Indian J. pure appl. Math., 26(3) : 285-290, March 1995

A NUMERICAL STUDY OF HYDROMAGNETIC
STABILITY OF AN UNBOUNDED COUPLE STRESS
BINARY FLUID MIXTURE HAVING VERTICAL
TEMPERATURE AND CONCENTRATION GRADIENTS

RACHANA!, RAKESH SHARMA? AND S. C. AGRAWAL?

'Department of Mathematics, Hindu Girls College, Sonepat
2Scientist, Defence Metallurgical Research Laboratory, Hyderabad
*Department of Mathematics, Meerut University, Meerut

(Received 25 January 1994; after revision 26 September 1994;
accepted 1 December 1994)

A numerical study of hydromagnetic stability of an unbounded electrically conducting
couple stress binary fluid mixture having temperature and concentration gradients in
the direction of gravity is carried out within the framework of linear analysis. By
actually calculating the roots of eigenvalue equation (of degree 4), neutral stability
curves are drawn and the wave number ranges having non-oscillatory unstable,
oscillatory unstable and stable modes are identified. The effect of physical parameters
such as magnetic force number, Prandtl number and Richardson number is examined.

INTRODUCTION

The study of thermoconvective waves for a Newtonian fluid has been extended
to the fluids with peculiar properties (i.e., viscoelastic, ferromagnetic or electrically
conducting fluids) by a number of research workers. It was recognized that the couple
stresses appear in noticeable magnitudes in polymer solutions (liquids with large
molecules). The field equations for the couple stress vector m;, say, were discussed
by Cosserat and Cosserat! and a modem derivation was given by Truesdell and
Toupin?. Dahler and Seriven® discussed the constitutive equations for couple stresses
in fluids. Boundary value problems arising in fluids with couple stresses were
discussed by Condiff and Dahler*. Stokes® has provided an excellent discussion of
force and couple stresses.

Following the constitutive equations of Stokes, Elshehawey and Abou-Tair®
presented linear anmalysis of couple stress unbounded binary fluid mixture haying
vertical temperature and concentration gradients. Hurwitz’s theorem is used to obtain
the necessary and sufficient condition for the stability of two dimensional
disturbances.
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In the present paper, an attempt has been made to examine the hydromagnetic
stability of an unbounded electrically conducting couple stress binary fluid mixture
having vertical temperature and concentration gradients. Following Elshehawey and
Abou-Tair, we have considered the equations suggested by Stokes and the analysis
is confined to linear stability theory. Analysing the distrubances into normal modes,
an eigenvalue equation of degree four is obtained. The roots of this equation (which
are complex in general) are obtained by using initial approximation by bisection
method and refinement by Newton-Raphson method on S-386 (UNIX-based) at
Defence Metallurgical Research Laboratory, Hyderabad. On the basis of this data,
graphs have been plotted to provide ‘Neutral stability curves’ and the wave number
ranges having non-oscillatory unstable, oscillatory unstable and stable modes are
identified.

MATHEMATICAL FORMULATION OF THE PROBLEM

An electrically and heat conducting, quasi-incompressible, Stokes couple stress
fluid is confined in the infinite space — % <x,y,z <. The z-axis is chosen in the
direction opposite to that of gravity. Following Stokes, the governing equations are
given by

p[%vt--r(V-V)V] = p§-Vp+uV2'6—nV4T5+i“;(Vx H) x H,

w (1)
éE-O'VX(V)(I_{), - (2)
ot
%%+(7~V)T-kV2T, - ()
L.e-wc-kvic, - @)
V-v=0, . (5)
V-H=0, ... (6)

and P =P [1-'-0.(T—T0)—(1’ (C—CQ)], v (7)

" where v, H, e, T, C k k', o and o are respectively the fluid velocity,
magl;etic field, density, pressure, dynamic viscosity coefficient, material constant,
temperature, solute concentration, thermal diffusivity, solute diffusivity, thermal ex-
pansion coefficient and solutal expansion coefficient. g = (0, 0, — g) is the gravita-
tional acceleration and the suffix zero refers to values at the reference level z = 0.

In the undisturbed state, the Stokes couple stress fluid is at rest, constant
temperature and concentration gradients are maintained in the fluid and the uniform
magnetic field acts in the horizontal direction, so that the basic state is described as
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V=(0,0,0),H=H, 0, 0),
T =Ty-Pz, C=Co-P'z,
p=po{1+(af+a’p)z},
P=pPo-pog{z+(1/2) (ap+a'§) 2| )

The basic state characterized by (8) is slightly perturbed, equations in
perturbations are linearized within the frame work of classical linear theory of
stability, an arbitrary perturbation f' (x,y, z,t) is analysed into normal modes as

f'(x,y,2,t) = fexp [i (ax + by + c2) + o]
and the perturbation quantities f are eliminated to yield the fourth degree eigenvalue
equation

2

Hj o' a2
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pps )(o+kr2)(o+k'lz)
= gppm?[aflo+kP)+a' B (0 +k P)),
where a, b and ¢ are real, o is complex in general and
Pua?2+b24c2 mimas b2

Restricting our discussion to two-dimensional distrubances in the x, y plane (so
that ¢ = 0) and introducing the transformations

Uo o*
d

O = ] (a’m)-%(at’ m‘)v

the final eigenvalue equation (after dropping stars) is obtained as
o+ [(P,+ 1) Rym? + Rym? + Rym*] 03
+ [Saz +R2m‘ {Pr (R2 +R3) +R3} +R4 mb (R2 +R3) —j-—j’] o?

+ [Sa? (R, + Rs) m2~(JRy +j' R;) m* + P,RGRymS + R, Ry Rymb) o

+ SRRy a2 m# = 0, - )
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J-Mand j= o f g d’ are Richardson numbers,
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P,-% is the Prandtl number and

woH .
S= is the magpetic force number.
4x Po 50 .

NUMERICAL RESULTS AND DISCUSSION

Equation (9) is a biquadratic equation in o with real coefficients which depend
upon m, a, P,, S, J, J', R,, R; and R,. It is observed that eqn. (9) reduces to a
cubic equation in the absence of magnetic field. It follows that an additional mode
is introduced by the presence of a magnetic field.

All the four roots of eqn. (9) have been calculated by using initial approximation
by bisection method and refinement by Newton-Raphson method. Our aim has been
to examine the effect of various parameters such as the Prandtl number P,, magnetic
force number S and the Richardson numbers J and J'. This has been achieved by
actually calculating the roots of the equation (correct up to 7 decimal places). The
calculation of critical wave numbers has lead to the neutral stability curves.

Figure 1 shows the critical wave numbers for different values of magnetic force
number S. It is observed that as S increases, m;, decreases and a very large magnetic
force number is required to stabilize the system for all wave numbers. In the absence
of a magnetic field, unstable modes which exist for wave numbers m < 1.19875782
are non-oscillatory and the stable modes are also found to be non-oscillatory. In fact
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Fic. 1. Characterization of modes, Py=Rz=Rs=Rs = 05,J = J = 05.

when S = 0, the eigenvalue equation is cubic in ¢ and has all roots real For m <
1.19875782, two foots are negative (stable modes) and one root is positive (unstable
mode) and for M > 1.19875782 all roots are negative. For a given non-zero S, a
value of m, say m’, is obtained such that for m < m" unstable modes are
non-oscillatory, for m* < m < mc; unstable modes are oscillatory and system becomes
stable for m > myy. The eigenvalue equation has two negative roots and two complex
roots with negative real parts for mey < m < m"" and all the four roots become
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negative for m > m**. Though we have not exactly calculated the value of m**,
we have some approximate idea of the size of m**, e.g.

1.7<m** <18 for S =2

19 <m** <20 for § =4

Growth rate of unstable modes for different values of § is shown in Fig. 2.
On the basis of Fig. 3, it is concluded that

(i) Prandt! number P, has a stabilizing character,

(ii) a large Prandtl number is required to stabilize ‘the system for all wave
numbers.
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FiG. 2. Growth rate of unstabie modes for different values of S in (M, o,) plane.
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Fig. 3. Characterization of modes, R =Ry = RyaJ =] = 035, § = 20.
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(iii) for a given P,, the modes are non-oscillatory unstable for m < m’, oscillatory
unstable for m* < m < mg; and stable for m > mg; and

(iv) the range of both non-oscillatory unstable and oscillatory unstable modes
decreases as P, increases.

For all the negative values of J, the modes are found to be stable in the wave
number range 0.1 sms< 2.0 investigated by us. As J increases through positive
values, system becomes more unstable, the critical wave number increases as J
increases and the range of both the non-oscillatory unstable and oscillatory unstable
modes increases with the increase in J. J' has the same character as J.
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