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Asymptotic and Schnirelmann densities of the sequence [an], where a is a positive
irrational, have been evaluated.

1. INTRODUCTION

For a real number «, sequences of the type {[an]) are important in some
contexts. For instance, the following result is reasonably well known.

Theorem 1 — Suppose a and f are positive irrationals such that é+l = 1L

p
Then A = {{on] |n=1,2,3, ..} and B = {[Bn] | n = 1, 2, 3, ...} form a partition
of the set IN of all natural numbers.
This theorem has quite an elementary proof. It has corollaries which are of
interest in recreational mathematics. Two of the consequences are as follows :
Theorem 2 — Llet a,=[V2n] and A = {a,|n = 1, 2, 3, ... }. Let {b,} be the
sequence of natural numbers not in A. Then for each n, b, —a, =2n.

V5 +1
2
A={a,{n=1,2, 3, ..} and let {b,} be the sequence of natural numbers not in A.

Then for each n,

Theorem 3 — Let a be the golden ratio, ie. a= ; let a,=[on],

b,~a, =n.

Based on Theorem 3 is a winning strategy in a parlour game called Wythoff’s
game'.

Returning to Theorem 1, it is clear that in some sense the "densities” of A and
B are 1/a and 1/; their sum is given to be 1 and IN has the density 1. So one
might look for a proof of Theorem 1 based on density considerations.

Densities of sequences are defined in Number Theory in more than one sense
-— the main two being asymptotic density and Schnirelmann density. The result "if
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the density of a sequence is 1, it must be the set IN of all natural numbers" is true
only for Schnirelmann density, so we concentrate our attention on evaluating the
Schnirelmann density of [an], though for the sake of completeness, we shall also
find the asymptotic density of the sequence.

2. DEFINITIONS AND ELEMENTARY CONSEQUENCES

Notation — Let A be a set of non-negative integers. For a natural number n,
A(n) will denote the number of natural numbers in A not exceeding n. (If B is the
set, the corresponding function is B(n), and so on).

Definition — If lim A{ln) exists, it is called the asymptotic density of A and it

n—x

is denoted by d(A).

Remarks : (1) OSA( )s 1, s0 0=sdA) =< 1.
(ii) If A is the set of all non-square positive integers, i.e. A {2, , 6, 7,
vn
8, 10, 11, 12, 13, 14, 15, 17, 18, ...}, then A(n) = n - [Vn ] n =1- [7'11

Obviously, d(A) = 1. This shows that d(A) = 1 does not imply that A contains all
natural numbers.

(iii) d(A) is not altered if a finite number of numbers are dropped from, added
to or replaced in A.

(iv) For some sets A, d(A) may not exist, but then d(A) = lim inf ASQ and d(A)

= lim sup A—Eln—) will always exist.
Definition — Schnirelmann density o(A) of A is defined by
o(A) = inf M.
n n
Remarks . (i) 0s0o(A) sd(A) = 1.
(i) If 1€ A, then A(1) = 0, so o(4) =
(iii) If 1 €A, then d(a) > 0, so o(A) > 0.
(iv) o(A) may be altered by a change in a finite number of numbers in A.
(v) If o(A) = 1, then A contains every natural number.
(vi) For each n, A(n) =zn-o(A).

By remark (ii), the concept of Schnirelmann density is irrelevant if 1 €A. To
extend the concept to sets which do not contain 1, we define modified Schnirelmann
density o'(A) as follows :

o'(4) = inf AV
Am)>0 T
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It is clear that if 1 €A, then o'(4) = o(A). Also, if A(n) > 0, then A(n)
zn-o'(A)

For instance, for A = {2, 3, 4, §, 6, ...}, o(4) = 0, d'(A) = 1/2.

3. ASYMPTOTIC DENSITY OF [an]

Theorem 4 — If o > 1 is any real number and A = {fan] | n = 112, 3, ..}.
Then d(A) = 1/a.

PROOF : Let A(n) = k. Then
[ok] s n < [0k + a].

Hence
ak-l<fok]lsn<fok+a]sak+a,
ie. n-a<oak<n + 1
1 1 k 1 1
or e+ —
a n n o an

Hence lim £=é, ie. dA) =

n—» o

Q=

4. SCHNIRELMANN DENSITY FOR 1 < a<2

Let us first note that if 0 < o<1, then A contains all natural numbers and so
its asymptotic as well as Schnirelmann densities are equal to 1. Therefore we consider
the case where a > 1.

In this section a will be an irrational number such that 1 < a < 2. As {0] =
1, so 1€A.

Lemma 1 — If 1 < a < 2 and a is irrational, then there is a unique natural
number k=2 such that

1
1+ k<a<1+k_1.

PROOF : Clearly we can partition (1, 2) as

(1,2 =32, 2 U 43, 32) U [54, 43) U ...

B 1 1
ie. 12)=U [1+*,1+ )
s k k-1

i
k-1

Lemma 2 — If 1 < a < 2, then for every r =2, either r EA or r - 1 €A.

As 1 < a < 2 and « is irrational, ae(l+%, 1+ ) for a unique k= 2.
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PROOF : It is enough to prove that successive integers in A differ by at most
2. This is the case because
O<for+ ] ~-[an] <a(m + 1) —(an - 1) =a + 1 < 3.

So [a(n + 1)] - [an] = 1 or 2.
Lemma 3 — If 1 < a < 2 and [an] + 1€A, then

[an] =an-(2-a).
PROOF : Since [an] + 1 €A, so {a(n + 1)] = [an] + 1; by Lemma 2, we must have

[an + 1] = [an] + 2.

Now, let an = [an] + &, 0<e<l
Thus an + 1) = [an] + € + a,
S0 [afn + 1] = [an] + [e + a;
It follows that [e + a] = 2, or e + a = 2, ie. €220
Thus an=[an]+ezlan]+(2-a)
or [an]} san—(2-a).
Lemma 4 — If 1 <a < 2, then for every natural number r, there is a natural
number n such that Al is either —— or 1 and in the latter case
r [an] fan] +1

[an] s an—(2 - a).
PROOF : If r&A, let r = [an]. Clearly A(r) = n, so

A(r) _ n_

ro [an]

If r€A, then r > 1 (because 1 €EA). So by Lemma 1, r—1€A. Let r — 1 = [an].
Sor =[on] + 1 and as r&A, A(r)=A(r—1)=n, so

A(r) n
r [an]+1”°
where by Lemma 3, [an] s an—-(2-0a).
Theorem 5 — Let 1 < a <2, « irrational and let k =2 be the integer for which

. Then

1 1
1+ k<a<1+k_1

o(A) = 1 -% - (k- 1)/k.

1 sl+l, SO a<1+1. Thus for each
k-1 r r
rsk-1, 1<a<(r+1)/rorr <ra<r+1, ie. [ar] =r for each rsk-1.

PROOF : For rsk-1, 1+

But as "Lklm, ie. ka>k+1, so [ka]=k Hence 1, 2, 3, .., k — 1 are in A and

k&A. So A(k) = k - 1. So
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Ay k-1 1

PR S
It is therefore enough to show that for all natural numbers r,
A(r) k-1
. zik .
n k-1 .
By Lemma 4, we must show that mz 3 and that if [an}<an—(2-a),
then
n Zk—l
[an] + 1 k
Now
n__n_ 1 S k-1
[on] "an a” k-

[an}l+ ] zk_Tl, we must prove that

To prove that if [an]<an-(2-a), then
(k — 1) {{an] +1} - kns 0. Now
k-1 {{on]+1} —kn s(k-1) {an-1+a} — kn

={tk - Da - k}n + (k-1) (a - 1)

Next
{(k — Do—-k} (n + 1) < 0 (because a<ﬁ),
ie. {tk - Doa—k}n + (k - Da—-k <0,
ie. {k - Da-kn + (k — Da-(k-1) < 1,
ie. {k - Da-kin + (k—1) (a-1) < 1
Hence k—1) (Jan] + 1) — kn < 1.

As the left side of this last inequality is an integer, we must have,
(k — 1) (an]+1)—kns<0.

This completes the proof of the theorem.

5. THE CASE o > 2

When a>2, [a] 22, so 1 €A, hence o(A) = 0. We can therefore either consider
{1} LJA=A" and find o(A’) or we can find 0'(A). We do both here.

A'(r)
,

. . n+1 ..
is either — or it is at least

[an]

Lemma — If a > 2 and r=2, then

n
for some natural number n.
[an] -1
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PROOF : If r€EA’" and r=2, then let r = [an], then A'(r)=n+1 (the term 1
comes from the fact that 1 €A’ although 1 =[an] for any n). Hence

A(r) _n+1
r [an]’

If r €A, let s be the smallest integer in A’ greater than r, so s2r+1 or
rss—1, if s = [an], then A'(r) = n; hence

A(r) n n n

r rzs—l'z[an]—l'

Theorem 6 — If a > 2 and A’ = {1} U {[an] | n = 1, 2, 3, ...}, then

N1
o(A') = o
. , A'(r) n
PROOF : By the Lemma , if r &A’, then .= [an] -1 where [a(n—-1)] < r
! AI

< [on]; and if rEA’, then either r = 1 and Ar(r) =1 or r = [an] and % =
n+1
[an]’
We claim that if r€A’ and r = [an], then

A'(r) n

r T lan]-1"

ie.

n+1 n
[an] = [on]-1'

To prove this, we must show that
[an]-n-1=2 0.
For n = 1, this becomes [a] ~ 2 =0 which is true as a > 2. For n=2. we have
for]—-n-1>(an-1)-n-1=an-n-2
>2n-n-2=n-220.

Thus our claim is established.
To complete the proof of the theorem, we have only to prove that

n S 1
[an]-1 ~ «

and use the fact that d(A’)=l. But
a
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n n 1

fan]-1 " fan] " on T @

Theorem 7 — If a > 2 is irrational, A = {[an] | n = 1, 2, 3, ...}, then the
modified Schnirelmann density o'(A) of A is given by

1
[20]-1

o'(A) =

PROOF : It is clear that A(r) > O if and only if r 2[a]. Also the two least
integers in A are [a] and {2a]. So A({2a] - 1) = 1. Hence

A([2a] - 1) - 1
Ra]-1 ~Ra]-1"

It is therefore enough to prove that for all = [a],

A1
r [Ra]-1
If r €A, let r = [an], so A(r) = n. Hence
A _n_ 1
r " an] " [2a]-1

because

n{[2a]-1} > nQ2a - 2) > nQ2a - a) = an > [an].
If r&A and AQ) > 0, suppose

fan - 1] < r < {an] (nz2)
Then A(r) = n - 1, and
A) _n-1__n-1

r r z[an]—l'

Therefore it is enough to show that for all n > 2,

n-1 > 1
[an}-17 [20]-1’

i.e. that
[2a}n - [2a] - [an]-n+220;

or, as the left side of this last inequality is an integer, it is enough to show that
[2a]n—[2a]—[0.n]—n+2>-—1
or that (for all r » 2),

[2a)n - [2q] - [an]-n+350.

Now let [2a] =2a-¢, 0<¢ < 1, or 20=[2a] +¢.
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Therefore
[2aln-[2a]-[an] -n + 3

Ra-en—-QRoa-¢e)~an—-n + 3

Vv

i

an-2)-(1+en+e+3

v

2An—-2)~(1+e)n+e+3

(-en-(1-e)=(1-¢)(n-1)>0,as 0 <e <1 and n=2.

This proves the theorem.

6. CONCLUSION

This investigation started with the -objective of finding a proof of Theorem 1
from density considerations. Although we have evaluated the densities of sets A and

B, it seems impossible to evaluate the Schnirelmann density of the set A | B without
using at least a part of Theorem 1. So our original objective remains unattained but
the evaluation of the densities of [on] itself seems important enough to deserve
publication.
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