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The ‘semi-strong chromatic number’ % (G) of a graph G is the minimum order of
a partition L of V(G) such that every set § in L has the property : no vertex of G
has two neighbours in S. The number  (G) is determined for various known graphs
including trees and block graphs, and some bounds are obtained for it. Also graphs
G for which %, (G) = | WG) | are characterized and an open problem is stated.

Let G = (V, E) be a graph. For u €V, let Nu) = {vEV:wvEE} and Nu] =
N@uw) U {u}. According to Berge! (p.448), a set S CV is ‘strongly stable if | Nfu]
Ns | <1 for all u€ V. Following this definition, we call S ‘semi-strongly stable

(s-strongly stable)’ if | N(w) [ S| s1 for all #€ V. Clearly, S is s-strongly stable

if and only if S contains no two neighbours of a vertex. Note that a strongly stable
set is independent, but an s-strongly stable set need not be so. In fact, if S is

s-strongly stable, every component in the subgraph (S) induced by § is
either K, or K.

An ‘s-colouring’ of G is a colouring of the vertices of G such that the set of
all vertices receiving the same colour is s-strongly stable. An ‘s-partition’ of G is a
partition of V into s-strongly stable sets. The ‘semi-strong chromatic number’
%s (G) of G is the minimum order of an s-partition of G. Such a partition is called
a -partition of G. The purpose of this paper is to initiate a study of x, (G).

The ‘neighbourhood graph N(G)’ of a graph G has the same vertex set as G,
and two vertices are adjacent in N(G) if they have a common neighbour in G (see
Brigham and Dutton?). Clearly, for any graph G, x(G) = X (N(G)), the chromatic
number of N(G).

The notation and terminology of the book by Harary® is used here.
We start with some elementary observations.

Proposition 1 — (1) 4, (Kp)=p, p#2, % (Kpn) = n, msn.

. v _ [ 2if n=0 mod4
(2) For the cycle C, on n vertices, %;(C,) = { 3 otherwise.
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1if ns2.
2if nz3.

(4) For the wheel W, on n vertices, ¥ (W,)=n.

(3) For the path P, on n vertices, ¥ (P,) =

We now obtain some bounds for ¥, (G).

Proposition 2 — If A(G) is the maximum degree of a graph G, then,
A(G) = % (G), v (1)

with equality for trees (= K,).

PROOF : Let v be a vertex of G with deg v = A. In any s-colouring of G, the
A neighbours of v must be given different colours. Hence (1) follows.

Suppose now G is a tree. We can s-colour any vertex of G and extend to an
s-colouring of all of G with A colours :

Assume X C V(G) is s-coloured. Let u € V(G)—X such that u € N(v) for some
vEX. Since v is the only neighbour of u in X, there are A — 1 distinct colours

different from that of v available for N(u) — v. Assign a colour not used in
NWV) — u to u.

We now have an s-colouring of X {_) NMu] and can continue by induction. Hence
% (G) <A and equality holds in (1). |

We observe that for a graph G, %,(G) = 2 if and only if every component of
G is either a path P,,n=z3, or a cycle C,, n = 0 mod 4. This follows from
Propositions 1 and 2.

Note that it is possible for x, to be arbitrarily larger than A. We establish this
fact in the sequel.

Proposition 3 — If %(G) is the chromatic number of a connected graph G, then,
x(G) = % (G) if G=K,.

PROOF : It is well-known that x(G) < A + 1. Thus from (1),
X(G) - 15 A(G) = x5 (G)-

If %(G)-1=A(G), then, by Brook’s theorem (Harary?, p.128), G is either
complete or an odd cycle. In both cases, %; (G) = A(G) + 1 by Proposition 1. If
x(G) -1 < A(G), then, x(G) = A(G) s % (G).

Note that the result is not true when G = K, since ¥(K;)=2, and
X (Ka) = 1. ]
We now obtain tight bounds for two classes of graphs.

A ‘block graph’ is one in which every block is complete, and a ‘cactus’ is a
graph in which every block is either K; or a cycle.

Proposition 4 — If G is either a block graph or a cactus, then,
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Asy(G)<A + 1. .. @)

PROOF : In view of (1), it suffices to establish the upper bound. We do this by
describing an s-colouring of G with A + 1 colours. Let G be a block graph. If G
has exactly one block, then G is complete, and xs(G)=A+1 if G=K,. f G =
K,, then, x,(G) = A. Suppose G has more than one block. Let v be a cut vertex
with deg v = A. First colour v and its neighbours differently with A + 1 colours.
Next, consider a cut vertex u adjacent to v in a block B. All the neighbours of u
in B being already coloured, colour the other neighbours of u differently with colours
not used in colouring the vertices of B. This is possible since there are A + 1 colours
and deg u s A. Continuing this process, we can colour the entire graph G with A +
1 colours. In the above colouring we observe that any two vertices adjacent to a
given vertex are coloured differcntly, and thus this is an s-colouring of G with A +
1 colours.

Now let G be a cactus. We prove % (G)<A + 1 by induction on the number
n of blocks in G. If n = 1, the result is true since G is either K, or a cycle. Suppose
n > 1, and the result is true for all cacti with n blocks. Let G be a cactus with n
+ 1 blocks and let B be an end block of G with cut vertex v. Remove the vertices
of B except v from G resulting in a cactus F with n blocks. By hypothesis, F can
be s-coloured with A(F) + 1 (and hence with A(G) + 1) colours. Consider such a
colouring of F with A(G) + 1 colours. If B is a cycle, then, degrv + 2 =
deg; v s A. Therefore, out of A(G) + 1 colours, at most A(G) ~ 1 colours have been
used to colour v and its neighbours in F. Using the remaining two colours, and the
colour of v, the cycle B can be coloured such that no two neighbours of a vertex
are coloured the same. This gives an s-colouring of G with A(G) + 1 colours. If
B =K,, a similar argument holds. B

We now characterize block graphs for which the upper and lower bounds in (2)
are attained.

Proposition 5 — If G is a block graph, then, %, (G)=A + 1 if and only if there
exists a vertex of maximum degree which does not belong to a K,-block.

PROOF : Let deg v = A in G. We observe that if no block at v is K,, the
vertices in N[v] must be assigned distinct colours in any s-colouring of G. This
implies %, (G)= A + 1, and hence by (2), %, (G)=A + 1. Conversely, suppose at
every vertex of maximum degree in G, K; is a block. We now describe an s-colouring
of G with A colours, and then by (2), this implies ¥, (G)=A. Let deg v = A, and
let vu be a block K, at v. First colour v and its neighbours with A colours giving
the same colour to v and u, and different colours to all other neighbours of v. Next,
let v; be a cut vertex adjacent to v. If deg v, = A, there exists a block K, at v;, and
an s-colouring of v; and its neighbours with A colours as above. If deg v; <A, the
vertices in N[v;] can be coloured differently using at most A colours, which turns
out to be an s-colouring of v, and its neighbours. Continuing this process, we have
an  s-colouring of G with A colours. This implies %,(G)sA, and by (2),
% (G) = A. |
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A similar characterization for cacti is an open problem. However, we note that
the lower bound in (2) is attained for a cactus C when C=C,, n=0 mod 4. The
upper bound is attained for a cactus C when C=C,, n# 0 mod 4. Alse, one can
prove that if no vertex v of the cactus G with deg v = A belongs to a Kj, then,
Xs (G) = A.

The edge covering number a; of a graph G is the minimum cardinality among

all sets X C V(G) such that X contains an end-vertex of each edge of G. The matching
number $; of G is the maximum number of independent edges in G. It is easy to
see that a; + B; =| V(G) | for graphs G without isolated vertices.

Proposition 6 — If G is a K3-free graph of order p, and has no isolated vertices,
then, % (G) s a;.
PROOF : Let u;v;, 1sisp; be the edges of a matching in G, and F; = {u;, v;}.
B
Then, {F;,F,, ..,Fy} together with p — 2B, singleton subsets of V(G)- | F;
i=1
form an s-partition of G, since G is Kj-free. Hence, % (G)s(p—-2p1) + Bi=
p-Bi= .
Proposition 7 — Let G be a Kj-free graph of order p with a 1-factor. Then,
s (G) s p/2.
PROOF : By Proposition 6, we have ¥, (G)sa;=p—f;=p/2 n

Proposition 8 — Let G be a graph of order p with diameter 2. Then,
% (G)2[p/27.

PROOF : Let {V}, V5, ..., V;} be an s-partition of G. Then, any two vertices u
and v in any V;, 1sis<k should be adjacent. For otherwise, since diameter of G is
2, there exists a vertex w adjacent to both u and v, which is not true. Since any
vertex in V; can have at most one of its neighbours in V,, each subgraph (V;) is
either K; or K,, and the result follows.

From Propositions 7 and 8, we can deduce the following corollary.

Corollary 8.1 — If G is a Kj-free graph of order p with diameter 2 and a
1-factor, then ¥, (G) = p/2. [ ]

There exist several graphs satisfying the conditions of Corollary 8.1. For example,
let G be the graph obtained from Cg by joining every pair of vertices v; and v; with
d(vi,v;) = 4. Also, let H be the graph obtained from Cj, by joining every pair of
vertices v;and v; with d(v,v;) = 3 or 5. Then, both G and H are Kj-free, have

diameter 2 and a 1-factor. For both these graphs as well as for the Petersen graph
% =p/2, by Corollary 8.1.

We now characterize graphs G for which ¥, (G) =| V(G)|.

Let y(G) and d(G) respectively denote the domination number and the diameter
of a graph G.
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Proposition 9 (Brigham and Dutton?) — The following are equivalent for graphs
G on p=3 vertices :

(1) N(G) =K,

(2) d(G)s2 and every edge of G is on a triangle.

(3) ¥(G) = 3, where G is the complement of G.

We now deduce

Corollary 9.1 — The following are equivalent for graphs G on p = 3 verices :

(@) %(G) =p.

(b) d(G) =<2 and evey edge of G is on a triangle.

© v @© =3

PROOF : (a) = (b). %, (G)=p = x(N(G))=p => N(G) =K, and this implies (b)
by Proposition 9.

(b) = (c) and (c) = (a) by Proposition 9.

Several graphs exist for which Corollary 9.1 holds. For example, in C,,_; where
n is odd, join all pairs of distinct vertices v; and v; if d(v,v;) = (n—1)/2. Let G be
the graph thus obtained. Similarly, let H be the graph obtained from C,, (n even)
by joining all pairs of distinct vertices v; and v; if d(v,v)sn/2. Then,
%(G)Y=2n-1, and ¥ (H)=2n.

Let o(G) denote the order of a maximum clique in G. The following result
provides a sufficient condition for %(G) = x(G).

Proposition 10 (Brigham and Dutton?) — Let G be a graph of order at least
three. Then, any two of the following properties implies the third.

(1) NG) = G.

2) o(G) = 2.

(3) dG) = 2. |

Corollary 10.1 — Let G be a Kj-free graph with diameter two. Then,
%(G) = x(G).

PROOF : This follows from Proposition 10 since the given conditions imply
NG) = G.

Clearly, the subgraph induced by the union of any two sets in a y(G)-partition
of G is bipartite. This is also true for any ¥, (G)-partition of G.

Proposition 11 — Let L = {V,V,, ..., V;} be a x/(G)-partition of G. The
subgraph H;=(V;UJ V;) of G is bipartite for all i and j.

PROOF : Each component in the subgraphs H;=(V;) is either K; or K,. Also,
each vertex in V; has at most one neighbour in V; and vice versa. Hence, the degree
of any vertex in Hj; is at most two. Suppose the subgraph H;; contains a cycle. Since

a vertex of degree zero in H; or H; has degree at most one in Hj, the vertices of
the cycle have degree one in H;or H;. Hence, the edges of the cycle are the edges
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in H;or H;, or edges from V; to V; Thus, if ey, ey, ..., e, are the edges of the cycle,
and e; €EH,, say, then, e, is an edge from V;toV;, e;EH,,. ¢, is an edge from
Vito V,, etc. This implies n = 0 mod 4, and proves that every component in Hj; is
either a path or a cycle C,, n= 0 mod 4. Thus, H; is bipartite.
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