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We study the periodic boundary value problem
X+ Rx(O)x (1) + g(t, x (t 1)) + h{x(2)) = p(2)
x(0) —x(2m) = x (0) - x 2m) ~x (0)~x (21) = O

under some resonant conditions on the asymptotic behaviour of x~! g(t, x) for | x |
-» ®, The uniqueness of periodic solutions is also examined.

1. INTRODUCTION

In this paper we study the periodic boundary value problem

x+fx)x +glt,x (t—1)) + h(x) = p()

e (11)

x(0) - x(2m) = x (0) —x 2n) =x (0)—x (2%) =0

with fixed delay Tt €]0, 2nx), where f : R — R is continuous, P : [0, 2n] — R and
g : [0, 2x] xR-—=>R are 2xn-periodic in ¢t and g satisfies certain Caratheodory
conditions. The unknown function x : [0, 2n] — R is defined for 0 < t << by
x(t — t) = [2n~(1~v)]. We are specifically concerned with the existence of periodic

solutions of eqn. (1.1) under some resonant conditions.
The differential equations

x+ax +flx)x+g(t x(t — 1)) = p(t)
x(0) — x(2m) = x(0) —x (2n), x (0)~x (2n) = O

in which a= 0 is a constant and



330 S. A IYASE

X+ f(x)x +bx+ gt x(t—1)) =p(t)
x0)-x2r)=x(0)~x(2n) = x 0)-x 2n) = 0

with b < 0 a constant were the object of a recent study* 8 Results on the existence

and uniqueness of 2m-period solutions were established subject to certain resonant
conditions on g.

In what follows, we shall use the spaces C({0, 2n]), C*([0,2n]) and
Lk ([0, 2x]) of continuous, k times continuously differentiable or measurable real
functions whose kth power of the absolute value is Lebesgue integrable. We shall
also use the Sobolev space Wg;[2 and H}ﬂ respectively defined by

Wi’ = {x : [0, 2] —R|x,x,x are absolutely continuous on

[0, 2x), x¥ €13, and x(0) - x(2%) = x(0) - x(2%) = x(0)—x (2n) = 0}

with norm
3
2 .
xBp= 3 [ 100 Par
i=0 0
and
Hi,={x : [0, 2r] — R|x is absolutely continuous on
[0, 2n] and x €L%}
with norm

2n 2 2n

|x|§&- 120 [ x(i)dt | +1/2n [ |x() P
0 [¢]

2. THE LINEAR CASE

Let us consider the equation

W +ax (D+bx(t-t)+cx =0 ~ 21)
x(0)—x(2n) = x (0) —x (2x) =x (0)—x (%) =0
where a, b, ¢ are constants.
Lemma 2.1 — Suppose that
(n—12<b<n? - (2.2)

where n=1 is a positive integer, then eqn. (2.1) has no nontrivial 2n-periodic
solution.
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PROOF : We consider a solution of the form x(f) = €M where A=in with
2 =~ 1.

Then Lemma 2.1 will follow if

Y(n,t)=-nt+bcosnt=0 w (2.3)

for all n=1 and T E{0, 2m).
By (2.2) we get

Y, t)s-n?+b < 0.

Therefore y(n, T) = 0 and the result follows. If xE L, we shall write

2n
i [ o) dt, Xt)=x(t)-%
0

so that

x(t)dt = 0.

ot

Our next result concerns the delay equation
Feak + BO)k(t-1) + cx = 0 - (24)

2x0)-x2x) =x (0)-x (2n)=x (0)—x (2n) = O
where a, ¢ are constants and bE L.

Theorem 2.1 — Let ¢ = 0. Suppose that b(f) satisfies
0 < b(t) < 1, t€[0, 2xn). - (2.5

Then for arbitrary a eqn. (2.4) admits in W3’ only the trivial solution.
PROOF : If x is a possible solution of (2.4) then since

1 J- L, ..
— | -x(@ax +cx)dt = 0
2n 0

as can be easily verified, we have from (2.5) that

p- 3
0= ﬁ{ _F(Fear +bOx(t-1)+cx) dt

2x
1 -
— -b(t)xx(t-T))dt
2"{
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Using the identity

we get

17 0

- = =, O

_27t~0r T
2

.1

2n
0

Using the fact that

2n 2n

A. IYASE

[f(:)—i(z-r)]h@iz(t)-i‘%ffza-r) dt

I (}‘Z(z)-%(ﬁ(t)+§2(t-1:))dt.

[ 22@wd= [ ¥2(-v)de

0 0

we get

© b

=L
T 2n

=0|£f, =8 l4f,

(x2(r) - bt) $2 () dt

by Lemma 1 of Mawhin and Ward® where 8 > 0 is a constant. This implies that x
= constant a.e. But a constant map cannot be a solution of (2.4) since ¢ = 0. Thus

x=0.

3. THE NON-LINEAR CASE

We shall now consider a preliminary Lemma which will enable us obtain
a priori estimates required for our resuits.
Lemma 3.1 — Let all the conditions of Theorem 2.1 hold and let & be related

to b(t) by Theorem 2.1.
Suppose that for V& L%,(

OsV(t)sb(r) +¢ ae., t€[0,2n], e > 0.

Then

1
2

o ¥

-x()(x+ax + V() x(t—-T) +cx)dt

2(0-¢)| X3
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PROOF : Integrating by parts and using the identity

_apla=bl @ P
2 T272

and noting that

Ela? —H0) (ax +cx))dt = 0

ot ¥

we get

2
1 —~en- .
- -x(x+V(Ox(t—-1))dt
2n 0-{;

2n
1 = -
=— | (x2()-V() X2()) dt
2
2n . . 2n
> ﬁ { (E,Z(z)-b(t)EZ)dt——Z%{ 20 dt

= 8|xf, —e|x[}
2 8% f-e|xf
= @®-9)lx k.
We shall next consider the non-linear delay equation

X+ R x)x +glt, x (1, T)) + hix) = p(£) . (3.1)

x(0) —x(2m) = x(0) - x (2) = x (0)~x (2%) = 0

where f, h : R — R are continuous functions and g : [0, 2x] xR — R is such that
g(- x) is measurable on [0, 2x] for each xER and g(¢, ‘) is continuous on R for
almost each t € [0, 2x]}.

We assume moreover that for each r > 0 there exists *{,EL%,t such that
|gt,y)|=y,(t) for ae tE€[0,2n] and all xE[-r,7] such a g is said to satisfy
Caratheodory’s conditions.

Theorem 3.1 — Let g be a Caratheodory’s function with respect to the space
L%,, such that

(i) There exists s > 0 such that

xg(t, x) =0 for |x]2s.
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(ii) Lim supg—lsb(t) uniformly a.e.

|x|—=+x
for t € [0, 2n] with b(r) satisfying 0 < b(f) < 1.
(iii) Lim sign (x) h(x) = + .

jxj—>+e

Suppose further that PEL3,, then for arbxtrary continuous function f eqn. (3.1) has
at least one 2n-periodic solution.

PROOF : Let 8 > 0 be related to b by Lemma 3.1. Then by (i) and (ii) we can
find R > 0 such that for a.e tE€ [0, 2n] and all x with |x|=R we: have

0581 Zsb(t)-r—— - (32)
Let us define as in Iyase*
x1 g(t, x), |x{=R
~ _Rlg(t,R), O0<x<R
Y(6x)= -Rg(t,-R), -R<x<0
(1), x=0.
Then
os‘y'(:,x)sb(:)+% - (33)

for a.e t€[0,2n] and all xER.
Clearly the function

E=Y(tx(t-1)x(t-7)
is a Caratheodory function. So also is g, defined by
8o (t,x (t~)) = g(t, x (¢ 7)) - g (£, x (¢ - 7).
Thus there exists y, € L2, such that
180 (& x (t-T) | s %0 ().

for a.e t€[0,2n] and all xER.
Problem (3.1) is thus equivalent to

X+ A0+ x(t-)x(-T)+g (L, x(t—-T) +hx)=p() 34

to which we shall apply coincidence degree theory*.
Let X =C2[0,2n}, z=L3,.

domL = {x €EX:x(0)—x(2n) = x (0) - x(2%) = x (0)-x (2x) = 0 and

x,x are absolutely continuous on [0, 2x]}.
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Define as in Mawhin and Ward’®
idomL C x =z, x—=x
1x —=»z, x> flx)x

tx =z, x> Y (Lx(t~))x(t-1)

T Q mo

:x—»2z, x> h(x)
tx—>z, x> b)x(t—-7)
Go: x =z, x = golt,x (t-71)).

The proof of the theorem will follow from Theorem 4.5 of Mawhin’ if we show
that the possible solutions of the equation

Lx +MNFx+ (1 —-MAx+AGx+ A G+ (1 -M)ex + MHx =Ap(f) ... (3.5)

where ¢ > 0 are a priori bounded independently of A € [0, 1}.
For A = 0 we get the equation

x+b()x(t-t)+cx =0

which by theorem (2.1) has only the trivial solution.
Observe that

Os(1—k)b(t)+A?'(t,i(t—t))sb(t)+-g-.

Hence by Lemma 3.1 we get

ot ¥

i ZHO (e MR E + (-0 B + AT (8, 32 - 1))

x(t—1)+(1-A) ex}

23 1xp
2!t e

0= -zlu— —F) (MO & + [(1-1) o)

© b

+ N x(t-t)]x(t-t)+(1-Ncx

+ A go (t, x(t— 7)) + Mr(x) - Ap(1)} dt
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=8 |5B-2x vk + o) |5k,
and by Wirtingers inequality we get
zilk'lg—-ﬁlib, for some B > 0.
Hence
| Izs%?-sl, B > 0. - (3.6)

The inequality (3.6) implies that

|x|e<Bs, |x|2sBs, for some Py, > 0, B3 > 0.
By the continuity of f we derive that

| A x) | s B4 for some B, > 0.

Taking the average of eqn. (3.5) on [0, 2] we get by the mean value theorem

2n
| (1= 1) ex(t%) + Ma(x () | = (1—x)ci{x(t)dt
1
—2;f h(x()) dt
2n
ﬁf (1=0) () + A V{1, (e 1)) | | 1 — ) | di
0

2 1 2n
IRE: (t,).c(t—t)ldt+£f | p(e) | dt
0 0

i
2:rt
) .. (3.7
Sﬁ2(1+§)+|Y0|1+|P|1=35- -7

for some * € [0, 2n]. By (iii) for any k > O there is g =g,> 0 such that | h(x) | =
sign(x) h(x) > k for every | x | > max {L: ,q} . Hence for any A€ [0, 1] we have

(A=A ex+ Ah(x)|=sign () (1 -N) ex+Mr(x)) 2 (1 -Nk+ M=k

for every |x'|>max{§, q}. We now choose k > fs, and derive that

|x(t*)|smax{% }- Be. .. (3.8)
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From (3.8) we obtain
L=
x(t) = x{(t*) + 5 ,f x (s) ds.

Hence

|x]esBs+|x]osPs+Ba=Br .. (39)
for some B, > 0.

From eqn. (3.5) and by continuity of & we obtain

|x];sBsg for some Bg > 0. . (4.0)

Now since x (0) = x (2m), there exists z, € (0, 21) such that x (fp) =0. Hence

2
X(0)=x (1) + [ X (5)ds.

I
Therefore
| X |« = By for some By > O.
Hence
|x|e=lxle+|x|o+]x | s By + B2 + By = Bro.

Choosing p> B, > 0 we obtain the required a priori bound in c? {0, 2n] inde-
pendently of x and A.

4. UNIQUENESS RESULT

If in (1.1) ix) = a, h(x) = d where a and d are constants, then we have the
following uniqueness result.

Theorem 4.1 — let a and d be constants with 4 > 0. Suppose g is a
Caratheodory function satisfying

LEEX) g x)

0 (x1—x3)

for all x),x, ER, x, =x,, where b(f)E L}, is scuh that 0 < b(f) < 1. Then for all

arbitrary constant a and every T & [0, 2rn) the boundary value problem

% +ax +g(t x(t—1)) +dx=p(t) - (41

x(0) = x(2n) =x (0) —x(2m) =x (0)-x (2n) = 0

has at most one solution.
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PROOF : Let x;, x, be any two solutions of (4.1). Set x=x; —x,. Then x satisfies
the b v p
X+ax +b(t)x(t-Tt)+dx = 0
x(0) —x(27) =x (0) —x(2n) =x (0)~x (2n) = O
where the function b(") €L}, is defined by

g(t’ xl (t - 1)) - g(t’ X.:Z (t" T))
b(t) - x (t - 1:)

5 if x()=0

if x()=0

If x = 0 on every subset of [0, 2] of positive measure, then x = constant = O since
d = 0. Hence x; = x,. Suppose that x(f) = 0 on a certain subset of [0, 2r] of positive
measure. Then using the arguments of Theorem 2.1 we have that x = 0 and hence
X, =X,
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