norm and the
coefficents of a 2-homogeneous polynomial. In particular, we will focus our attention on lower
bounds for the norm of a 2-homogeneous polynomial on lp and ¢

Let E and F be real (or complex) Banach spaces. P("™E; F) denotes the Banach space of
F-valued continuous m-homogeneous polynomials on E, endowed with the norm Il P |l =
sup < TP&) Il See Chae' for more details about the theory of polynomials on Banach spaces.

The main result of this paper is the following lemma, which gives lower bounds for the
norm of a 2-homogeneous polynomial on lp and ¢ :

Lemma — Let m > 1 be a natural number and a; complex numbers for i, j = 1, 2, .., m.

Then :

Z a;

’ l als+asl
1<ism

>2™  max {

1<i<s<m

g=%11 <k<m

Moreover, equality holds if and only if

M
2 a;+ Z (atag) g &
I1<i<m 1<i<s<m
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2 (als + asl) El €s

1<ism 1<i<s<m

for all
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1 @
&, ¢

e {((,6,, 8 ... 8,), (-1,8,, 85 .. 5. (0, 1,5, .., 8,), (0,- 1,85, ..., 8)),
0,0, 1, 8, ... 5,), 0,0, = 1, &py ety ), v (O, 0, ..., 0, 1, &),

(0, 0, .., 0, — 1, &)}, where the &, s are + 1 for k = 2, 3, .., m.

PROOF : First we show that

2 aij 6‘i é}

1<i,j<m

>om

€k=i1, 1<k<m

Let ok=%1(1 <k<m). Then it follows that

2 Z a; €€

g=t1,1<k<m | 1<ij<m

- 3

€)=01.8,..8)

)

€)=(-1,8,..6)

>2 >

(€)=00,6,..8)

2 a4t X (@ +ape+ Y, (a,tagee,

1<i<m 1<j<m l<l<s<m

> a- 2 (ajj+a;)E+ Y (g tagee,

1<i<m 1<j<m I<l<s<m

Y oag+t Y (e tagee

1<i<m I<l<s<m

(by the triangle inequality)

Y a2 (@y;+ap)e; + Y (g +apee,

1€ism 2<j<m 2<id<s<m

=2 Y

€)=0,1,6,..,8)

+ 2 2

(el) = (Ov - 1’ 63’ . am)

222y

(€)=(0,0,6,..6)

Z a;i Z (aZj + ajZ)‘gj + 2 (als+ asl)gl &

1<i<m 2<j<m 2<i<s<m

2 a; + Z (als + asl)gl Es

l‘SiSm 2<i<s<m

(by the triangle inequality)

v

2 aii+(am—1m+amm—l)£m—1€m
1€ism

€)=0,0,..,0,8 _.8)

-1

(by the above method)

(by the triangle inequality).
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Note that for any nonzero complex number A and B, /Al + 1 Bl =1A + B lif and only
if A = AB for some A > 0. The above argument shows that equality holds if and only if

(1 @
Z aii+ 2 (als+as1) gl Es)

1<i<m 1<l<s<m >0

2y @ =™
Z a;+ 2 (agtagpe &
1<i<m 1<l<s<m

for all

2
ED £ e (((1,8y 8y s 8,), (= 1,85, 8y o S, (0, 1, 8y 8,), (0.~ 1,85, ., 8,)),

m

©, 0, 1, 8. 6,), 0, 0, = 1, 8y oy 8,)), weos (0, 0, ., 0, 1, 8,),

©,0, .., 0, — 1, &)}, where the 5;(5 are + 1 for k =2, 3, ..., m.

Next we show that

2

m
>2" ., max l“ls'”'sl
£=t1,1<k<m

1€i<s<m

1<i,j<m

Fix 1<l<s<m. Then it follows that

2 2 a; €&

g=t1.1<k<m |1<ij<m

(als + asl)gfg s + 2 aij gi Ej

€k=i],lsks 1<i,jSsm,i#ls

+ Z aljglgj+ 2 asjgxgj

1<jSm,j#s 1<j<m,j#l
= (a,s+asl)es+a”+ z a5 €€
£k=il,k¢1 1<i,j<m,i#ls
+ Y ay €+ Z a; €, E;
1<js<m,j#ls 1<j<m, j#l1
+ -—(als+asl)£s+ ay+ Z ai}.g.e}
g=t1,k#l 1<i,j<mizls

- XY agt 2 445

1<j<m,j#ls 1<j<m,j#l
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22 Y

€k=il,k.¢l

(a) +ay e+ Z a; & (by the triangle inequality)

1<j<m,j=l s

(a+agy)+ 2 a; &
1<j<m,j#ls

+ 2 z

ek‘=il,k¢l,s

—(als+asl)+ 2 aljé'j
1<j<m,j#ls

= 2? 2 la, +agl (by the triangle inequality)

g=tlk#ls

Il

m
2 lals+asll.

Therefore, this completes the proof of the lemma. O]

Remark 1 : The inequality of Lemma is still true for every normed space over the real or
complex number system because we only use the triangle inequality in the proof of the inequality
of Lemma. Namely, we have :

Let m > 1 be a natural number and let F be a real (or complex) normed space and
a; € Ffori j=1,2, .., m Then :

1<i,j<m
By Lemma, we obtain lower bounds for the norm of a 2-homogeneous polynomial on
lp and ¢, as follows :

): a;;

1<is<m

1<l<s<m

>2™ max { I

| ’ i als+asl

6;,(=:tl,l$k5m

Theorem — The following are ture :

2 . — =
(1) Let 0 < p<ece Let Pe P(°]), with P(x)—zi’jeN, agxpx; for x = (x)el,

(i) Consider the real space lp. Then :

sup max Z a;
1<l<s<m

1<i<m
(ii) Consider the complex space [ - Then :

sup{ max { Y Iaiil,ZIaISI}/mz/p:meN}SIIPH.

< < .
I<l<ss<m 1<i<m

: 2|a,s|}/m2/l’:mezv}supu.

() Let Pe P(’cp), with Px)=Y

iieN agxx; Jor x = (x;) € ¢,

(i) Consider the real space c, Then :
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2 a;

1<i<m

max{sup{

(ii) Consider the complex space o Then :

max{ 2 lail.l, Zsup{lals

1<iSoo

PROOF : Let m > 1 be a natural number.
(D @) : It follows from Lemma and the fact that

UPImP=IPl Y NN,

=t 1<ksm

= 2 | P((&}, - €, 0,0, ...)) |

1<i<s<m

(I)Gi) : Choose B;,..., € C such that f a;=1a;] for all i =
follows from Lemma and the fact that

2/ 2
2P Nm“P =PI D H@Bep,

ﬁ=ihl$k£m

= IP((,Blel,.. B 0,0, . )|

£= ill<k<m

- 3

g=%1,1<k<m

2 BB

1<i,j<m

1<i<s<m

:1Sl<s$w}}SIIPII.

.2 max {ialsH}'

1, 2, ..

.>_2"'max{ Y la;l,2  max _{lalsH}.

1<i<m

(ID@) : It follows from Lemma and the fact that

2
2"UPU=IPI > &) I,

gk=il,ISkSm

281

:meN},Zsup{lalsl:1_<_l<s<oo}}sllPll.

, m. Then (I) (1)
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]

) I P((,, . €, 0,0, ..)) |

ﬂ=iLl$k$m

>

ﬂ=iLlSkSm

Z a;;

1<i<m

}E ayq%

1<i,j<m

1<i<s<m

>2" max{

.2 max Hals”}.

(ID@i) : Choose B, ..., B, € C such that ﬂ,.zaiizlaﬁl for all i = 1, 2, ..., m. Then (II) (i)
follows from Lemma and the fact that

DTS DI ST 230

g=t1,1<k<m

’ P(B)s s B 0, 0, ..2)) ’
k<m

£=%1,1<

= )3 2 ;BB

q:iLlSkSm 1<i,j<m

22"max] D |a;[.2 max [|a|]l.

Remark 2 : We remark that Aron et al.2 proved a result similar to Theorem (II) as follows :
Let P : R™ - R be a 2-homogeneous polynomial, P(x) = 2 a.x.,x;. Then :
i<ijsm Y '
for any k<m, there are sign choices ¥, ,, i = 1, .., k — 1, such that
> oa |+ Y D Zea, | SR
1<i<k 2<j<k [1<igj-1
i

Note that 2 'P(e)lp“qSIIPH for Pe fP(qlp), p > g from Theorem 1.1 of
1<i<eo i

Zalducndo3 and a result of Aron et al.4.

Remark 3 : We remark that Theorem I(i) and II(i) is still ture for every vector-valued
2-homogeneous polynomial on lp and ¢, by Remark 1 and the same argument of Theorem.
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