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A special form of the hv-curvature tensor of Berwald’s connection BT of a Finsler
space is proposed in this paper. It arises from the theory of two-dimensional Finsler
space and it has been shown that Douglas tensor D vanishes of such a Finsler space.

1. INTRODUCTION

Let F* be an n-dimensional Finsler space equipped with metric function L(x, y).
The metric tensor and angular metric tensor of F* are given by
1

gij='2— éi é] L2

hii=gii—1i];

: oL . . A
where [;=4,L =a—yf is the unit vector along the element of support y°. The Cartan’s

C tensor C is defined as
1 .
Ci =7 % &

which is completely symmetric and indicatory tensor*. For a given Finsler connection
in F* there exist two kinds of covariant differentiations called k- and v-covariant
differentiations. In the present paper we are concerned with the Berwald’s connection
BT =( Gy, G;, 0 with respect to which the A- and v-covariant differentiations of
a vector field X* are given by
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i . . i - (11
X'm-an’—(ak X')Gf-ﬁx"G;u ( )
T - (12)

where aj-%.

Recently a Finsler connection PI" = (P;:,c , Gj , 0) of a Finsler space F* has been
introduced (see Matsumoto®) which is called the projective connection of F”. Here

Pj=Gy—Gyy/(n+1), - (1.3)
Gy =G , - (14)
Gl =3y G . (15)

G and G are called the hv-curvature tensor and hv-Ricci tensor of BT respectively.

We have two essential projective invariants, one being the Weyl curvature tensor
W and the other the Douglas tensor D. From the standpoint of Matsumoto’s theory
of general Finsler connections?, while W is of h-type, D is of hv-type with respect

to BT = (I, I™). The vanishing of Douglas tensor D must show some special
relation between I'* | TV

In this paper we are concerned with a special form of the hv-curvature tensor
of BT given by

Gixjk = sy {0F @z + ki) hi} .. (1.6)

where 54y { } denotes the cyclic permutation of h, j, k and summation. Here a, are
components of some covariant vector positively homogeneous of degree —2 in y* and
A is a scalar function positively homogeneous of degree —1 in y. This form
of Gf,,,, arises from the form of hv-curvature tensor of two-dimensional Finsler space.

2. SPECIAL FINSLER SPACES WITH THE FORM (1.6)

Since Gj,jk y"-Gajk = 0 and h; is an indicatory tensor, from (1.6) we get aq
= 0. Again from (1.4) and (1.6) we get

Ghj - (n + 1) A hhj' . (2.1)

A Landsberg space is characterized by the relation 8ij®y = 0 which is equivalent
to Cixjo = 0 (Matsumoto®, p.162, Numata®). This condition is also equivalent to
Gf,,-k ¥: = 0 which can be proved as follows.

From (18.2) and (18.6) in Matsumoto* we have
§)] G';ljk-lyl.ujk + C;lklj—c‘;crgk + C;hl()‘k



THE hv-CURVATURE TENSOR OF BERWALD’S CONNECTION 1277

where C;.m'}’,:h- From "Landsberg space” we have P, =0 and P, = 0, and thus
from (i)

(ii) Gig = Cuyy-

Transvecting (ii) with y, we have y, G, = 0.

Conversely if we assume y, Gf,jk = O we have from (i)

(i) y; }):ljk t i lerk =0

As from (17.23) in Matsumoto* we have

)’il’izjk=yiphzjk=—yiPihjk=—Chjk]0

and inJ;h-k‘(yicjhlo)-k_yi-ktho=—Cjkh|0'
We have from (iii) Cpyo = 0 as y,., =g, In view of (1.6) and G;,»,( y;i = 0 we get
Senipy {a, hjk} = 0 which yields a, = 0. Thus we have the following :

Theorem 2.1 — If the hv-curvature tensor of a Landsberg space is of the form
(1.6) then a; = 0 and Gy = supy {M hj .

In the theory of two-dimensional Finsler space we can refer to the Berwald’s
frame (F, m’) (Matsumoto*) where F=y'/L and m' is the unit vector orthogonal to F.
The angular metric tensor h; and hv-curvature tensor Gg-k of BI" are written in the
form (Matsumoto?)

hi' =m;m; e (22
i J

L Gy = (= 2y 1 + I m) my, m; my . (23)

where [ is the main scalar and I, = Iy +1-,.

From (2.3) and (2.2) it follows that Gf,jk can be written in the form (1.6) where
2, L
ai=—ﬁm,- and ;\.=3L
Theorem 2.2 — The hv-curvature tensor of BI' of any two-dimensional Finsler
space can be written in the form of (1.6).

, thus we have :

Next we shall discuss the three-dimensional Finsler space F3. Matsumoto?
developed the theory of three-dimensional Finsler space referring to the orthogonal

frame efa), o =0, 1, 2, called the Moor frame (Matsumoto*). With reference to
this frame, the angular metric tensor A; is written as

hl] - (6aﬁ - 500. am) e(a)i e(mj. fees (2.4)

If G,4,5 and a, are scalar components of G, and a; respectively i.e.

G;ljk'Gaﬁyb eiu) e@),, emj e(ﬁ)k cae (2.5)
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and a;=a, €., .. (2.6)
then from (1.6) and (2.4) we get
Gama = S(By5) (Laou apg + A 505 - )\-Boq 605 ) (6‘{6 - 6(" 605) (27)

Since Gﬁ,jk is symmetric in the indices 4, j, & and Gi,,-,, = 0, it follows that the scalar
components Guos, Gopos» Gogo vanish identically and from (2.7) we get

(@) Goiii=3La;, Gouz=Lay, Gomp=Lay, Goxp=3Llay

®) Gy =37, Gniz=0=Gyx, Gun=»A

(© Gai=0=Gunxn, Gua=A Gamp=3\ - (2.8)
From (2.8) we have the following :

Theorem 2.3 — In a three-dimensional Finsler space if hv-curvature tensor of
BT is of the form (1.6) then the scalar components G,g,s Of hv-curvature tensor
Gy satisfy the following identities

Goopy=Gun2=Gin=Gun=Gp =0
Go111=3Gp122, Gz = 3Goinz

and

G111 = Gz = 3Gy122 = 3G1p2-

3. THE DouGLAS TENSOR OF F"

The (v)hv-curvature tensor U;:k of projective connection PI' is given by
(Matsumoto®)

, 1 )
Vie—L Gy, - (1)

which in view of (2.1) gives

Uj.k =M hy ¥ . (3.2)
The hv-curvature tensor of PT is defined (Matsumoto®) as

Uixjk = ék P;:j
which in view of (1.3) gives

ljjljk = G;ljk - (Ghj .kyi + Ghj 5;)/(11 + 1) (33)
Since

h,}; k= 2C,'jk-L_1 (htk I] + hjk l,-), oo (34)
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we have from (2.1)
Ghj'k - (n + 1) [;"k hhj + 7»{2C;,jk . (lh hj‘. + l]hhk)}] (3.5)

where A, = é,, A
Now we consider F" satisfying (1.6). Then from (1.6), (3.3) and (3.5) we get

Uhje = S {0 @ + M b3 b}
= [Mhy+ A 2Ch— L (b + L )} i
~ Mhy; 5. .. (3.6)
Since the hv-Ricci tensor of PT is given by (Matsumoto®)

_ %G
Y n+l’
from (2.1) we get
Uj=2\hy. - (3.7
The Douglas tensor D;,,-k is given by (Matsumoto*)
Dije = Upi— (U 8 + Uy 8)/2. - (38)
In view of (3.6), (3.7) and (3.8), the Douglas tensor Df,,, of F* may be written as
Dijg=y {ay by + a; by, + ag hj— 21 Ciye
- (e + LML) by} .. (3.9
Since D;,,-,, is symmetric in j and &, from (3.9) we get
M+ LINL) by = (N + LN L) By .. (3.10)
Contracting (3.10) with g¥ we get
M+LiAL =0 .. (3.11)

if n > 2, which shows that AL does not depend on y'
Then (3.9) reduces to

D= En,
Epr =S jn {anhi} — 2 A Chye . (3.12)

The covariant differentiation of (3.12) gives

D;jk-m =8 Eui+y Epjg-m- - (3.13)
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Since E,, are positively homogeneous of degree -2 in y, (3.13) yields D,,'},‘. i =
(n - 2) E,;. Then the identity D,,';-k.,- = 0 gives E, = 0 (Matsumoto*), provided
n > 2. Consequently we have
(1) If A = 0 identically, then we have a, = 0 and G,; = 0, hence F* is a Berwald
space.
(2) If A= 0, then F* is a C-reducible Finsler space with g, =2Ac,/(n+1)
(Matsumoto?, Matsumoto and Hojo®) and (3.12) shows D;,,, = 0.
Summarizing up we have :
Theorem 3.1 — Suppose that the hv-curvature tensor of the Berwald connection
of F* (n > 2) be of the form (1.6). Then AL does not depend on y* and
(1) if A = 0 identically, then F* is a Berwald space,
(2) if A0, then F* is a C-reducible Finsler space with a,=2AC./(n+1) and its
Douglas tensor vanishes.
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