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The present paper provides an asymptotic estimate for the mathematical expectation
of the area cut off above a level K by a curve representing an algebraic or a
trigonometric polynomial with independent random coefficients. The general idea of
exceedance measure of a non-stationary stochastic process is adapted and modified
to lead to the result. There are many known asymptotic estimates for the expected
number of crossings of such polynomials and the level K. It is shown that the
constant K = K, can exceed previously known values without affecting the behaviour

of the polynomials.

1. INTRODUCTION

Let ay, a;, ay, ..., a,_; be a sequence of independent normally distributed random
variables with mathematical expectation u and variance o2 The set of equations
y = P(x) where

n-1

P(x) = 2 a;xi

i=0

represent a family of curves in the xy-plane. By investigating the number of x-axis
crossings or K-level crossings (crossings with line y = K) of this family of curves,
a great deal of information about the behaviour of this family is obtained. Kac®
showed that for K = p = 0 and all sufficiently large n, the number of times that
this family crosses the x-axis, on average, is asymptotic to (2/x) log n. Farahmand’
obtained the same asymptotic formula for the expected number of K-level crossings
as long as K is bounded. For K — o such that K = o(Vn) the expected number of
crossings in the interval (-1, 1) is reduced to (1/x) log (n/K?), while outside this
interval this expected number remains as the case of K = 0. Still for the case of
K = p = 0 Das® studied the expected number of real zeros of the polynomial of the
form
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n-1
)= $ ig,xi-1.

His result showed that the number of turning points of P(x) is {(V3 +1)/x} log n
which is about 1.366 times that of x-axis crossings. Therefore there should be about
(0.732/m) log n oscillations, which do not occur between two axis crossings. This
result, together with the above number of K-level crossings, gives a fairly clear idea
of the behaviour of these types of random polynomials.

However, for the case of u= 0 less of the behaviour of the polynomial can be
detected. From the work of Tbragimov and Maslova® we know that in this case half
of the number of crossings disappear, and in fact the number of crossings on the
positive x-axis is now significantly lower while those crossings on the negative side
of the x-axis are unaffected. To detect the behaviour of the polynomial, therefore, is
of special interest to estimate the number of oscillations of these kinds of polynomial
particularly on the positive x-axis, where we have lost a significant number of
crossings. It is presumably the case that, possibly under mild conditions for w, the
number of oscillations remains the same as the case of u = 0. This author, however,
was unable to make any substantial progress towards this conjecture. Instead in this
paper the idea of exceedance measures, first introduced by Cramer and Leadbetter?,
is extended to the polynomial P(x). Further we proceed with a special case of this
general idea to be able to obtain the area cut off by the curve above the level K,
where K, = K is a constant independent of x. This result, of interest in its own right,
may be used in future to study the behaviour of the polynomial, for other cases like
u= 0, where the analysis for estimating the expected number of real roots fails. We
prove :

Theorem 1 — If the coefficients of P(x) are independent, normally distributed
random variables with mean zero and variance o2, then for all sufficiently large n
the mathematical expectations of the area cut off by this curve above the level K = 0
in the intervals (0, | T |) or (-~ | T |, 0) is asymptotic to :

o (2ny 2 arcsin | T | for [T]|s1
and

o) V2 {(n/2)+{2/(n - )} | TP+ (T2 - 1)12}  for | T|>1
and for K > 0 is asymptotic to

oVn/2Z F(1/2, 1/2, -K*/20%) for | T | s 1
and

o {(Vn/2 F(1/2,1/2, -K?/20%) + o(2n)"2(2/(n-3))

x [T+ 1(T2-1)y 12} {1+ o(K?(loglogn)/n(logn)6)} for | T | > 1

where F denotes the confluent hypergeometric function.

The above theorem shows that for x > 1 or x < — 1 and as far as the area
above level X is concerned, the behaviour of the polynomial is invariant even beyond
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level K = o(Vn), at which from Farahmand® we know the expected number of K-level
crossings is reduced.

For the case of random trigonometric polynomial
n
Q®)= > a;cosif
i=1

from the work of Dunnage* we know that the expected number of x-axis crossings
is asymptotic to (2n)/¥3, when n is large. This asymptotic number of crossings
remains invariant, unlike the algebraic case, in the work of Farahmand® ’ when he
considers the cases of K = 0 and p = O respectively. For both P(x) and Q(8) in two
interesting recent papers involving several new methods, Wilkins'> ' dramatically
reduces the error term for the x-axis crossings, considerably improving the previous
results. A comprehensive treatment of the zeros of random polynomials constitutes
the greater part of a book by Bharucha-Reid and Sambandham! which gives a
rigorous and interesting survey of earlier works in this field. In the final section, we
will prove the following theorem.

Theorem 2 — If the coefficients of ((8) are distributed according to the
assumptions of Theorem 1, thenm for all sufficiently large n the mathematical
expectation of the area cut off by the curve above the level K = 0 in the interval
O, 2n) is

(oVan)exp (-K2/0%n) {1 + o(n~1%)}.

For both P(x) and O(8) the expected number of crossings is independent of o, and
is invariant for most of the class of distributions with well behaved variance, see for
example Kac®. Our result here, of interest in its own right, is important to detect the
behaviour of polynomials with more complex distribution of coefficients such as
Cauchy or when they belong to the domain of attraction of the normal law (see
Logan and Shepp!" 12).

2. EXCEEDANCE MEASURES

Here we shall define a random variable Zf which takes account of the excursions
of P(x) above the level K in various ways. For any non-negative integer k and
asx=<p, let

k

) = [P)} if Px)>K

0 otherwise

and

[
Zi (@,p)= [ nk @) dx.
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This integral is certainly well defined, since P(x) has a continuous sample function.
The random variable (§ — o) Zf (o, B) is called Z,-exceedance measures (see Cramer
and Leadbetter?, p. 215). In physical terms these random variables are thus the result
of a "kth power rectification" of the P(x) followed by an integration. In particular
(B —a)' Zy (a, B) is just the proportion of the interval (a, B) in which the polynomial
P(x) is positive. Z; (o, B) also has an obvious interpretation : it is just the area in
the interval (o, B) cut off by the curve representing the polynomial above the x-axis.
It is clear from Fubini’s theorem that the mean of Zj (a, B) is given by

B
E{Z{ (@B)|= [ E|n (@) ]ax

a

o0

dx [ (/0') ¢ (/") du . (2.2)
K

Q"“@

where
¢ (x) = (2m)- V2 exp (- x2/2) and o2 = var (P(x)).

Let v = u/0’, then from (2.1) follows

ﬂ ]
E{Z (o,B)|= [ odt [ v:o(v)av. - (22)

K/a

We note that (ﬁ-—a)"E{Zg(a, ﬁ)} = 1/2. This, as expected, confirms that the
polynomial, on average, in the half of the interval asx s is positive. Although
the behaviour of E {Zf(a, ﬁ)} for k = 2, 3, .. is interesting, for the special
interpretation of Z¥ (o, B) mentioned above, we proceed to evaluate E {Z’f (o, B) }

3. RANDOM ALGEBRAIC POLYNOMIALS

3.1. x-axis Crossings

Since the coefficients of P(x) are normally distributed with mean zero and
variance 0%, we have

02 = var (P(x)) = 02 (x> - 1)/(x2 - 1).
This together with (2.2) gives at once

]
EZ} (a,B)) = o(2m 2 [ (x20—1)V2 (2 - 1) V2 dx - (3.0)

Since a; and -a,(i = 0, ‘1, 2, ..., n — 1) both have the standard normal distribution
E(Z‘,’ (a,B)) = E(Z(,’ (-B,—a)), we only need to obtain the result in the positive
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interval. To evaluate E{Z; (0, T)} we first assume T < 1 — n* where @ = 1 ~
(log n)”' log log (n)'°, then for all sufficiently large n we have

¥ <(1- 92 ~ exp{-n21-9} = p-0 . (32

Hence from (3:1) we have
T
E@Z(0,T) = o@ny V2 f (1-x% 2 dx {1+ o{n ™)}
0

~ o(2n)~ V2 arcsin T. - (3.3)

To cover the entire interval (0, 1) we need to cvaluate the integral in (3.1) for the
interval 1 — n*<x=<1. We have at once

1 1 n-1 12

f (1 =x2)2 (1 -2y 12 dx = f z XX dx

1-n" 1-n2) i=0
<n-9+1/2) = o(log n/Vn). .. (3.4)

Hence from (3.3) and (3.4) we have the proof of the theorem for 0 =T < 1. For the
case of T > 1 again we must avoid the evaluation of the integral of (3.1) at the
points too close to one, to allow us to find the dominant terms in (3.1). To this end
we first assume 1 < T < 1 + & where € = (3/n) log log n, then since for all
sufficiently n, (1 + €)* = (log n)}, we have

l+e l+e 172

n-1
f 2 = DV2 (2 -1y V2 dx = f RN E 2 dx
1 1 i=0

1+¢

svVn f X lde=nV2{(1+e)-1}
1

= o{(log n)¥/n}. .. 3.5)
To consider the interval (1 + €, 7) we need the following lemma.
Lemma — For a any real value and n an integer we have

n

S ( H )ak+1/(k+ )= {(a+1r*1-1}/(n + 1). . (36)

k=0
PROOF : Using the Binomial theorem we have

n

{as1y*'-Yn+ 1) = 3 ( n+1 )ak+1/(n+1)

“ k+1

which is identical to the left-hand side of (3.6). O



902 K. FARAHMAND

Now let u2=x2—-1, c=(e2+2¢)/2 and ¢’ = (T - 1) then from (3.1) we have

T

E (N(x)(1+8,7'))=0(2n)"1/2f X (1—x )12 (2 - 1) 12 dx

1+e

= o(2n)y 12 f (u? + 1)(n— 2 gy 1+ O(log)—3].

. (37)

To evaluate the integral appearing on the right-hand side of (3.7) we first assume n
is odd. In this case n' = (n — 1)/2 is an integer and since

22k + 1) = Yk + 1) + 1k + 1) 2k + 1)

!

by letting flu) = ( Z ) u*+1/(k +1) we have

g

c

f W+ 1) du= f 2 (Zl )u”‘du
c k=0

[

= (12) ¥ [flc’)=fic) + {fc) - A2k + D)]. ... (3.8)
k=0

In the following we show that all but the first term of (3.8) are negligible. To this
end by using the lemma we first have

n

-
2 Ac)=c"! 2 (: )c’z('””/k+1
k-0 k=0

= {20+ D _1}/(n' - 1) (T2 - )2, .. (3.9)

To evaluate the second term of (3.8) by using the lemma and for all sufficiently
large n we have

S n' k +
S A=t 3 (k )c2< D/(k + 1)
k=0 k=0
< (24 2+ 1"+ 1/(n' + 1) el2
< (log n)°/(3n log log n)!”2. - (3.10)

For the last two terms of (3.8) we can obtain

> Re/k+1)< 3 i)/ (2k+1)
k=0 k=0
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;
=3 (Z )c'2k+1/(k+1)(k+z)+c'/2

k=0
" n'+2
=k22( F) )c’(”‘”)/(n’+1)(n’+2)
= THW+D/2 (T2 1)32, - (3.11)

Hence from (3.5) and (3.7)-(3.11) we have proof of Theorem 1 for x > 1. If n is
even we write

¢ ¢
J @+ 0)m-92du<T [ (2 +1)"-272 du
c <

and since (n — 2)/2 is even (3.9)-(3.11) can be used to obtain
o2/m)V2/(n~1) (T2~ 1)2[1 + 0 (log n)7 ]

as an upper limit to EN? (1 +¢, 7).

For a lower limit we write

¢ a2

¢ /2
J‘ 2+ 1)n-12 gy = f kEO ( ”k )uu (1 +u)V2 dy

¢ n/2

>f 2 (”22 )u”‘”du
¢ k=0

and therefore (3.9)-(3.11) can be used to obtain the same result.

3.2. K-level Crossings

In the following we evaluate E{Zf(— o, )}, From (2.2) and (3.2) for
O<x=<1-n7 where a = 1 -~ (log n)! log log (n)!® we can obtain

1-n

E{Z{ (0,1)} = (o/V2r)| [ (1-x®Zexp {-K*(1-x*/20% dx
O

1
+ [ -2 (1 -2 V2exp {~ K2 (1 -x2)/20% (1 - x™)} dx

i-nt

x {1 + o(n %)}
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1

= (o/V2n)| [ (1-x2r2exp {-K2(1-x)/20% dx
0

1
+ [ 1A= 0 -2)r2exp {~K2(1-x2)/20 (1 - X}

1-n
- (1-x?y 12 exp {~K?(1-x%)/20%}] dx 141+ o(n %)}

= (o/V2n) (I, + I, + I5), say. . (3.12)

In the following we evaluate Iy, 1, and I;. First let @ =1—x2 then

1
L= f w 2 (1-w)y 2 exp (- K2 w/20%) dw
0

= nF {12, 112, - K/20%} .. (3.13)

where F is the confluent hypergeometric function. Also by elementary transformation
we can show

1
L < f (1-x2)/2(1 —x2) V2 dx

1-n*

NG . (3.14)
= f 2 x2] dx<n?-9 =10 n1%logn
1-n*) i=0
and
1 . (3.15)
L< [ (1-x12dx=arccos(1-n) = o (n~"*logn).
1-n

Hence from (3.12)-(3.15) we obtain
E{ZX (0,1)} = oVr/2 F(1/2,1/2,-K2/20%) + O(c log n/n). - (3.16)

To evaluate E{Z} (1, )} we let ¢ = (3/n) log log n then from (2.2) we can write
E{Z (1, 1+¢)}

T+¢

= (VIR) [ (@ -1)2 (2= 1) V2 exp {~K2(1~12)/20*(1-2*)} dx

172

dx
i=0

1+¢ ne1
< (0/V2x) f x"‘l[ 2 x %
1

< o (2Zrn) V2 (1 + £y = 0 {(log n)*/n}. R 3 )
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To complete proof of the theorem, therefore, we assume 7 > 1 + &. Since for any
x > 1 + ¢ and all sufficiently large n

(x® ~ 1)/(x?" - 1) < 6(log log n) (log n)™®
from (2.2) we have

E{Z{ (1 +¢,T)}
T
=o/V2r [ (- 1)V2(~ 1) 2 dx [ 1+ 0 {(K?) (log log n) (log )6} |
1+¢ ’

.. (3.18)
The result then follows from (3.17) and (3.18) similar to that of X = 0, (3.7)-(3.11).

4. RANDOM TRIGONOMETRIC POLYNOMIALS

In this case
0'%2 = Var (Q(8)) = o2 2 cos? i0. — (41
im1

In order to evaluate E{Z\ (0, 2n)} we divide the integral (0, ) into sub-intervals (O,
), (¢, ® — ¢) and (n — ¢, x) where € is a positive constant arbitrarily small. The
interval (m, 2r) can be treated in exactly the same way to give the same result. First
from (2.2) we can see

E{Z{ (n-¢,m)} = E{Z{ (0,¢)}

172
£ n
<[ 0( D cos2i9] /m— o
0 i=l

= ofevn). . (42)
Now suppose € <0 <m—¢ we note that (see also Farahmand®)
Y cos?if=(1/2) Y (1+cos2if)
i=1 i=1
=n/2 — 1/4 + sin 2n + 1)0/4 sin 6
= n/2 + o(1/e) .. (4.3)
since in this interval of 6
| sin (2n + 1)B/sin 6 | < 1/sin 6 = o(1/e).
Hence from (2.2), (4.1) and (4.3) we have
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E{Z{ (e, n-¢)}

= [ (0/2) Vn/m) exp {(-K2/0?)/[n/2 + 0(1/¢)]} dx {1 + o(ne) V3

= (oVnn/2) exp (- K2/0% n) {1 + o(ne) ! + o(K2/0% n? g)}. .. (4.4)
Finally from (4.2) and (4.4) and choosing € = n-3/4 we have the proof of Theorem 2.

5. NUMERICAL RESULT

Here we present the numerical values calculated for fixed o = 1 and different
K and n for the area cut off above the level K by random algebraic and trigonometric
polynomials, respectively. For the algebraic case, Table I, the interval (0, 1.2) is
chosen as behind this interval, because of the presence of T"*! term, the area
becomes large. However, for the trigonometric case, Table II, it is natural to chose
the interval (0, 2m). Only a small selection of values is shown. However, we present
the result for both even and odd values of n.

TaBLE 1

0
EN1(0, 1.2) for the algebraic polynomials

K 0 05 1 1.5 2 25 3
n
10 2.53 2.383 2.037 1.684 1.446 1.332 1.291
11 2.594 2.447 2.101 1.747 1.51 1.396 1.355
20 4.508 4.361 4.105 3.662 342 3.31 327
21 4.943 4.795 4.449 4.096 3.859 3.744 3.703
30 13.943 13.796 13.45 13.097 12.860 12.745 12.704
31 15.938 15.79 15.445 15.091 14.854 14.74 14.698
TasLe 11

EN? (0, 2r) for the trigonometric polynomials

K |0 05 1 1.5 2 25 3
n
10 5.605 5.466 5.072 4.476 3.757 3 2.279
11 5.879 5.746 5.368 4.791 4.086 3.331 2.594
20 7.927 7.828 7.54 7.083 6.49 5.799 5.054
21 8.122 8.026 7.747 7.297 6.714 6.032 5.291
30 9.708 9.628 9.39 9.007 8.496 7.882 7.192
32 9.869 9.789 9.555 9.178 8.674 8.067 ‘7.382
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