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n
We have considered polynomials of type Z (aj ei¢+bj ¥y J with 19 -yi<n and
j=0
real g;'s, by's, and have obtained discs containing their zeros under various conditions
on gi’s and bj’s. We have also considered associated anaiytic functions

2 (ajei¢+bjei‘4’)zf and have obtained zero free discs for them, under various

j=0

conditions on aj’s and bj's.

1. INTRODUCTION AND STATEMENT OF RESULTS

The following result is well known in the theory of the distribution of zeros of
polynomials.

n
Theorem A (Enestrom-Kakeya) — If p(z)= Z 0;7 is a polynomial of degree
i=0
n such that
0,20, 120, _22..20)204>0,

then all the zeros of p(z) lie in | z < 1.

With the help of Theorem A, one gets the following equivalent form of the
Enestrom-Kakeya theorem by considering the polynomial z"p(1/z).
n

Theorem A’ — If p(z)= z 0, 7 is a polynomial of degree n such that
j=0

WR20;20,2....20,>0,

then p(z) has no zeros in IzI< 1.
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Karanicoloff! extended this result to polynomials with complex coefficients and
proved the following

n

Theorem B — Let p(2)= 2 0;Z be a polynomial of degree n such that
j=0

o=age®+beV, j=0,1,2, .,n

ld-yl<m, ay2a,2...2a,20, by2b2...2b,20.
Then p(z) has no zeros in

lzl<r,

where

}1/2

~(ap+bo-ai~b)+{(a+by~a,~b)2 +410y!(a, +b)
r=
2(al+b,)

With the help of Theorem B, one easily gets the following equivalent form of
Karanicoloff’s resuit by considering the polynomial z” p(1/z).

n

Theorem B’ — Let p(z)= Y ;7 be a polynomial of degree n such that

j=0
oj=a;et+heV, j=0, 1,2 .,n, . (1.1}
lo—yl<m, (12
a,2a,_,2...2a,2ay,>0, .. (1.3)
b2 by 2. 2 by 250> 0. . (1.4)

Then all the zeros of p(z) lie in
FARS A .. (1.5)

where

, 1
Y= 2T (1@t b) =@+

. » 2 1/2
[{@+b0-Gu 1+t 0] +410,1Ga vt 0] ),
... (1.6)

We have generalised Theorem B’ and have obtained the following.
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n
Theorem 1 — Let p(z)= z a;Z be a polynomial of degree n such that
j=0

o;=ae?+beY, j=0,1,2, ... , n,

lé-wyl<m
If t;,>1,20 can be found such that

atity+a,  (ti—-t)—-a,_220,
r=0,1.,n+1, . (LD

b tity+b, i (h-1)-b, 120,
a=a=ap,1=b_;=b =b,,,=0,
then all the zeros of p(z) lie in

|Z'S§T%;n—l[{(an+bn)(tl—tz)"(an—l+bn—l)]

+ ({(a, +b,) (1, - 1)~ (a,_ + b,_))}?
+ 410,11 {(@ay+b)ta+(a,_+b,_DH?] .. (1.8)
Remark : For ;=1 and t,=0, Theorem 1 reduces to Theorem B’

By considering ¢, = 0, in Theorem 1, we obtain
n

Corollary | — Let p(z)= Y 0;7 be a polynomial of degree n such that
j=0

(7.]»=aje‘¢+bje’“’,j =0,1,2 ... n

lp-yl<m,

aj>0,bj>0,j =01, 2, .., n
Then all the zeros of p(z) lie in

IZISR, - (19
where
R':le I tl(an+bn)"(an—l+bn-l)
Oty
2 172
+({t1(an+bn)—(an—1+bn~l)} *4'(’""‘(""“+b”’1)) ]
. (1.10)
where
a 9 qn_ 1 E ﬁ bn- 1 .. (L1D)

h=max|{ —, ) ..., T > .
! [01’02 ap ’bl by, b, )

We have further refined the bound (1.9) and have obtained the following
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Theorem 2 — Under the same hypotheses as in Corollary 1, all the zeros of
the polynomial p(z) lie in

{z:1zI1<R',1z-al 2R, for every positive a},

where

172
. _g[-«swa-e‘:—a‘:n{(c3+ds-c‘:-ds'>2+4np<a>a<c‘:+a':>}
““n

2ci +dY) ’
- (1.12)
and cg dg, ¢}, di are given by
p(a)=cj e +dy ey, . (1.13)
[%]L’%Whmw«;éw' e (1.14)

Simultaneously, we have been able to refine Karanicoloff’s bound (i.e. Theorem B")
also and have obtained

n

Theorem 3 — Let p(z) = 2 0,7 be a polynomial of degree n such that
i=0

oj=a;e®+beV, j=0,1,2, ..n,
lo-wyl<m,
an2a,_12...2a;2a>0,
b,2b,_2...2b 2 by>0.

Then all the zeros of p(z) lie in {z:1z1<r,1z—al2R, for every positive a (¢ 1),

”
lz—112R, 121}, where r is as in Theorem B’, R, and associated quantities are as
in Theorem 2,

1/2
Rn_g{—(c2{+d3—cl'—d§')+{(c£{+d€,'—cl'—d1'>2+4lq(l)l(c’{+di’)}
1= »” . ’
" 2(c, +d))
.. (1.15)
q2) = 'p(1/2), . (116)
g(1)=cq €4 +dy e¥ - (117)

n

[3)115'11=c§'e~+d]' o, e (118)
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Finally, we have considered a class of associated analytic functions and have
obtained the following results about the zeros of these analytic functions.

Theorem 4 — Let fl)= 3, o;2 (#0) be analytic in Iz}1<s. If
j=0

(11=a] ei¢+bjei“’,j = 0, 1, 2, . (119)
O<i¢-yi<m, .. (1.20)

and for some finite non-negative integer k,

0<a0$ta1 S....Slkathk*lakH 2...., vee (121)

then f{z) does not vanish in

lzl<§;71: (~log—oy th+(1ag— oy £ 2 +4M, 1 g 1)72), . (1.22)
where
M =2a,t*—a;t+1b 1t+2 i it (k21), . (1.23)
j=2
My =M, e (1.24)

Theorem 5 — Let fiz)= Z o; 7 (F0) be analytic in IzI<r If

i=0
oj=ge?+beV, j=0,1, 2.
O<ld-wyl<m,
and for some finite non-negative integers k and 7,
O<ag<ta <..stq2f*lag 2 ...,
O<by<th)<...s¥b.2Ff*1b. 12 ... , .. (1.25)

then fz) does not vanish in

lzhe— (= log— oyt + (0= 0t 2 + 4 1 0 | mg) 2}, .. (1.26)
2mk, -
where
My =2a* —ait+2b, byt (r,k21) . (127)

’ ’
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mo,=my, 2 1)

2 ’
Moo = My,

2. LEMMAS
For the proofs of the theorems, we need the following lemmas.
Lemma 1 — Let p(z) be a polynomial of degree n. Then

max | p’(z) I £(n/R) max |p(z)!].
lzi=R lzl=R

.. (1.29)

... (1.30)

. (2.1

Lemma 1 is an immediate consequence of Bernstein’s theorem on the derivative

of a trigonometric polynomial’.

Lemma 2 — If p(z) is a polynomial of degree n, having no zeros in | z | < 1,

then

maxlp’(z)ls(ﬂ] max 1 p(z)}.
lzi=1 2 lzl=1

There is equality in (2.2) for p(z)=1+2z"
Lemma 2 is due to Lax2.

n

- (22)

Lemma 3 — Let p(z)= Z 0, Z be a polynomial of degree n such that

j=0
oy=ajet+bie", j =0, 1, .., n,
lo-wyl<m,
a;20,5;20,j=0, 1,2, ..., n.
Then for every real a > 0, p(z) does not vanish in the disc
lz-al<R,

where R, and associated quantities are, as in Theorem 2.

Proof of Lemma 3 —- It is obvious that

’ 2 .
oot {1

n
()
+...+[3J P @)

n!

=

Also

.. (2.3)

.. (24)
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n n
p(D)= z a;d |e®+ Z b7 |eV
= o i

539

= g(2)e® + h(z)e'¥ . (2.5)
where
g= Y a7 . (26)
j=0
h2)= Y b7 . Q7
j=0
are polynomials with non-negative coefficients.
Using (2.5), we get
pla) = g(a)e’® + h(a)e'™ = cg e + dj &Y
a M___ a g'_(_) e+ h(a) eV =c% el + &7 eV
n 1! n 1! n ! !
k k k
a P_(kla_)= a ﬂ@du a me‘“’:cae‘¢+dae"‘”
n) k! nj k! n| & k k
a (")(a 832(‘12 £ + h_(")iﬁ) eV = 2 o 4 I ei¥
n n! n n! " S
.. (2.8)

Now g¥)(z), k = 0, 1,
and non-negative coefﬁcxents. Therefore, applying Lemma 1 to the pol

g® (2), we get
max Ig("“)(z)l<£— max | g® @)1, k=0, 1,

Izl=a

-1,
lzl=a
which implies

g(k+1)(a)5( )g(k)(a) k=01, ... n-1,

<Mt0 p0 @), &

I
e
=
s
I
| ad

And so,

, n — 1 is a polynomial of degree (<n—k) with real

ynomial
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k+1 k
a g(I<+ 3] ga) a g(lc) ga)
- <) - , k=01, ...,n-1,
n k+1)! n k!

which implies that
cgzci2cy2...2cp20. (29
We can similarly show that

&o2dizdsz..2d20.  (2.10)

So by (2.4), (2.8), (2.9), (2.10) and Theorem B, we can say that y,(r) does not
vanish in the disc

Sy d)+ (e di - - P+ 41 p@) (]

ltl<

2Aci+dY)
. (2.1
And as
ta
Wl(i)—P(a'F n ],
we can say that p(z) does not vanish in the disc
12
gy 8| DO H =) +{(G+di-ci-diP+41p@) | (ci+dD)]
T 2ci+ )
This completes the proof of Lemma 3.
n
Lemma 4 — Let p(2)= Z 0; 7 be a polynomial of degree n such that
j=0
o=age?+beV, j=0,1,2 ..,n
lo-wyl<m,
@p2Zazay2...2a,20,
by2by2by2...2b,20.
Then p(z) does not vanish in the disc
lz-11<R, - (212)
where
172
g 2| Cordmci-dd+{(cordy-ci-dif +41p1 L+ d) ]
n 2(c; +dy)
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and c;),d(’),c’l,dll are given by
p(l)=c(’) e"¢+d(,)e"‘4’
[% ]BL—)I'I =cy e +d; eV,

Proof of Lemma 4 — It is obvious that

¢1(1)=P(1+%tj P(1)+(n) z(1) +[%] 2('1)t2+

+....+(~] (")(1) . @.13)
n n!

Also, using (2.5), we get

p(1) = g(1)e® + h(1)el¥ = cg e + dy ei¥

(Z]Ejﬂlz[Z)g_’@ei¢+( )h(l)exw Cl e‘¢+d1 eV
n| 1! n | 1! n

n!

b

[z]’lw‘")l ( ]L—(")(l) e+ ( ]——M(l ev=¢ e"¢+d'eiw
n n ne

- (2.14)

Now g¥(z), k = 1, ..., n — 1, is a polynomial of degree (<n - k) with real and
non-negative coefficients. Therefore, applying L.emma 1 to the polynomial g*)(z), we
get

max | g*+ D (z )|<£—— max 1 g® (D)l k=1,2 oo n-1,
lzt=1 lzl=1
which implies

g (s-kg®), k=1,2, ... n -1,

< ‘2“‘ gO(1), k=1,2 cyn— 1.
And so
k+1
2 ok +1)] (1
(n} S—J—l(kﬂ)! g(n]u—lk' k=1,2 .,n-1 . (2.15)

Also g(z) is a polynomial of degree (< n) with real, non-negative and decreasing
coefficients. Therefore, by Theorem A’ , g(z) has no zeros in Izl < 1 (excluding the
trivial case g(z)=0). And so, by Lemma 2,



542 V. K. JAIN

lzl=1 zl=1

max Ig’(z)ls[g] max | g(z)1,
[

which implies

gs [g )g(l),

1.e.
nal2)y - (2.16)
&( )_\" g).

This inequality is also true in the trivial case (g(z) = 0). Nowm by (2.15) and (2.16),
we can say that

Co2C 202 2Ch20. . 217
We can similarly show that
dy2d,2dy> ... 2d,20. . (2.18)

So by (2.13), (2.14), (2.17), (2.18) and Theorem B, we can say that ¢,() does not
vanish in the disc

’ 7 7 ’ ’ ’ r r ’ ’ 1/2
(ot dy—co—d)+{ (co+dy—ci—d R+ a1 p() 1 (c; +d)) |

bl < L
2(c; +dy)
. (2.19)
And, as
2
¢1(t)=P(l+;tJ,
we can say that p(z) does not vanish in the disc
172
lz—1|<3 -(C0+d0'cl‘d1)+{(co+do—(—‘1-d|)2|+4|p(1)|(cl+dl)}
§ 2c; +dy)

This completes the proof of Lemma 4.

Lemma 5 — Let fiz)= 3, o;2 (#0) be analytic in IzI<¢t. If
j=0

aj=aje‘°+bje“’,j = 0, 1, 2, .

O<l¢-wyl<m,
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oo oo

then ) 1a;1# and Y 1b;18 converge.
j=0 j=0

PROOF : Z lojl# obviously converges. Now, for j = 0, 1, 2, ...
j=0

lo; ¥ 1=1(a; e +b;eV) ¥
= laj;cos ¢ + b; cos ) + i(a; sin ¢ + b; sin )
where

a=a#b,j=01,2, .. - (2220)

bj=bjﬂ$ _] = 0, 1, 2, cees ves (2‘21)

And so, the series

’ ’ ’ ’
lajcos 0 +b;cos y |, z I a; sin ¢ + b; sin y |
j=0

™M s

]
o

j

converge. Hence the series

lajcos 0 +b; coswllsinyl, 3 la;sind+b; sinyiicosyl

V¢

j=0 j=0
will also converge. Therefore the series
Y 1(a; sin ¢ +b; sin y) cos ¥ - (a; cos ¢ + b, cos W) siny | ... (2.22)
j=0

=Y lasin@-w)i= 3, la llsin@-y)l
j=0

j=0

’ .
also converges. And as, O0<i¢-yl<m, the series Z Iajl ie. 2 la;l ¢ also
j=0 Jj=0
converges.

By considering the series

2 | (a; sin ¢ +b; sin ) cos ¢ -(a;- cos ¢ +bj'~ cos W) sin ¢ |,
i=0

3

instead of the series (2.22), we get the convergence of the series Z I b;j1¢. This
j=0
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completes the proof of Lemma 5.

3. PROOFS OF THE THEOREMS

Proof of Theorem 1 — Consider the polynomial
F2)=(t,+2) (t; - 2) p(2) .. (3.1

= =0, 2"+ {0, (1 — 1) = 0 }2"*!
+ {0, 4+ 0, (h—h)— O, _2}2" + ...
+{opnh+o(-h) -0} + {a h+ag(h—h)) z+ont b
= -0, "2+ [{a,(h—1)—a,_1} € + (b, (1) — 1)) — b, _ 1}V !
+ Ha,htata,_ (i —-K)-a,_2} "+...+ {axti 1y
+a(h-n)—ag)? + {atih+ag(th 1)} 2 + agt; ble®
+ [{bita+b, 1 (h—-1) - b2} + ...
+ {baty a4+ by (1) - 1)) — by} 22
+ bttt by(t ~1)} z+boty 1] €V

= _a"z"+2+ [{an(tl_tz)"an-l} e

+ {by(ti~1) — b_,_1} €Y] 2" + R(2)+5,(2), - (3.2)
where R@=|Y lann+a_ (t,-t)-a_,}|7 e . (33)
j=0
S](Z)= Z {bj Lt +bj__| (tl “tz)—bj_z}zj ev. . (3.4)
j=0

For 1z1=Ry; (R2 1), we have

n
IR](Z) < Zlajt,t2+aj_,(t|—t2)—aj_2 |ZV
=0

{gityh+a;_, (t-1)-a;_ 3R, (by (1.7))

\

n
< Z gt n+a_ (h-t)-a; 1)1 | R

(an t2+an—1) R" f]l+11 vos (3.5)
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which implies that
a,b+a,_ =2 0.
Similarly, for Izi=Rt; (R21), we can show that
ISy 2) 1S (bpty+by_ ) ROE!
which implies that
b,t,+b,_20.
Now, for 1zI=Rt, (R21), we have
LR 12 o, izt 2 - {la, (4, - ) —a,_ |
+ b, (1 —t)=b,_ 1} 1zt I R(2) ) -1 51(2) |
2o, [ R*28*2-[{ a,(t ~) - a,_,}
+ by (=) =b, )] R AT

n+1

- {(a,+b)t;+(a,_y+b,_))} R"1)

545

.. (3.6)

.. (3.7)

.. (3.8)

(by (1.7), (3.5) and (3.7))

[Iaanz h - {(an+bn)(tl _12)_(an—l+bn—l)} R

— {(@n+by) ty+ @y +b, DN R G,

la, IR 4 (R- o) (R+B),

where
1
a=2|—‘1n“_1 [{(a,+b,) (1, ~ 1)~ (ay_ 1 +b,_1)}
+ ({(an+bn) (tl _tZ)‘(an—l +bn— I)}2
+ 4lo, |t {(a,+b,)ta+(a,_,+b,_ )",
1
—B=m [{(a,+b,) (t —11)—(ay_ 1 + b, _y)

- ({(ay+b,) (t; 1) — (@ + b, _ )
+ 4ot {(a,+b)th+ (@, + b, )DL
Further (3.2) can be rewritten as
F(Q)=-0,2"*2+ [{a,(t;-t)—a,_} €*2"* 1+ R(2)]
+ [{ba (1 —1) by _{} €¥ 21 +51(2)]

.. (3.9)

... (3.10)

.. (3.11)
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= - @, "2+ [R(2)] + [S()). o (3.12)

As we have obtained (3.6) using modulus of Ri(z) on Iz|=Rt;, we can similarly
obtain

a,20, .. 3.13)

using modulus of R(z) on 1z|=Rt;. On similar lines, we can get
b, 20, .. (3.14)

using modulus of §(z) on lzI=Ry,.

Now we get easily that

—~B<0 (by (3.6) and (3.8)), .. (3.15)

az1 (by (3.13) and (3.14)). .. (3.16)
Therefore for IzIi=Rt, (R21), we have
| F(z)I>0,
if
R>a (by (3.9)).
Hence F(z) and therefore p(z) has all its zeros in

Izl<oay

= 2o, ! H(a,,+b,,) i -t)-(@,_+b,_)}

+ ({(an+bn) (tl_IZ)—(an—l+bn—l)}2
+ 4l iy {(@an+by) b+ (a,_y+b,_)DY2).

And this completes the proof of the theorem.

Proof of Theorem 2 — Tt follows easily with the help of Corollary 1 and
Lemma 3.

Proof of Theorem 3 — Applying Lemma 4 to the polynomial g(z) = z"p(1/2),
we get the region

lz—112R;
containing all the zeros of ¢(z). And therefore all the zeros of p(z) lie in

lz-112R; Iz1. . (317)
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And now, with the help of Theorem B’ and Lemma 3, the theorem follows easily.

Proof of Theorem 4 — QObviously

- o .. (3.18)
g)=fr)= Y o;é7
j=0
is analytic in 1z1< 1. Now, consider the function
G@)=G-)g@)=-0+ (-0 )z+ Y (¢ ' -oy¥) 7
j=2
= -0+ (0g — 0 1)z + $2(2). . (3.19)
For 1z1<1 and k22, we have
L5,(2) 1= Z o #-' oy H)d
< [Z e ‘—ajﬂl}
<| {Z |aj l‘l '—ajt/|+|bj_|ti"—bjt/|)]
k
<1zPLY (@f-a_ d )+ z (@, #- -a,ﬂ)+z (bj_y 18- +1b;14)
j=2 Jj=k+1 j=2
(by (1.21))
= |z|2{2akl“—a|t—a,,t"+|b| t+2 2 Ibllﬂ—lbnll"]. e (3.20)
ji=2

Considering the limit in (3.20), as n—>e, we get, for 1zI<1 and k22, by
Lemma 5

I%(z)lslzlz[Zakt*—a,t+lb,|t+2 Y ijltf}. .. (321)
j=2

For 1z1<1 and k = 0, 1, one can get analogously that

I%(z)ISlzlz{altHb,lt-kZ Y ijlti]. - (322)
j=2
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And so, from (3.21) and (3.22), we can always say that for izI<1
La(2) 1 <12 2 M, (by (1.23) and (1.24))

whatsoever k may be,
Now for 1z1< 1, we have

1G(2) 1210t = 0tg— 0y 11 Z1=10s(2) !
2lagl=log—oyzlizl—M iz (by (3.23))
= -M(zl-o)(z!+P)

where

o = ! {(—tog—oy t1+(log—oy 1R+410p M2},

oM,

_;5=2;, {~tog~otl—(log~0oy tR+4100!1 M )2}

k
Further it is obvious that
-p'<0.
Also
o<1
iff
loglSMi+log—o, tl.
And (3.28) is trivially seen to be true. And so
o<1
Therefore from (3.24), we have, for zI1<1
1G)1>0
if
lzi<aol
Thus g(z) does not vanish in
Izl<a.
Hence by (3.18), fiz) does not vanish in

lzl<tal.

.. (3.23)

. (3.24)

.. (3.25)

.. (3.26)

. (3.27)

. (3.28)

. (3.29)
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And this completes the proof of the theorem.
Proof of Theorem 5 — 1t follows on the same lines as Theorem 4, with a
change :

n r n
Dotby B b= Y, i E b )+ Y, (b ) 22,

j=2 j=2 j=r+1

=Y (bt i-bp), r=0,1

j=2
instead of
n n
Y b F b A< Y, (b 1d- +1b;10).
j=2 j=2
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