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Statistical signal processing plays a crucial role in the design of many modern
engineering systems. The availability of high performance, high speed DSP (digital
signal processing) devices has seen this role increase by leaps and bounds. This paper
takes up an overview study of the developments in this field with special reference
to the last two decades as well as curmrently emerging trends. After a quick review
of the Wiener and Kalman filtering theories, which served as major precursors to
modern statistical signal processing, we address the important developments in adap-
tive filtering and modelling— a subject which has received a lot of attention in the
eighties, and which continues to make strides to this day. Another area of consider-
able interest in the recent literature is concerned with the problems of harmonic
retrieval and direction-of-arrival (DOA) estimation of plane waves from sensor array
data. Finaily, the recent emergence of "higher order statistics” (HOS) like cumulants
and polyspectra as important tools in signal processing is highlighted.

1. INTRODUCTION

Many complex modern engineering systems owe their success to signal
processing algorithms that are imbedded into their design. Some examples of such
systems comprise radar and sonar systems used extensively in air and ocean
surveillance, speech coding and recognition systems, geophysical exploration,
communication systems, biomedical and aerospace systems — and many others. The
field of signal processing has witnessed tremendous progress in recent years, both in
theory as well as applications. This has been possible because of the availability of
DSP (digital signal processor) chips and other high speed computing elements at
reasonable cost. Thus, today signal processing is equally relevant to esoteric defence
and space applications on the one hand, as well as commercial and domestic
applications on the other, which are becoming an economic force in the marketplace.

Historically, signal processing has evolved through a wide intermingling of ideas
and practices in all these application areas. From the point of view of techniques
used, the field of signal processing can be broadly classified into two major
categories, viz., digital signal processing and statistical signal processing. Digital
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signal processing is the discrete-time counterpart of the analog or continuous-time
processing conventionally employed (and still in vogue) by electrical engineers. It
has arisen primarily from the early efforts of- the speech processing researchers in
the late 1960’s and early 1970°s in a bid to develop tools and techniques which
could help them try out their complex signal processing ideas on a digital computer.

The field of statistical signal processing, on the other hand, has its origins in
the early developments of signal detection and estimation theory (including the
classical works of Weiner, Kolmogorov, Middicton, Davenport, Woodward, Helstrom
and Van Trees, to name just a few) as well as in the theories developed by
statisticians and econometrists for the analysis and forecasting of time series data.
Over the last three decades, the field of statistical signal processing has contributed
to and derived benefits from developments in digital filtering, system identification,
adaptive filtering, spectral estimation, speech processing, and of course, the original
areas of statistical estimation and detection.

The purpose of this paper is to present a glimpse of the kind of results in
statistical signal processing, that have assumed importance in the last few decades,
either for their theoretical elegance or their practical importance, or both. Because of
the rather wide scope of the subject, the treatment here is admittedly somewhat
myopic in that we have taken only a few application areas as a vehicle for illustrating
how signal processing problems have been or can be formulated in a statistical
framework and how the research. community has either applied known techniques or
have used new elegant approaches to obtain practical (engineering) solutions where
theory becomes intractable.

The application areas which are taken up for a detailed review here are those
of optimal linear filtering, adaptive filtering, high resolution spectral estimation (or
frequency estimation) and applications of higher order statistics. Statistical signal
processing for these applications constitutes a large body of work and the techniques
used here are representative of work in many related areas. We hasten to add that
even in this limited domain, our review perhaps manages just to touch the proverbial
tip of the iceberg, whereas many other recently evolving application areas such as
applications of hidden Markov models have had to be left out in the interest of
brevity.

The paper is organized as follows : section 2 takes an overview of one of the
most classical topics in statistical signal processing, namely, that of optimal linear
filtering. The Wiener and Kalman approaches to the problem are briefly outlined,
since these form the precursors to the more modern adaptive filtering theories, which
form the subject of section 3. Section 4 is concerned with the problem of high
resolution estimation of sinusoidal frequency components in a harmonic signal
corrupted with Gaussian noise. Section 5 presents a short resume of the recent interest
generated in the applications of higher order statistics to signal processing.

This review makes no pretentions of completeness. The objective is not to be
comprehensive, but rather, to give a flavour of the application areas.
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2. OPTIMAL LINEAR FILTERING
2.1. The Wiener Filter

The problem of linear mean squares estimation of a signal, corrupted by additive
noise is a classical problem frequently encountered in communication and control
engineering. The first elegant solution to this was provided by Wiener!, who
formulated the problem as a linear filtering problem where the filter was derived via
minimization of the mean square error between the actual signal and the filtered
output. Wiener used variational calculus techniques to obtain the explicit filter
expression and the filter is universally known as the Wiener filter. In the following,
we give a brief account of the Wiener filter — both in the context of causal and
non-causal estimation.

Consider a signal y(n) obtained as a superposition of two processes — an original
signal process x(n) and a zero mean additive noise v(n), ie., y(n) = x(n) + v(n). It
is required to derlve a linear filter with unit sample response A(n) such that the
filtered output x(n) obtained via filtering of y(n) forms the best approximation of
x(n) in the mean square sense, i.e., E[x(n) — x(n)]2 is minimum. The general solution
to this problem is obtained from the discrete Wiener-Hopf equations? given by

Ry(m)— ¥ Ry (m—kyh(k) = 0, for all m, -~ (D)
k=—x

where R, (m) = E[x(n) y* (n-m)), R, (m) = E[y(n) y* (n — m)]. Taking 2 transform of
both sides, where z = re/®, one then obtains

S - 2
H(Z)= x}’(z) ( )
S,y (2)
where H(z) is the filter transfer function in the z transform domain and
S, (2)= 2 R,(m)z™ and S, (2) = 2 R, (m)z™ For z = €* (ie., on the unit

circle in the complex plane), S, (z) and S, (2) respectively become the cross power

spectral density between the processes x(n) and y(n) and the auto-power spectral
density of the process y(n).

Equation (2) provides the explicit form of the Wiener filter transfer function. In
general, the filter as given by (2) is non-causal in nature and thus cannot be realized
in real time, though in many non-real time applications, it has been used successfully.
For causal estimation, k(n) is constrained to be zero for n < 0, or, equivalently, H(z)
is constrained to be analytic outside | z | > 1 (assuming also stability of H(z)). The
discrete Wiener-Hopf equations then take the following form? :

i w3
Ry(m)- Y Ry(m-k)hk) = 0, m = 0.
k=0

Since m is restricted to be non-negative in (3), the filter transfer function H(z) can
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not be obtained by simple z transform techniques as done earlier. Instead, certain
additional steps are required which are as follows :

Firstly, define the sequence q(m) = R,(m)- 2 Ry,(m — k) h(k). Since gq(m) =

k=0

0 for m = 0, its z transform Q(z) is analytic for | z | < 1. The problem then boils
down to determining an H(z), which is analytic for | z | > 1, so that the function
Q@) = Sy(z)-S,,(2) H(z) is analytic inside the unit circle in the z plane. This is
done by carrying out the spectral factorization of S,,(z). Note that since the spectral

density function | H(e®)|? is a real, strictly positive function, it satisfies the
Paley-Wiener condition* :

n
f In | H(e’®) | dw < .

-n

Therefore, S,, (z) can be factorized as S,, (z) = F* (z) F (z), where F*(z) and its inverse
are analytic for | 2 | > 1 and F+(2) and its inverse are analytic for | z | < 1. In
particular, if S, (z) is given in rational form, then F*(z) and F~(z) are obtained by
collecting the poles and the zeros of S, (z) lying inside and outside the unit circle,

S, (z
respectively. One then forms the ratio f_L((z—)) and expresses it as

S,
ﬁ%)* = G*(2) + G(z), where G*(z) and G(z) are analytic for | z|> 1 and |z | < 1,

respectively. This can be done in several ways. For instance, one can find out the
S, (2) . .

time domain function g(n) corresponding to 74%((;)2 , in which case G*(z) and G-(2)

are the z transforms of the causal and anticausal components of g(n), respectively.

S
Alternatively, if #(ZZ)) is rational, then it can be expanded as a summation or partial

fractions and all terms with poles and zeros inside the unit circle can be assigned

to G*(z), while assigning the remaining ones to G-(z). The optimum, causal Wiener
filter H(z) is then given by

H(z) = %8 - @)

It is easy to see that H(z) is analytic in the region | z | > 1. Also, Q(2) is given
by Q(z) = F(2) G(z), meaning that Q(z) is analytic in the region | z | < 1.

The Wiener filter, as described above, requires the knowledge of the auto and
cross power spectral densities of the signal and noise processes for its construction.
In other words, it is geared to work in a stationary environment. Subsequent to its
development, some efforts were made> © to extend these ideas to nonstationary
processes as well. These approaches, however, did not enjoy much popularity, as the
corresponding solutions could not be updated easily with the increase in the
observation interval. Also, generalization to the vector valued processes was very
difficult. A more elegant solution to this was provided in the discrete time case by
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Kalman’ (also, independently by Swerling®) and later by Kalman and Bucy® for the
continuous case. In the following, we give a brief description of the discrete form
of the Kalman filter algorithm.

2.2. The Kalman Filter

Kalman changed the formulation of the problem by considering a recursive model
for the signal process instead of relying on its covariance information. Specifically,
he considered an N x 1 signal process y(n) described by the following state space
equations :

x(n+1)=A (n+1,n)x(n) +v; (n), )

y(n) = C(n) x(n) + vy(n), .. (6)

here x(n) is an M x 1 state vector, A(n+1, n) is the M x M state transition matrix,
C(n) is the N x 1 measurement matrix and v(n) and v,(n) are two statistically
independent, zero mean, white noise processes with covariance matrices Q,(n) and
0s(n) respectively, ie., Q,(n) = E [v(n) vi(n)] and Qy(n) = E [v,(n) vy(n)]. The
sequence v,(n) is called the ‘process noise’, while v,(n) is called the ‘measurement
noise’. We consider only the ‘finite initial time’ case here, i.e., it will be assumed
that the system is at rest for n < 0. (A more general treatment, where the system
is assumed to have been activated at n = — o, can be found in Anderson and
Moore™.) In the Kalman filtering problem, it is required to use the observed data
Y(n), consisting of the vectors {y(1), ¥(2), ....., ()}, in a recursive manner in order
to obtain the optimum mean square estimate x(n] Y(n)) of the state vector x(n).

The Kalman filter can be presented in several ways. In our treatment, we
consider the innovation approach of Kailath!!, which uses the correlation properties
of the innovation process. The innovation e(n) corresponding to the observed process
y(n) is defined as

e(n) = y(n) — y (n| ¥(n — 1)), (D

where _;’\(n | Y(n-1)) is the minimum mean square estimate of y(n) from all its past
observations (i.e., from n = 1 to the (n — 1)th index). Clearly, e(n) is a white process

with correlation matrix R,(n) * E[e(n) €(n)]. Apart from the innovation process,
another prediction error is also of importance, which is called the predicted state-error
vector and is given by

e(n, n—1) = x(n) - x(n | Y(n - 1)). . (8)

The corresponding correlation matrix, known as the predicted state-error correlation
matrix, is given by ®(n, n — 1) = E [g&(n, n — 1) &(n, n - 1)].

The Kalman filter algorithm is presented in Table I using the above definitions.
Both the problems of one step prediction (i.e., computing x(n + 1| ¥(n))) and filtering
(i.e., computing x(nl Y(n))) are taken care of in the presented form of this algorithm.
Note that the one step prediction x(n + 1| ¥(n)) is computed from the weighted
previous estimate A(n + 1, n) x(n | Y (n—1)) by adding the correction term G(n)e(n).
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TABLE 1

The Kalman filter algorithm  using prediction of state vector

Initial conditions
x(1| ¥(0) = 0;
@ (1,0) = E[x(1) ¥ (1)}

Compute for n = 1, 2, 3, ...
K(n) = A(n + 1, n) ®n,n-1)C (n);
R, (n)=C(n)® (n,n—-1) C'(n) + Q; (n) ; G (n) =K(n) (R, (n))";
en) = y(n) — C(n) x(n|¥(n-1);
x(n+ 1Y) =A@+ 1,n) x| ¥n-1)) +Gn) en);
x(n|Y(n) =A~ (n+ 1, n) x(n + 1| Y(n));
®(n) = B(n,n— 1)~ A~ (n + 1, n) G(n) C(n) Dn, n— 1)
On+1,n)=A(n+1,1) D) A (n+ 1, n) + O (n)

The matrix G(n) is popularly known as the Kalman gain matrix, since it acts as a
gain factor on the innovation e(n). To update G(n), it is required to update the
predicted state-error correlation matrix ®(n, n — 1), which is carried out by the Ricatti
difference equation as given by the last equation of Table 1. Another quantity of
interest here is the matrix ®(n) which turns out to be the filtered state-error
correlation matrix ie., ®(n) = E[g(n) e(n)], where €(n) is the filtered state-error vector
and is given by €(n) = x(n) — x (n | ¥(n)). In many applications, however, the filtered
state vector x(n|¥(n)) forms the primary quantity of interest. In such cases, it is
ossible to obtain an alternative version of the Kalman filter algorithm, which updates
x(n | Y(n)) directly without requiring to compute the one step prediction
x(n + 1| ¥Y(n)). This is known as the filtered form of the Kalman filter and is given
in Table II.

Following Kalman’s publication of his celebrated algorithm, a great deal of
research has gone into this area. Since a large class of problems in signal processing
and almost all the problems of automatic control can be formulated by the state
space cquations (5) and (6), Kalman filter remained a natural choice for solving
problems in these areas for years. Several modified versions of this algorithm have
also been presented. It has been observed!? that for the time invariant case, i.e., when
the parameters A(n, n — 1), C(n), @,(n) and Q,(n) are independent of the time index
n, it is possible to derive a faster version of this algorithm, which does not involve
the Ricatti difference equation. The resulting algorithm is popularly known as



THE ROLE OF STATISTICS IN SIGNAL PROCESSING 553

TasLE II

The Kalman filter algorithm (in the filtered form)

Initial Conditions
(1] ¥(0)) = 0;

@ (1,0) = E[x(1) x* (1)};

Compute for n = 1, 2, 3, ..
Kn) = A(n + 1, n) ®n,n-1)C (n);
R, (n) = C(n) @ (n,n—1) C"(n) + Qxn);
G(m) = K(n) (R (m))
en) = y(m) - C(n) A(n, n - 1) x(n—1|¥(n-1);
X(n|Y(n) =A(m,n—-1)x(n—1|¥Y(n-1)) + A (n+ 1, n) G(n) e(n);
®(n) = D(n, n— 1) - A~ (n + 1, n) G(n) C(n) B(n, n— 1)

Pn+1,n)=An+1,n)Pn)A (n+1,n)+Qn)

Chandrasekhar algorithm following an earlier work by astrophysicist Chandrasekhar.
Another important point to note is that the Kalman filter algorithm has been found
to suffer from numerical instability problems in finite precision implementation. This
arises because the non-negative definite matrix ®(n) (second from the last equation
in Tables 1 and II) is evaluated as the difference between two non-negative definite
matrices and therefore, in a limited precision implementation, ®(n) is not guaranteed
to be non-negative definite. Bierman'? proposed a solution by considering the Choles-
ky factorization of ®(n) as ®(n) = U(n) D(n) U{n) = (U(n) D'*(n)) (U(n) DAn)y,
where U(n) is a unit upper triangular matrix, IXn) is a diagonal matrix with real
positive entries and D'Xn) is the square root of D(n). Instead of updating &), U(n)
and DV2 (n) are updated. The non-negative definiteness of §n) is guaranteed by the
corresponding Cholesky form.

This algorithm is commonly known as the Square Root Kalman filter. A similar
algorithm has also been developed by Hsu'‘.

The Kalman filter and its variations, such as the fixed point and fixed lag
smoothing filters, have found a host of engineering applications over the last two
decades — much too numerous to count here. References [15]-[18] provide a sample
of some work in the seventies on the application of these algorithms in the design
of communication receivers.
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3. ADAPTIVE FILTER ALGORITHMS

As seen above, both Wiener and Kalman filters provide minimum mean square
estimates which turn out to be the best estimates under the Gaussianity assumption
of the underlying signal and noise processes. Both these approaches, however, need
certain a priori knowledge about the relevant processes. For instance, the Wiener
filter needs explicit knowledge of the signal and noise power spectral densities. The
Kalman filter, on the other hand, assumes the given process to be governed by a
set of state space equations, with the model parameters viz., A(n + 1, n) and C(n)
known a priori at each time index n. In practice, however, such knowledge is often
not available. A more appropriate solution in this regard is given by adaptive filters
which can learn about the signal properties from the observed data in a time-recursive
manner, so that the instantaneous estimate approaches the optimal one as n — .
While both infinite impulse response (1IR) and finite impulse response (FIR) adaptive
filters are available in various forms, the FIR filter has so far remained the more
attractive of the two, as it is less expensive computationally and easier to analyse.

In the FIR adaptive filtering problem, a sequence u(n) is filtered by a set of
weights wg, wy, ..., w,, chosen in a manner so that the mean square error J(n)
between a desired response signal d(n) and the filtered output w/(n) u(n) is minimized,
where w(n) = [wg, wy, ..., wp ' and u(n) = [u(n), u(n — 1), ..., u(n - p)I". The desired
response d(n) is available during the initial training period, during which the filter
w(n) is recursively updated with the arrival of each new data u(n). Once w(n)
converges to the optimal solution, d(n) is no longer required. Instead, an estimate of
d(n) will be available at the filter output. It is worth mentioning here that in many
applications, a replica of the desired response may not be available for training the
filter. In such cases, it requires considerable ingenuity to derive the desired response
from the available data. An example of this arrangement is the so-called adaptive
line enhancer, in which the original noise corrupted narrowband signal (which needs
to be enhanced) is itself taken as the desired signal, with a suitably delayed version
of it chosen for actual filtering and adaptive processing? 2% 43,

There exist several algorithms in the literature for adaptation of the filter weights,
starting from the Kalman filter and the well known least mean squares (LMS)
algorithm to the more recent and efficient forms of the classical recursive least
squares (RLS) techniques. In the following we give a brief account of some of these
methods.

3.1. Adaptation by Kalman Filter
The Kalman filter approach provides an indirect though effective means for
obtaining the optimal solution to the adaptive filtering problem. Note that for

stationary inputs, the optimal filter weight vector wy(n) remains constant for all n.
Thus, we can write a simple state equation :

wo(n + 1) = wy(n). )]
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In addition, we have,
d(n) = u'(n) wy(n) + eq(n). .. (10)

Equations (9) and (10) describe the steady state condition of the adaptive filter with
ei(n) denoting the optimum value of the estimation error with respect to d(n).
Together, these two equations provide a state space description of the adaptive filter.
Equation (9) provides the process equation where the filter weight wy(n) defines the
state vector and eqn. (10) gives the measurement equation with w'(n) acting as the
measurement matrix C(n). Clearly, in this case, the state transition matrix A{(r, n — 1)
is the identity matrix and the process noise v(n) is zero. Also, the measurement
matrix u'(n) is a random quantity unlike the matrix C(n) of eqn. (6) which is a
deterministic function of the index n. This means that the Kalman filter solution will
be conditional to the given u(n).

The Kalman fiiter algorithm for the adaptive filter is given in Table III. Since
the objective is to obtain the filtered estimate wy (n|d(n)), i.e., the linear mean square
estimate of wy(n) using available data for d(n) up to the present index of time, the
filtered-state form of the Kalman filter is used. The estimation error eyn) (which is
equivalent to the measurement noise of the standard Kalman filter) is usually quite
small and therefore the correlation between successive samples of ey(n) can be
approximated to be zero. In other words, ey(n) can be modeled as a white process
and its variance Jp;, can be taken to be a very small quantity (since the output
signal to noise ratio, after adaptation, is normally very high, J,;, is usually taken to
be between 0.01 to 0.001 times the variance of d(n)). It is also interesting to note
that in this case, both the predicted state-error correlation matrix ®(n + 1, n) and
the filtered state-error correlation. matrix ®(n) are identical, which directly follows
from (9).

TasLe I
The adaptive filter algorithm using the Kalman filter

Initial conditions
wo (0] d(0)) = 0;
O0)=kl, k>0,

Compute for n = 1, 2, 3, ..

gin) = ®(n-1)u(n) W (n) O(n-1)u®n) +Jpin 15
e(r) = d(n) — w(n)w,(n—1|d(n—1));

W, (1| d(n)) = o (n— 1| d(n ~ 1)) + g(n) e(n);

D(n)=P(n—1)-gn)u (n) ®(n-1)
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In the case of nonstationary inputs, eqn. (9) can be modified as follows :

wo(n + 1) = wo(n) + v(n), . (11)

where v(n) is a noise term accounting for the fluctuations of the optimal filter weight
wy(n) due to the nonstationarity of the input and is modeled as a zero mean, white
process with correlation matrix Q(»). Since Q(n) is not known, it needs to be modeled
appropriately. One alternative is to take (J(n) to be a positive diagonal matrix!®> %,
Another alternative, due to Goodwin and Payne?!, takes Q(n) to be a scaled version
of the filtered state-error correlation matrix ®(n). Many other variations of (11) are
possible and have been proposed.

3.2. The Least Mean Square (LMS) Algorithm

The LMS algorithm, originally due to Widrow and Hoff?2, is a widely used
adaptive filter algorithm, which uses the gradient search technique to reach the
optimum filter weights. If w(r) denotes the filter weight vector at index n and J(n),
the mean square error with respect to d(n), then, in the gradient search procedure,
the filter at the index (n + 1) is calculated as

win + 1) = win) + (1/2) u[~ V(n)], - (12)
where p is a positive constant and V(n) is the gradient of the mean square error

M’. Noting that J(n) = E[e*(n)], where

surface w.r.t. the filter weights, i.e., V(n) = awin)

e(n) = d(n) — wi(n) u(n), we have,
V(n)=-2p+2Rw(n), - (13)

where R is the filter input correlation matrix, i.e;, R = E[u(n) w'(n)] and p is the
cross correlation between u(n) and the desired response d(n), i.e.,

p = E[u(n)d(n)}. .. (14)

In a stationary environment, both R and p are time invariant and can be
computed (i.e., estimated) from the recorded data once for all. However, when the
process statistics exhibit slow time variation, these quantities need to be estimated at
each index of time. Direct computation of R and p increases the computational cost
of the algorithm many fold and is impractical, specially for real time processing. The
LMS algorithm overcomes this problem by approximating R and p by their
instantaneous estimates u(n) w'(n) and u(n)d(n), respectively. The resulting update
equations are as follows :

e(n) = d(n) — w'(n) u(n), .. (15)

wn + 1) = w(n) + pu(n) e(n). .. (16)

It is, of course, true that the instantaneous estimates of R and p will have very large
variances, as no sample averaging is carried out in obtaining them. However, since
the LMS algorithm is recursive in time, it effectively averages these quantities, in
some sense, during the course of adaptation. In fact, a convergence analysis has been
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carried out™ 2 by making suitable assumptions on the second order statistics of wu(n)
and d(n), where it is shown that if €(n) be the filter weight error, ie., if €n) =
w(n) — w,, then the sequence E(€(n) )? becomes a monotonically decreasing sequence,
converging to zero, provided the constant w is chosen as : 0 < w<2/A, , where
Amax 1S the highest eigenvalue of the correlation matrix R. In other words, the LMS
algorithm converges to the optimum filter w, in the mean.

The LMS algorithm, due to its remarkable simplicity, has enjoyed wide success
in many adaptive signal ‘processing applications, e.g., equalization of bandlimited
channels for high speed data transmission, echo cancellation in long distance
telephony, adaptive line enhancement, linear predictive coding of speech signals,
adaptive beamforming etc. A great deal of research has gone into this topic. The
book by Widrow and Stearns®® describes the major developments in this regard. A
special application of the LMS philosophy in the context of adaptive filtering is given
by the so called gradient adaptive lattice algorithm, which we discuss next.

3.3. Gradient Adaptive Lattice (GAL) Filter

The lattice filters were intially introduced by Itakura and Saito® for linear
prediction of speech signals. Given a signal x(n), if )’Epf (n) denotes the linear
prediction of x(n) from its past p samples : {x(n — 1), ..., x(n — p)} and if epf (n)
denotes the corresponding prediction error, i.c., e{, (n) = x(n) — )'Epf (n), then the lattice
algorithm obtains e,f,(n) order recursively, i.e., from ef),](n). The superscript f

indicates that the underlying prediction is forward prediction in nature. Alongwith the
forward prediction error, the lattice algorithm also computes the backward prediction

error e,b, (n)=x(n—p)—-;cpb (n-p), where )Acph (n—p) is the linear prediction of
x(n — p) from the set : {x(n — p + 1), ..., x(n — 1), x(n)}. Since it turns out that
the backward prediction errors ef’ (n), i = 0.1, ..., (p — 1), constitute an orthogonal

basis for the set {x(n — i) | i = 0, 1, .... {p — 1)}, the minimum mean square estimate
of a given desired response d(n) from this set can be evaluated easily by computing

- . - b, el . b, s

the prediction of d(n) from linear combinations of e; (n)’s. Further, since ¢; (n)’s are
generated order recursively, one can obtain filters of all orders, upto any chosen
maximum order, say, N.

The recursive relations between the prediction errors for the (p + 1)th order and
the pth order are given by

&)= (n-K,. ep(n-1), - (17
ehoi (M) =eh(n-1)~K,. € (n), .. (18)

el (n) = e} (n) = x(n)

where K., is the reflection coefficient for the pth order and is given by
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_Elg ey (n=1)] _Ele) (1) ep(n-1)]
R PATYE Ele, (n— 1)

(since it can be shown that E[e,’, (n)]2=E[eZ (n)]»). Equations (17) and (18) describe
the (p + 1)st stage of the lattice filter. An Nth order lattice filter is obtained by
cascading N such stages, as shown in Figs. 1(a) and i(b).

t e
e’ (n) pal
P WA b

p+

Kp-o»\
b b
edin) - - par(n)
4 e +\JJ

Fic. 1(a). (p + 1)st stage of the lattice filter.

x{n) Stage Stage Stage

!
V

FiG. 1(b). Lattice filter of order N.

The lattice filter has enjoyed wide usage in many signal processing applications,
mainly because of its order recursive nature, excellent numerical properties (i.e., low
sensitivity to round-off errors in finite precision implementation) and modular
structure that makes it highly suitable for VLSI realization. Many modifications and
improvements have taken place in this area, as detailed in the tutorial paper by
Makhoul®. For adaptive filter applications, it is, however, required to modify the
lattice afgorithm further so that the reflection coefficients, which characterize the
lattice filter completely, can be estimated from the data recursively in time. A very
simple solution to this exists, first proposed by Griffiths?’, and is commonly known
as the gradient adaptive lattice (GAL) algorithm. It employs an LMS like gradient
search procedure to update the reflection coefficients with the arrival of each new
data.
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The GAL algorithm is derived by first noting that 6{”1 (n) in (17) corresponds
to the minimum mean square estimate of the (p + 1)th order prediction error and

: o6/,
therefore the optimum K,., can be obtained by solving aKp +1
p+1
6{,+1=E[ef,+1(n)]2. A gradient search method can then be used to obtain the

= 0, where

: . , : 96,
optimum value of K,,, in (17) by evaluating the gradient - —**1— progressively

aKp+ 1 (”)
(since K, is now dependent on the index n, the notation K, .1 (n) has been used).
- . . : 305,
Similarly, in (18), the optimum K, . can be obtained by solving 6Kp LI, 0, where

p+1
b b - - . .
0p.1=Ele,,1(n)]? and therefore a similar gradient search technique can be used.
Since the reflection coefficients in (17) and (18) are required to be identical, the
error criterion that is used is a combination of both the prediction error powers and

is given by 6,,, =E[e{,+1(n)]2+E[e,b,+1(n)]2. The reflection coefficient for the
(p + 1)st stage is then updated according to

K. (n+1) =K, (n)-~ pr - (19)

p+1 5“p+15Kp+l(n)'
It is easy to verify from (17) and (18) that

86,1
Ky, = K {(¢) () + (¢, (1= D)?} - 26, (m) €, (n—1)]. ... (20)
As in the LMS algorithm, the R.H.S. of (20) can be replaced by its instantaneous
estimate. One then obtains the following time update equation for the reflection
coefficient corresponding to the (p + 1)st stage :

KP*l (n + 1)=KP+1 (")—Mp-bl [Kp+ 1 (n)
x (e MR+ (n-1DP} - 2 & (e (n-1)]. - 1)

One problem with the gradient based algorithms is that their convergence to the
optimal solution is quite slow. This is because of their linear convergence. The
situation becomes worse for the so-called instantaneous gradient algorithms, since the
search procedure employed by them is a highly approximate one, where the true
correlations are replaced by their instantaneous estimates. Clearly, the problem lies
in the fact that though these algorithms are derived using a statistical error measure,
viz., the mean square error, their implementation is based purely on the instantaneous
data samples, as the true correlation values can not be made available in real time
situations like signal processing.

In recent years, the signal processing community has been motivated to examine
the use of error measures which are directly obtainable from the given data, rather
than on their statistical expectation. The least squares criterion which uses the sum
of the squared errors between the desired response and the filtered output over a
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period of time came up naturally for consideration. In fact, the well known "recursive
least squares approach”, is known to compute the exact RLS solution at each time
index and can therefore serve as the required adaptive filter.

For the signal processing enthusiast, the classical RLS solution was not attractive
for two reasons — its great computational burden arising from lack of any structure
in the algorithm which could be exploited algebraically, and its sensitivity to round-
off errors in implementations based on fixed point computations.

The last decade, therefore, has seen a great flurry of activity in this area whereby
the signal processing researchers have come up with several ingenious ideas for
practical RLS filters based upon elegant algebraic structures. Various forms of RLS
algorithms have been suggested and issues like numerical stability, computational
complexity, robustness, VLSI realization etc. have been examined. In the following,
we consider the major developments in this area.

3.4. Recursive Least Squares (RLS) Methods

The RLS filtering problem can be best formulated using the framework of the
Hilbert space of (n + 1) x 1 vectors over IR (extension to { is straightforward and
is not taken up here for convenience), with the inner product between any two vectors
a(n) and bn) defined as : ( a(n), B(n) } = =}_, A"~"a(i) b(i). The index n is the
present time index and the constant A is the so-called forgetting factor which weights
the recent data more heavily and therefore improves the tracking capability of the
algorithm in a time-varying environment (a typical choice of A could be 0.99). Define
the vectors d(n) = [d(0), d(1), ..., d(n)]* and x(n) = [x(0), x(1), ..., x(n)]’, where d(n)
is the desired response signal and x(n) is the signal to be filtered. For convenience,
we will restrict ourselves to the prewindowed data, i.e., we will assume that x(n) =
d(n) = 0, n < 0 (Extension to the unwindowed case where no such assumption is
made is well known and is available in the literature??). It will also be useful to
consider the unit delay operator z!, defined as z1lx(n) = [0, x(0), x(1), ...,
x(n — 1)}. The least squares (LS) estimate of the pth order filter based on data upto
the present time index is then obtained by projecting the vector d(n) orthogonally
on the column space of the following matrix :

X, 0,p= {2 x(n), 27 x(n), ..., 277 x(n))]. . (22)

(In general X, =[z"x(n), z@+Vx(n),..,z7 x(n)], jzi) The orthogonal projection

"L
will be obtained as a linear combination of the columns of X, , and can be written
as X, W,o,()z* x(n). The vector w,,,=[w,,,(0), w,q,(1),... W, o, (P)] then
gives the LS estimates of the filter coefficients. For stationary, ergodic data with A
= 1, w,, approaches the optimum mean square solution as n — . It is important
to note that at each index n, the RLS algorithm computes the exact LS solution
without necessitating any approximation unlike the gradient based methods. As a
result, they enjoy much faster convergence properties in comparison to the gradient
algorithms.
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The RLS algorithms that have been studied and used extensively so far can be
classified broadly into three categories : (i) RLS lattice algorithm, (ii) the fast
transversal filter (FTF) form, and (iii) the QR decomposition based triangular array
algorithms. Out of these, (i) provides an order recursive filter, while (ii) is a fixed
order, purely time-recursive algorithm. In the case of (iii), one comes across time
recursion as well as order recursion in an indirect manner. In the following, we give
a brief account of these three methods,

3.4.1. RLS LATTICE ALGORITHM

The RLS lattice algorithm is obtained by deriving appropriate time and order
update relationships for the projection operator P, ;; corrésponding to the column

space 3, ; ; of the matrix X, ; . Denoting by P,,fl-, ; the corresponding projection error
operator (i.e., P,,,l,-, j =1-P,,}), one defines the pth order forward prediction error
(vector) f,, , and the backward prediction error (vector) b, , in the following manner:
Jup = ,,fl, pX(n) and b, , = ,,,lo, p-12Px(n). The pth stage of the lattice filter is
then obtained by order updating f, ,(n) and b, ,(n) (i.e., the recent, or equivalently,
the nth entries of f, , and b, ,, respectively). Noting that the subspace 8, ,,1 can
be orthogonally decomposed as 8, 1 p.1 =951, @ span{P:l’ pr(l” ) x(n)} and using
the fact that P, ,z®*V x(n) =[0,b},_; , ', one obtains the order update relation for
Jop as

A,
Jopsr=Fup— “’[ 0 ] . (23)

b
€n-1,p by_1p

where

An,p=<fn,p ’ [0, b;—l,p]’> and 8g—l,p = " bn—l,p “2
Similarly, noting that

4
6n, 0,p= 6n, 1,p @ span {Pn, 1,p x(")}
one get the order update relation for b, , as

0 A, .. (24)
bn = _Jj;n ’
,p+1 [ bn»l,p} 8{,,[, P
where €, ,=||f., | (The update relations for f, (n) and b, ,(n) are obtained from the
last rows of (23) and (24), respectively).

Equations (23) and (24) describe the (p + 1)st stage of the RLS lattice filter.
Similarity of these equations with the classical (i.c., minimum mean square error
based) lattice algorithm as given by (17) and (18) is self evident. However, the
important difference between the two lattice filters is that unlike the mean square
error based lattice algorithm, the RLS lattice filter is parameterized by quantities,

viz., A, p, s{, » Ef,, » Which are not statistical entities, but exact functions of the given

data. Lee et al.2? have proposed fast algorithms to update these quantities with time
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and order. Since these algorithms use a time-update relationship for the projection
operator P,,,lly p that also plays a vital role in the derivation of the FTE algorithm,
we take up a brief description of this here.

First define the (n + 1) x 1 pinning vector ®(n) = [0, O, ..., 0, 1]. Using this,
consider two matrices X, ; , . and X, ; , ., given by

X"» Lpn = [Xn, 1, p Jl:(n)] (25)
and
Xa 1,15 Onsa .. (26)
Yn,l,p,n‘[ 01xp 1 .
It is easy to verify that the column space of both X, ;. and ?,,, ip,x are identical.

Using this and the observation that the last column of :?,,' ipx is orthogonal to all
the previous columns, the projection operator P, ,, for the column space of

X, :px can be written as,

Py 11,p 0,y )
Pn,l,p,n—[ len 1
(n+Nyx(n+1)
and consequently,
1
I‘,l _ Py_y1p Opyy ... (28)
m1pw 01 xn
(n+x(n+1)
Equation (28) gives the time-update formula linking the operator P,,l_ L1p 1O P,,'Ll, oo

The operator P,,fL nw i turn, can be related to P,,‘l,, , by using the following

decomposition : 8, , =90, ,, @ span {P,,,l,, ,®(n)}, where &, , , . denotes the column
space 9, ,, of the matrix X, , ,,. For any (n + 1) x 1 vector z(n), one can then
write

(P)1,2(n), Py pmein) )
” Pnf-l,p n(") “2

P,y Jm(n).
- (29)

Py, 2n) = Py, 2(n) —

Equations (28) and (29) together constitute a time-update relationship for the operator
P, , that was used by Lee et al.?® to obtain the time-update relationship for A, ,,
as given by

A",p=)\A"_1’p+fn,p (n) bnvl,p(n"l)’ (30)

Yn, 7

4
where v, ,=]| P, ,%(n) |>. The other two parameters, viz., €, and &, , also can be
time-updated by using the above update formula for the projection operator. Alter-

natively, they can be order updated as
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2
§ e B -~ (31)

—P. - (32)
Finally, Lee et al® also obtained an order update relationship for vy, ,, as given by

b1, (n=1)
Yn,p+1=Yn,p‘%"—' (33)
n-1,p

The RLS lattice algorithm as described above requires a computational
complexity of O(p) for a pth order filter. For adaptive filter applications, it can be
used in the so-called joint process estimation mode where, given the desired response
vector d(n), the projection P,,foy p d(n) is evaluated using the backward prediction
errors b, ,’s as the basis vectors for 8, o ,. Thus, the lattice filter provides an alternate
realization of the adaptive filter where the direct form filter w, ( , is not required
to be computed. There exists, however, another order recursive procedure, the
so-called step-up algorithm®, which evaluates the direct form coefficients, requiring
computations of O(p?). It is also possible to simplify the recursions’ by normalizing
the prediction errors by their respective residual energies, i.e., E{, p and sﬁ, p along the
lines of Gray and MarkelC.

3.4.2. FAST TRANSVERSAL FILTER (FTF) ALGORITHM

The FTF algorithm, proposed by Cioffi and Kailath®, is a fixed order RLS
algorithm which updates the filter wy, (n) (we are replacing w, o,p Dy the simpler
notation w), (n) here for convenience) with time. While the RLS lattice algorithm
makes use of the projection operator update relationships (28)-(29) for time-updating
the coefficient A, ,, the FTF algorithm, on the other hand, uses these as well as the
close relationship that exists between the Moore-Penrose pseudoinverse of a matrix
and the projection operator corresponding to the column space of the matrix, in order
to obtain the time update relationships for four specially chosen transversal filters,
including w), (n). Denoting by K (n) the pseudoinverse of X, ,; ie., K;(n) =

(X, j X, . 7' X, » the transversal filters are defined as follows :

nij
wp(n) = Ko ,_1(n)d(n), . (34
W, (n) = K, , x(n), - (35)
wh(n) =Ko, ,_1 () 27 x (n), . (36)

g, (n) =Ko ,_1 (n) ®(n), .. (37
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where (35) and (36) define respectively the forward and the backward prediction
transversal filters, while (37) gives the so-called gain transversal filter. These filters

describe the corresponding orthogonal projections for A = 1 (e.g.,
P,,,x(n)=X, ,,u{,(n).) The updating of these transversal filters is carried out by

obtaining a time-update relationship for the pseudoinverse K, (n), which we briefly
discuss here.

Denoting by K; ; . (n) the Moore-Penrose pseudinverse of X, ; ; ,, one obtains,

Ki,j,n(”) P,iin= (ani,j,n Xn,i,j,n)-l @, i X, ij, D= Ki,j,n(n)’
.. (38)
X =

nij,n

since an orthogonal projection operator is a Hermitian operator and P

ntj
X, .~ Note that (38) is .independent of the basis that is used to construct the
projection matrix P, ,; .. Noting further that for any matrix A with full column rank,
the orthogonal projection operator corresponding to its column space is given by
A(A'A)' A' and using the orthogonality of the last column (i.e., 7(n)) of X, with

all the previous columns, one can then write, from (38),

N

X,_1ii
K j.(n) = K (n [ 01"’}] Xy 10 Xno1, )V [Xa 1,05, 0]

+ K j n (n)®(n)®!(n). ... (39)

Note that
Xoo1,ij] _ Iy
Kij () [ 0 ] - [ —x(n-i),—x(n—i+ 1), ..,~x(n—]) - (40)
where I = j — i + 1. It is then easy to see that K, ; , (n) takes the following form :
Klj (n - 1)1 xn olxl (40&)
Ki,j,n (") - [ c(n)l xn 1

where ¢(n) is a vector not used in the FTF algorithm. In order to complete the time
updating of K, ;(n), it is then required to relate K, ; . (n) to K;;(n). This is done by
observing that the projection operator P, ., can be written as
L £
P, ®(n)x' P, ; .. (41)
P, .jxn)|* °
which is based upon the decomposition : ,;, , = 8, ® span {P,,,l,-' j®(n)}. Premul-

tiplying both sides of (41) by K, ; . (n), using (38) and the definition of the projection
operator P, , one then obtains,

Kijn(n) = [ If;’l(x"l) +[ —K']'(’;) x(n)

Poijn=Pyi;+

W (n)Pry; - (42)
Py, nlm) [P

Equations (40) and (42) together provide the means for time-updating the pseudoin-
verse K (n).
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The FTF algorithm is obtained by clever exploitation of the above update
relationship and is given in detail in Cioffi and Kailath®! and Alexander?2. It requires
a total of 8p operations approximately. Further computational reductions are possible
in the so-called gain-normalized form32, It may, however, be stated here that the
finite precision implementation of the FTF algorithm has shown this method to be
numerically unstable, impiying that the numerical errors arising out of the rounding
off and quantization of the FTF variables grow with time and thereby affect its
steady state performance. A solution to this problem has recently been provided by
Slock and Kailath®.

3.4.3. QR DECOMPOSITION BASED ALGORITHMS

Originally, the QR based methods were devised to tackle the more generalized
problem of optimum linear combiner design, where one is given the data x(n), i =
1, 2, ..., N, recorded at N sensors over the period 1 to n and it is required to obtain
a linear combiner w(n) time-recursively, so that || A(n)d(n) — X(nw(n)) || is
minimized, where

Moo o . . 0
0 »1 0 . . 0

Am=| X = ), xoln), e xd))
00 0 . .1

Noting that a unitary operator is a norm-preserving operator, a unitary matrix
Q(n), ., is computed which provides the QR factorization of A(n)X(n), i.e.,

0(n) Aln)X(n) = [ O(f(:))w ] .. (43)

where R(n) is a N x N upper-triangular matrix. Introducing the vector d(n) as

_ dy (My <1 _ .. (44)
a(n)-[ gt ] = Q0) AW d(w),

it is easy to see that the optimal filter a’(n) is obtained by solving
R(n) w(n) = dy(n), .. (45)

and the filter residual error is given by (| & (n)|]. Since R(n) is upper triangular,
the solution of (45) can be obtained by simple back-substitution, involving a linear
array of N pipelined processors. In order to compute R(n), the QR factorization of
X(n) is required to be carried out. The most popular method in this regard has been
based on Givens rotation techniques and was originally proposed by Gentleman and
Kung®. Assume that the QR factors, i.e, @(n — 1) and R(n — 1), of X(n — 1) are
known. To obtain the QR factors of X(n), first the matrix é(n) is formed as
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é(n)=[ Q(no— 1) (1) ] .. (46)
Clearly,

R(n-1)
O(n) X(n) = 0 . . (47)
x1(n), xo(n), ...., xn(n)

Finally, the complete upper triangularization of the R.H.S. of (47) is obtained by
applying a sequence of N Givens rotations which annihilates the last row. The
triangularization operation can be implemented on a ‘triangular systolic array of
processors’, requiring both processor as well as overall computational complexity of
O(N?).

The above procedure thus resutls in a pipelined processor structure that evaluates
the optimum filter w(n) recursively with time. In many signal processing applications
(e.g., prediction error filters, adaptive noise cancellers, adaptive beamformers etc.),
however, the explicit knowledge of the filter w(n) is not required and instead, one
is required to compute only the filter error in a time:recursive manner. Denoting by
e(n) the filter error vector, i.e., e(n) = d(n) — X(n) w(n), the quantity of interest in
this case is given by e(n)m(n). Since Q(n) is a unitary operator, this is the same as
(Q(n) d(n)) (Q(n) ®(n)). This observation was used by McWhirther®® to develop
another triangular systolic array, which evaluates the filter error directly, (i.e., without
requiring the backward substitution steps for computing w(n)). Also, the above
algorithms aim at solving the problem of designing an optimum linear combiner. For
adaptive filtering applications, however, one obtains the matrix X(n) as X, o v where
N is the filter order. Consequently, there is considerable redunduncy of data over the
columns of the data matrix, as one can obtain any column from the first by simply
using the delay operator an appropriate number of times. Cioffi*¢ recently made use
of this redunduncy of data in order to obtain a faster version of the QR algorithm
that can be implemented on a linear array of N processors, involving overall
computations of O(N).

3.5. Applications of Adaptive Filtering Algorithms

Adaptive filtering algorithms have wide-ranging applications in the design of
engineering systems. For the sake of brevity, we only mention here a few of these.
One of the primary applications is that of noise-cancellation?, whereby the noise
appearing alongwith a desired signal can be nearly eliminated, even when it can only
be observed imperfectly or indirectly. Examples of engineering systems which make
use of this principle comprise biomedical systems for recording of EEG or ECG
signals in the presence of power-line interference®’, adaptive equalization and adaptive
echo-cancellation in digital communication systems to design high data-rate links38-39,
deconvolution of seismic signals for obtaining crucial investigations in geophysical
explorations**42 and adaptive tuned or notch filters in radar, sonar or communication
systems>2¢ for elimination of echoes from fixed objects. For a more detailed
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treatment of these applications, the reader is referred to the references indicated, or,
the excellent books of Orfanidis** and Haykin?4.

Another area in which adaptive filters have played a very important role relate
to adaptive time series modelling and system identification, specially when the
underlying models have time-varying or non-stationary characteristics. Such
time-varying system models have applications in control, communications and many
other signal processing scenarios. An adaptive filter optimizes itself through the
process of system modelling. It follows, therefore, that if an adaptive filter has fast
convergence properties, it will be able to track the parameters of the model if they
vary slowly enough with respect to the time constant of the adaptive algorithm. A
few typical works which deal with the problem of identifying AR (autoregressive)
and ARMA (autoregressive moving average) models via adaptive filtering algorithms
are indicated in references [40]-[49].

4. HIGH RESOLUTION SPECTRUM ESTIMATION

The area of Power Spectral Density (PSD) estimation of a random signal
(process) has been a classical branch of applied statistics that has wide-ranging
applications in areas as diverse as econometrics, communications, speech analysis,
biomedical engineering, exploration geophysics, seismic studies, numerical weather
prediction etc. Traditionally, there have been two distinct approaches to PSD
estimation. The first one is the periodogram estimator which uses Fourier transform
operations on a windowed data record of either the process, or, its estimated
autocorrelation values. For satisfactory performance, the window length is required
to be sufficiently large, since, the data outside the window is implicitly assumed to
be zero, which is an unrealistic assumption. The other method, popularly known as
the parametric method, employs linear, rational transfer function models like the AR,
MA or ARMA models with a white input excitation in order to model the evolution
of the process. The problem of PSD estimation then boils down to the estimation of
the model parameters from the observed data set. It may, however, be noted here
that both the periodogram and the parametric methods are suboptimal procedures,
whereas, the optimal approach to PSD estimation is given by the maximum likelihood
(ML) methods. The ML estimator is, however, difficult to implement in practical
applications, as this is a highly nonlinear function of the data and is normally
associated with enormous computations.

Over the past several decades, a lot of research has gone into the area of both
parametric and periodogram PSD estimators and various methods have been
suggested. Since many of these results are available in a large body of literature and
constitute standard knowledge material today, a discussion of these methods is not
taken up here, though it may be mentioned that these methods play as important a
role in signal processing as in various other areas mentioned above. Here we consider
a special spectral estimation problem, namely, the problem of harmonic retrieval in
the presence of additive noise, which forms a key issue in many important signal
processing applications like bearing estimation with linear arrays, time delay
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estimation for broadband sources, echo resolution, transient response analysis etc.,
and it has received wide attention in recent years. The main consideration in this
case is high resolution localization of the spectral peaks caused by sinusoids with
closely spaced frequencies. While all the conventional spectral estimation methods
can be applied to this problem in general, the resolution obtained is not very high.
On the other hand, much better resolution can be achieved by incorporating the a
priori knowledge of the sinusoidal nature of the process at hand into its correlation
matrix. This class of methods, popularly called eigenstructure based frequency
estimators, are discussed below.

4.1. Problem of Harmonic Retrieval

The signal model for harmonic retrieval is the following :

p
x(n)y= > A;exp [i(2nfin +¢)] + z(n), . (48)

i=1

where z(n) is a zero-mean white noise with variance o7, p is the number of harmonics
(assumed to be known) and A, f; and ¢, are respectively the amplitude, frequency
and phase of the ith harmonic. Both A, and ¢, i = 1, 2, ..., p are random variables,
statistically independent with each other and with z(n). Further, ¢, is modelled as
uniformly distributed over [0, 2x], which makes x(n) a wide-sense stationary process,
with autocorrelation function r_(k) = E[x(n + k) x*(n)] given by

p
ralk)= Y Piexp(j 2n f; k) + o 8(k), - (49)
i=1
where P, = E[A?]. Clearly, the PSD of x(n) will exhibit peaks at the frequencies f’s,
which are often closely spaced. In the harmonic retrieval problem, we are given a
finite dafa record for x(n), or, equivalently, a finite set of sample estimates of its
correlation function r(k) and it is required to derive a high resolution spectrum
estimator that can locate the spectral peaks accurately.

4.2. Properties of the Autocorrelation Matrix

The M x M autocorrelation matrix R, of x(n) is given by

P ., .. (50)
Rxx= 2 P,'e,-e! +OZI

i=1
= Rss + Rzz’

where ¢; =1, exp(j 2n f}), ..., exp(j 2n f; (M - 1))] and the superscript ‘H’ denotes Her-
mitian transposition. R, is called the signal correlation matrix and R,, = o’ I is called

the noise correlation matrix. The following observations can be made on the structures
of R, and R, :
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1. The rank of R is p.

This follows easily from the observation that {e;|i = 1, 2, ..., p} is a linearly
independent set, which spans the range space of R,,.

2. If v is the eigenvector of R, with eigenvalue A, then v is also the

eigenvector of R,, with eigenvalue A+ of.

3. A, i=1,2, .., p denote the nonzero eigenvalues of R, with eigenvectors
denoted by v;’s, then one can write R, as

P s ow - . - .. (51)
R, = 2 M+o) vy + z G ViV,
i=1 i=p+1
where v,i=p + 1, .., M form an orthonormal basis for the null space of R . This
is also known as the noise subspace. The span of v, i = 1, ..., p, is referred to as

the signal subspace. In the following, we consider some of the important frequency
estimators that are derived using the above properties of the correlation matrix.

4.3. Frequency Estimators
4.3.1. PISARENKO HARMONIC DECOMPOSITION (PHD)

In this approach, originally proposed by Pisarenko®, the eigenvector associated
with the minimum eigenvalue of the estimated correlation matrix is used. Since each
signal vector e; is orthogonal to the noise subspace, if v,,, denotes the eigenvector
with minimum eigenvalue of the (p + 1) x (p + 1) autocorrelation matrix R,,, then,

P
the roots of the polynomial 2 [vp,1)iz7 are given by z = exp (j2nf), i = 1, 2,
i=0
... p- In practice, the theoretical autocorrelation matrix is replaced by an estimated
one, which is forced to be Toeplitz and whose elements are biased autocorrelation
estimates®?. This is required to ensure that the estimated matrix retains the properties
of the theoretical autocorrelation matrix as described above.

4.3.2. MULTIPLE SIGNAL CLASSIFICATION (MUSIC) ALGORITHM

The MUSIC algorithm, originally due to Schmidt’!, estimates the frequencies by
determining the peaks of the following spectral estimator :

;’(f)’-_M 1 ' - (52)
S et v
imp+1

A . .
where e is the signal vector for frequency f and v, is the ith eigenvector as estimated
A
from R...



570 S. PRASAD, M. CHAKRABORTY AND H. PARTHASARATHY

Clearly, from the orthogonality of the noise subspace eigenvectors with the signal
subpace, p(f) will exhibit peaks at the frequencies f, i = 1, 2, ..., p. Alternatively,
one can use the signal subspace eigenvectors to determine the peak frequencies.
Noting that the denominator of P (f) can be expressed as

M M 4
A A AH A /\H
2 |efl v, |2 = el 2 vivi e=el| I- E v;v; e,
i=p+1 i=p+1 i=1

one can obtain the peak frequencies by finding out the maxima of the function

P
RS

i=1

The MUSIC algorithm can be further generalized by constructing the following
generalized spectral estimator>? :

1
[} [a}
g(leva+1|25|eva+2I2’--~'7‘eH;M|2) ’

where the function g(lpH, lp”_., «es Iyy), which is defined for ;= 0, i = 1, 2, ..., p, has
the only condition, given by

g(lp+]7lp+2a rery IM) =0 (53)
if and only if /,,,=/,,,=...=/, = 0. One example of such a function is the
following :

M

8psts by )= Y, In(1+1).

i=p+1

The corresponding frequency estimator is given by

1 ) . (54)
M

in| JT a+lev|?
i=p+1

4.4. Estimation of Direction-of-Arrival (DOA) of Plane Waves

Another problem, which is entirely analogous to the frequency estimation problem
discussed above, relates to the estimation of direction-of-arrival (DOA) of one or
more plane waves incident on a linear array of sensors (e.g., antennas placed in an
electromagnetic field.) Without going into the physics and mathematics of the
problem, it is interesting to note that this problem has precisely the same
mathematical structure as given in (50) and can, in fact, be regarded as the spatial
domain dual to the frequency estimation problem considered above. The
eigensubspace class of estimators like MUSIC are, therefore, as useful for the DOA
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estimation problem, as for frequency estimation. Another important variation of this
class of methods which improves on MUSIC in several ways is the so-called ESPRIT
algorithm. For further details of this algorithm, the reader is referred to the paper of
Roy et al>.

5. HIGHER ORDER STATISTICS IN SIGNAL PROCESSING

Recently, there has been a surge of interest in non-Gaussian signal processing
using cumulants and their polyspectra. These have proved to be powerful tools in
extracting information due to deviations from Gaussianity (for example, cancelling
additive, coloured Gaussian noise with unknown statistics from non-Gaussian signals),
detecting, characterizing and identifying nonlinear systems and effects, and estimating
the phase of non-Gaussian signals generated by white noise driven linear parametric
models for nonminimum phase system identification and deconvolution. As a result,
they have found wide applicability in diverse fields. Some of the useful references
on properties of higher order statistics and spectra, describing how researchers have
fruitfully exploited these in several signal processing applications, are references
[54]-[60i.

In general, higher order statistics and spectra, as compared to the second order
statistics and the power spectrum, provide -additional information regarding statistical
properties of random processes and parameters of systems, over what can be obtained
using only the latter. Thus, they provide us with more accurate characterizations of
signals and systems. A major motivation behind the use of HOS in signal processing
can be attributed to the fact that the more commonly used second order statistics
are "phase-blind", i.e., they contain no information about the phase of a signal being
analyzed®®. The power spectrum of a wide sense stationary process gives only the
distribution of power among the various harmonic components present in it, but
suppresses all information regarding phase relations that might exist among these
components. Thus power spectrum estimation involves treating the process as a
superposition of statistically independent harmonic components and then estimating
the distribution of power among these components. The higher order spectra, on the
other hand, are "phase sensitive”, and hence particularly useful for applications
involving non-Gaussian signals and nonlinear and nonminimum phase systems®7 59,

Consider, for example, a wide sense stationary (WSS) stochastic process x(n)
with autocorrelation function R, (t) = E{x(n + 1) x* (n)} and power spectral density
S{w)= =T__. R, (t)exp (- jor).

Let us write the spectral representation of x(n)* % :

k14

x(n) = f exp (jon) dz(w) - (55)

-

The differential random variables {dz(w)} satisfy the following orthogonality
relations :

E{dz(w) dz* (©)} = S{w) Oy dw/ 27 ... (56a)
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and in particular,
E{ldzd(w)]*} = S (w)dw/2n ... (56b)

i.e.,, the PSD S/ (w) gives only the distribution of power among the harmonic
components {dz(w)} of the process x(n). Orthogonality of the r.v.’s {dz(w)} does not
imply their statistical independence for non-Gaussian processes and hence there is a
possibility of phase relations (arising from their statistical dependence) existing among
these harmonic components without their being detected by the power spectrum.

A typical application involving phase estimation is the identification of a
nonminimum phase LTI (linear time invariant) system from the output statistics. If
the WSS process x(n) with the spectral representation given above is passed through
an LTI system with transfer function H(w), its spectral representation is given by

y(n) = [ exp (joon) H(w) dz(w). e (57)

-7

The phase shift introduced in the harmonic component H(w) dz(w) of y(n) at the
frequency w, with respect to the corresponding harmonic component dz(w) of x(n),
goes undetected in the power spectrum of y(r). This follows from the relationship

Syw) = | H(w) [* S(w). .. (58)

In other words, only the magnitude and not the phase of the transfer function affects
the power spectrum of the output process. Thus, algorithms based solely on the
autocorrelation values can model only 2 minimum phase system. On the other hand,
polyspectra, being phase sensitive, can be used to model and identify nonminimum
phase systems. Typically, the bispectrum has been used by several researchers to
develop algorithms for reconstructing the phase of nonminimum phase systems®*.

Another important application concerns the response of a nonlinear system to a
harmonic process, i.e., a process consisting of a finite number of sinusoids with
random amplitudes and phases. The output is once again a superposition of sinusoids,
the frequencies and phases of which are related to those of the input. Phase relations
are thus produced among the harmonic components of the output, due to nonlinear
interactions between those of the input. The HOS, which are affected by phase
relations, can thus be used to identify the nonlinearity. In this context, higher order
spectral analysis has been an important signal processing tool in diverse fields. Flow
of energy in underwater, atmospheric, geophysical, optical, or even biological media
takes place in the form of propagating waves and one of the goals of signal
processing is to detect and characterize these waves from sensor data measurements.
Distortion of these waves due to nonlinearities in the propagating media leads to
nonlinear coupling in these waves. Power spectrum (or autocorrelation) based signal
processing cannot distinguish nonlinearly coupled waves from spontaneously excited
independent waves at the same frequencies. This distinction is achieved by HOS™.
In the field of biomedical signal processing, it is worth mentioning that polyspectral
analysis has recently found a direct application in the analysis of EEG data. Bispectral
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analysis of clinical EEG data has shown, in some cases®!, to indicate a strong phase
coupling between the so-called rhythms occurring in the brain. This information has
been useful in obtaining more accurate parametric models of EEG signals than would
have been possible using just the second order statistics. Parametric models of EEG
signals are expected to tell us more about the mechanism behind their generation.
It is interesting to note that based on bispectral analysis, some researchers have
modeled EEG data as truncated Fourier series’ triggered by Poisson point processes,
the triggering rate being related to the brain activity®’, More complicated phase
relations might also exist among the different rhythms which could necessitate the
use of other HOS. Active research is still in progress to determine what useful clinical
or biological information can be obtained from the polyspectral analysis of EEG
signals®!.

Before proceeding further, it would be profitable to note the intrinsic relationship
existing between the apparently disconnected issues of nonlinearity, non-Gaussianity
and phase relations among the harmonic components of a process. These, as
mentioned earlier, are the primary issues which necessitate the use of HOS in signal
processing.

The response of a nonlinear system to a Gaussian input being non-Gaussian, the
relationship between non-Gaussianity and nonlinearity is evident. The next observation

is that the harmonic components {dz{w} of a stationary Gaussian process x(n) with
x :

spectral representation x(n) = f exp (jon) dz (w) do not have any phase relations.
-7

This is due to the fact that r.v.’s {dz(w}, being linear functionals of the process x(n),
are jointly Gaussian, and hence their mutual orthogonality implies that they are
statistically independent of one another. The absence of phase relations is in turn a
consequence of the statistical independence of the harmonic components. On the other
hand, if x(n) is WSS non-Gaussian, then although its harmonic compounts {dz(w}
are mutually orthogonal, their statistical independence cannot be asserted. Hence,
phase relations are likely to result from this possible statistical dependence. Now, let
us pass a stationary Gaussian process x(n) through a time invariant nonlinearity, say
of the second order Volterra type :

y(n) = E hy (k) x(n - k) + 2 hotky, ko) x(n— k) x(n — k). - (59
k ki k,
Then y(n) can be expressed as

n

)= [ exp (jom) H, () dz(w)

+ f f exp (j(w, + w)n) Hywy, 0;) dz(wy) dz(w,) ... (60)

where H, and H, are respectively the transfer functions of the first order and second
order parts :
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Hy(w) =Y hy(k) exp(~ j k), . (612)
k
Hyo, 0= 3 holky, ky) expl— j(@y ky + o k). ... (61b)
kyy %,

The second integral in (60) arises due to the second order nonlinearity, and the
product dz((w,)dz(w,) gives rise to phase relations among the harmonic components

of y(n).
5.2. Definitions and Properties of Polyspectra

The polyspectrum of a stationary process is defined as the multivariate Fourier
transform of the cumulant sequence®*. More precisely, we define the (» + 1)th order
(r =z 1) polyspectrum of a real signal x(n) as

Plwy, .., m,) = 2 C. (T, . T,) exp{—jlw, T + ... + , T,)}

. (62)

where C(t,, ..., T,), defined as the (r + 1)th order cumulant of x(n) at lags 1, .., T,
equals Cum {x(n), x(n + 1), ..., x(n +7,)}, which is the coefficient of j**!¢ ... ¢ in
the Taylor series expansion of the cumulant generating function of x(n),

log (E exp{jtox(n) + ty x(n+ 1) + ... + t, x(n +t,))}) ... (63)

(also referred to as the second characteristic function by some authors). Polyspectra
of orders two, three and four are generally referred to as the power spectrum,
bispectrum and trispectrum, respectively. In the case of complex signals, there are
27! ways of defining the (r + 1)th order polyspectrum, depending on which terms
are conjugated and which are not, in the set {x(n), x(n + T,),....., x(n + t,)}. However,
the present ‘work deals only with harmonic signals, i.e., signals which can be
expressed as a superposition of a finite number of sinusoids, and in this case, the
mathematical structure of the polyspectrum, which is exploited by the estimation
algorithms, is the same for all the 2! possible definitions.

A natural question that arises regarding the definition of polyspectra is why they
should be defined as Fourier transforms of cumulant sequences rather than moment
sequences which are much easier to compute. There are two main reasons for this.
Primarily this is because the first two moments, or equivalently, the first two
cumulants of a Gaussian process contain all the information about its statistics. This
is brought out explicitly by the fact that cumulants of order = 3 of a Gaussian
process are zero. Secondly, if a set of r.v’s {X, ...,X,} can be divided into two
mutually statistically independent sets, then Cum{X,, ..., X,,} = 0. Hence, polyspectra

defined in terms of cumulants provide a suitable measure for statistical independence.
A typical signal processing application that uses these two properties of cumulant
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polyspectra involves cancelling out an additive, coloured, Gaussian noise component
from a signal>’-%,

Because of limitations on space, it is not possible to go into a more elaborate
treatment of HOS in signal processing here. The reader is referred to the excellent
tutorial article by MendelP®. We conclude this section by listing some of the important
properties of cumulants and polyspectra which make them useful tools in signal
processing. These properties can readily be obtained from well known properties of
the characteristic function®®-%0. It is being assumed here that {X;,..,X,} are real
random variables.

1. The cumulants are symmetric functions of their arguments, i.e., they are
invariant under any permutation of their arguments :

Cum{X;, ... X,} = Cum {X,, .., X, } .. (64)

for every set of rv.’s {X,,..,X,} and every permutation {p,,..,p,} of the indices
{1, ..., n}.

2. The cumulant function is linear in each of its arguments, i.e, it is a multilinear
functional. Formally,

Cum {X, .., X;+a¥),..,X,}
= Cum {X}, ... X, ... X} + o Cum{Xy, ..., Y, ... X} ... (65)

for every collection of r.v.’s {X|, ..., X,, Y} and any constant a.

This means that we can exploit the rich theory of multilinear functionals and
tensor products while dealing with cumulants®®. The theory of multilinear functionals
and tensor products plays a very important role in multichannel signal processing
applications, and therefore, this property of the cumulant function enables us to apply
the powerful tools of higher order statistics and spectra to signal processing
applications involving vector processes and multichannel systems.

3. The cumulants (polyspectra) of order = 3 of any Gaussian process are
identically zero. Alternately, any zero-mean, stationary Gaussian process is statistically
completely characterized by its second order polyspectrum, namely its power
spectrum. To characterize a general non-Gaussian process, we need to specify its
polyspectra of all orders.

4. If a collection of random variables {X,...,X;} can be divided into two
nontrivial subcollections, statistically independent of each other, then Cum
{X1, ..., X} = 0. This provides a useful test for independence among the samples of
a signal. This property also provides us a means to generalize the concept of second
order white noise to "higher order white" noise. A real, stationary stochastic process
w(n) is said to be (r + 1)th order white if Cum {w(n), w(n + T1), .., wln+1,)} =
Yw,r+10(ty) ... 8(x,) V n, T, .., 7, where v, .., is some complex constant. If, in
particular, the samples of w(n) are all mutually independent, then in view of the
above property, it is easily seen that w(n) is (v + 1)th order white for all r=1, ie,
it is white to all orders. When r = 1, we get the well known second order whiteness.
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The (r + 1)th order polyspectrum of an (r + 1)th order white process w(n) is just
Yw,r+ 1> 1€, it iS a consatnt at all frequency r-tuples (wy, .., w,) € [- x, n). If w(n)

is second order white, then vy, » =0§v, the power in each sample of the process, and

the power spectral density of w(n) is just the constant 03‘,, at all frequencies. These
observations justify the concept of higher order whiteness.

5. The following useful property is a consequence of properties (2) and (4). If
s(n) and w(n) are independent stochastic processes and x(n) = s(n) + w(n), then

Cum{x(n), x(n + 1)), ..., x(n + 1)}

= Cum{s(n), s(n + ty), ..., s(n + 1)}

+ Cum{w(n), w(n + 1), .., wn+1)}. ... (66)

In particular, from the above equation and property (3), we note that if w{n) is
Gaussian "noise" independent of the "signal process" s(n), then the cumulants of
order = 3 of x(n) coincide with those of s(n). In other words, cumulants of order
= 3 are insensitive to additive Gaussian noise. As mentioned earlier, based on this
property, several algorithms for cancelling out Gaussian observation noise from
non-Gaussian signals have been developed®®-.

6. The cumulants (moments) of any given order are expressible as sums of
products of moments (cumulants) of order = the given order®’.

7. The following is one of the most important properties of higher order statistics
and provides the foundation for identifying nonminimum phase linear systems. If y(n)
is the output of a linear system with transfer function H(w) to the input x(n), then

Py (@, ..., ) = H(w;) ... Hw,) H* (@) + ... + ©,) P, (01, ..., ©,). ... (67)

In particular, if x(n) is (r + 1)th order white, i.e., P(w, ..., ) =Y, ,,, (a constant),
then the above equation becomes

Pwy, .., ®,) =¥, , 1 H(oy) ... H{w,) H* (0) + .... + ). ... (68)

These equations justify the remark made earlier that for r = 2, the (r + 1)th order
polyspectrum of the output process is, in general, sensitive to the phase of H(w). As
mentioned, this fact has motivated researchers to develop algorithms for reconstructing
the phase of H(w) from higher order spectra.

8. It is wseful to have a representation of polyspectra directly in terms of the
Fourier transform of the data rather than the cumulants. The so called direct class
of bispectral estimates are based on this representation. If x(n) is a stationary process
with spectral components {dz(w)}, then

Py, ..., ,) dw; ... dw,/(27) ,
Cum{dz(w,), ..., dz(w,), dz* (®,, 1)} = if 0,,;=w+...+0,(mod 2n)
" 0, otherwise.
. (69)
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6. CONCLUSIONS

The role of statistics in signal processing has been highlighted in this review

paper. Besides significant developments in the applications of second-order theories
to signal processing problems like adaptive filtering and harmonic retrieval, the
emergence of higher order statistics as an important signal processing tool is
discussed. In the days ahead, this strong relationship between “statistics” and "signal
processing" may be expected to grow even more greatly.
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