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The second class constraints for the two dimensional time dependent classical systems
are derived. The invariants involving quadratic powers in velocities for the constrained
Hamiltonian are constructed with special reference to super-harmonic oscillator. The
super-potentials for the two-dimensional Kepler and harmonic oscillator are also
derived.

1. INTrODUCTION

The integrability of classical dynamical systems (both time dependent and time
independent) in two dimensions has been widely discussed!. The superspace formula-
tion of N = 1 and N = 2 pseudomechanical systems have been studied in the context
of dynamical invariance (super) symmetries associated with Pauli systems in the
presence of magnetic monopoles in one spatial dimension?. Such a study could be
profitably applied to the theories of spinning string or membrane having both bosonic
and Grassmann degrees of freedom?. We make use of “‘super’’ time variable which
involves the usual time ¢ and the Grassman variables 6; and §,. Correspondingly, the
‘“‘super’’ position variable is given by

zi=2(10,0) =q (1) + iy (1)
+ 004 (£) + 88A; (), i=1,2 (LD

The Euler-Lagrange equations satisfied by the superspace Lagrangian are set up. It
is noted that on applying, the Dirac’s constraints®, the system effectively reduces to
a time-independent one. Thus, given the effective Lagrangian, or, correspondingly
the Hamiltonian, one can construct the invariants in various order of velocities and
positions (i.e., the invariant is in general assumed to be a polynomial in position and
velocity co-ordinates.’+’). Here, we address ourselves to the construction of second
order invariants involving the position, velocity and Grassman degrees of freedom
for the super harmonic oscillator and Kepler potentials. The recipe could be prescribed
to construct any integrable systems in two spatial dimensions and could be generalis-
ed to classical systems with an arbitrary space and Grassman (finite) degrees of
freedom. The plan of the paper is as follows.
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In section 2, we recapitulate some of the salient features of super-space formula-
tion for classical dynamical systems. The equations of motion are derived and the
general structure of super potential is obtained. Involving Dirac’s constraints (se-
cond class), the constrained system reduces to a time independent one. In section
3, we assume the existence of the second order invariant for the superdynamical
systems under consideration. Using the graded bracket relations for the canonically
conjugate variables, we obtain a set of coupled linear equations. A consistent solu-
tion of these equations yield systems which are integrable. Alternatively, knowing
the coefficients in the polynomial structure of the invariant, one can obtain a class
of super potentials which furnish the integrable systems. In section 4 we discuss the
superharmonic oscillator and Kepler potentials in two spatial dimensions.

2. EQUATIONS ofF Mortion anp THE Constraimnep HamiLtonian SYSTEMS

Let us consider the action?
A = {dtL = {dtdd;dd; £ (z, Dz, Dg;) ..2.D
Let
zi (g; (1), 6, 8)
gi () + by; () + 03 () +06:A, (1) i=1,2
be the super position variable. ¥; ¥, and g;, A; represent respectively the fermionic

and bosonic spin degrees of freedom.
Let

I

%

I

D; = 3;,-i6,8, and D; = 3 - if9,
be the super derivatives satisfying

D, Dl. = -2i8;9,
Further,

and
6, 61, = 16; 61, = 10, 61, = 0.
Let us choose the general form of the super Lagrangian

1
£ (z; Dz, Dzy) = ey Dz; - Dz; - w(z)...(2.2)

where the super potential can be written as (using Taylor Series expansion)
Wz, 22) = W (qu, q2) + i0; (W, v) + i0; (wg, ¥1)
+ 09 (wg, A;i + wg ¥). ..(2.3)

aw(qlx ¢Iz) e

where Wq, = 3 tc.
q;
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The Euler-Lagrane Equation

3t -0 (st) (i) =
9z a(Dgz;) (Diz)

% D, D). z; = 3—:- 2.4
Substituting for D, D, z; and w(z;) from the preceding equations, we find

A; = wy (g q2) ...(2.5a)

Vi = iwg ¥ ..(2.5b)

Vi = - iwg ¥ ...(2.4¢)

and

Py ” l ¥ ¥
Gi=-wg A, - Py wg (Vi - ¥ivi)

1 . .
= - W w, - > wg (Vi - didi)

1 1 -
= - 5 0D~ Wy s W)’

14 -
— (W), W, , ¥, ¥)..(2.6)
aq; KA

]
i

i.e. we can identify % (w,;i)2 with the classical two dimensional potential (with
grassmann degrees of freedom being absent).
Alternatively, substituting for w(z;), Dz, D;z; in eqn. (2.2) and using
| fdb; db; = 1 for f = 6, 6;
=0forf=1086,6
we find

£ = | db; df; £(z;, Dz, Dz;)

1 1 , i ., . -

= 7 Qiz + ‘:2‘ A}- Wg, A + 5 Wi - ¥ - —2- W, [wodil.. ...2.7)
We note that the Lagrangian represented by (2.7) is a constrained one. In quantizing
such a theory, special care is needed. Here, we use (graded) Dirac brackets rather
than the (graded) poisson brackets.

(a) Computation of Constraints
The primary constraints of the Lagrangian (2.7) are given by

i .
¢}=P¢i+5\l'i=0
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2 T oy =
¢1—p¢’.+ 2 (d’c)-o

¢! =ps =0 ...(2.8a)
whereas the secondary constraint is given by
¢f=Ai-W, =0. ...(2.8b)

Py Py Da are cannonically conjugate to ¢;, ¥; and A, respectively. One can check
that the constraints do not evolve in time and consequently they are all second class
constraints.

The graded poisson bracket of these constraints are easily calculate from

aF 3G 3F 3G
IF,G] = L— — - (-1) |F] - |G]

..(2.9)
i Ox; oy; ay; ax,

where x;, y; are cannonically conjugate and |F} and |G| are the degrees associated
with the dynamical variables F and G respectively. Thus, we have

[¢f, ¢1 = 0, [¢], 91 = 0

Thus, the matrix representing the poisson brackets of the constraint ¢}, ¢¢has the

form
0 1
8,
<—19 0 ) Y

which is antisymmetric and singular. This implies that there are certain non-dynamical
degrees of freedom present in the theory. So, the (graded) poisson bracekts need to
be suitably modified to represent only dynamical degrees of freedom. We require,
thus, the second class constraints with any dynamical variable must have vanishing
poisson bracket. In otherwords, we must replace the original (graded) poisson bracket
by the new Dirac bracket by

IFi, {1* = IF; ¢]1- IF, ¢%1 (CT) 6, 671 = 0
where

€My =8; (§ 9
The modified poisson bracket between any two dynamical variable F, G is now given
by

[F, GI* = [F. G] - IF, 71 (C")& [¢} Gl. - A2.10)
With this definition, it can be easily checket that

lgi, g1* = Ips PJ* = 0,

. . ..(2.11)
[‘Ir" pj]‘ = 64’;’: [wi» ¢j1+ = - laﬁ .
We note that the total Hamiltonian after renlizing the constraints is given by
1
Hr = —pl+ — (w.,,)2 + — Wi i ¥ (2.12)

2
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yielding the equations of motion

1 S
pi = i, Hfl* = - ry W, )2+ W 19, ),

it

g; = lgu Hf* = p,
Vi = Wy Hpl® iwg ¥,
and ¥i = ¥, H* iwg yi. ...(2.13)

Thus, we obtain the quantisation condition by replacing the fundamental bracket
by i (7 = 1) times the corresponding fundamental Dirac bracket®, i.e.,

Vi \Z/i] =iy, 1/./,']‘ = 6ij
) ) ...(2.14)
lgs Pl = ilg, p1* = i
3. ConstrucTiON OF SECOND INVARIANTS
Given,
1 2 l ’ 2 ” g
K= = ai+ = (wg)" + wg dids ...(2.10)

"We assume the invariant I to be of the form

- - 1 .
I =ay(qy ¥ V) + & (qi ¥ Vi) Qe + — ay (i ¥ Vi) Qs
2 3.1
satisfying
F=1[L3]=0 ..(.2)

where [,] as usual denotes the graded bracket. Substituting (3.1) in (3.2) and setting
the coefficients of (§;)” equal to zero for each n, yields a system of differential equa-
tions the coefficients ag, a;, a;, must satisfy. Thus, we have

6ak, -0 .(33)

aq;

day . < day day )

==k i+t —~ ;) =0 ...(3.4)

aq, ay; ' ay;

aao . < 3ak - 30,, > 2 7

— =2 | Y+ —— ;) —ag (wg Wy + wi Yy =0

34x v, 72007 A R R P
’ n2 m J i aa() 7, ————aao =0 3.6

a; (qu qu + qu 4/,'\1/,') + 2i W lp,' + aJ, ll/,' = ...(3.6)

t i

From (3.3), we have
ay = ag = oy Vi + Bl ...(3.7
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where oy, B are some constants. Let us substitute

1
ay = By = ?a,azz=ﬁzz= ?3
and ]
app = oy = By = - Py = 5 (say). ...(3.8)
Then
. 1 .
ay = EY ayi + ¥d, an = Py B (V3 + ¥%),
1 . oo
@2 = 5 Y + i), @y = - %‘ ¥y + Voyy) ---(3.9)
Using (3.9) in (3.4), we solve for a; as
a = - iy (Y¥2 - ¥a¥1) @2 + ¢
a =

-y (W - ) @ + ¢

...(3.10)
Let us choose the constants ¢; = 0 for sake of simplicity. Now, substituting (3.9)
and (3.10) in (3.5), we have

. o 1 "
ag = y(¥2¥y + ¥ [4%(12 "7 f ? (wg, Wé'iz + wg vivi) dq,}

+ 2w+ B vy W+ wg D) day
+

R R N SR

W3 + 33 | (wy, Wiy + Wy dad) dgs. (3.11)
Substituting (3.9), (3.10), (3.11) in (3.6), we could check the consistency between the
parameters o, 3, v

4. Harmonic Oscirrator anp KepLeEr PoTenTiAL
(a) Harmonic Oscillator

Let us take
1
— w’? = — A¢g? i.e.
> () 5 q
w(q) = N\g

1 1
wig) = — Ag? = ER (¢t + qd) .-(4.1)
or

7 . L2 m o
wq, = Ag; wg = A, wg 0.

..(4.2)
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Substituting (4.2) in (3.11), we have

2 = % @ - A (b + ¥ad1) Oy

A3 - .
+ {a@! + ¥D g + B(E + ¥D) qi). .-.(4.3)
Further, we have from (3.9) and (3.10)
ay = - iy (Y1 - ¥2¥) @,
a = - iy (Y2 - ¥a¥Da,

1 . 1 _
a, = 5 Wi+ ¥D, ay = Py B(¥3 + ¥,
1 oo
ap = ay = 57 (v + o). ...(4.4)

Thus

1 5 1
1= o G ¥h| 5 4t + Ve

1 - 1
¢ 6WE |5 ke 0]
2
1 -
+ 5 Yy(vr + ¥id) (g, + (N - 8) q1q0]

- iy (Y1 - ol [gad) + @142l ...(4.5)

Correspondingly, we have the super potential

1 _ .
Vi) = v (@ + @) + N + dayn) ..(4.6)
and

] ] _ ]
w(zs ¥ ¥i) = 5 Ngt + g + ixg; [e™ 84, (0)

+ g™t o-z'h )] + )\241‘2010—1' ...(4.7)

We just remark here that in (4.6), the first term on the r.h.s is the usual bosonic
part and the second term is the fermionic part. The second term is A\ times the number
operator. In a certain sense, the potential ¥ (g) behaves effectively like the ‘‘Bosonic
potential’’!

(b) ‘Kepler’ Potential

Let us take

2
wig) = - 2 ..(4.8)
q
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Then,
X
w’ = —
(q) Vo
Then,
dq
w(g) = N[ —
\C
= 2\ Vg = 2i\ (g} + g} %
Now,
, qu,
w, =
q; q3/2
in 3q,3]
wl o= —= |1 - =
49, qs/z [ 2q2
3N 193
We, = 7% [1 - qzz]
4q q
3i 143
wy = [1 - %] (4.9)
4q q
The super potential is given by
IS | 1 3¢?7 ..
V = - —— — 4 — 1——’ i il ...4.10
(Q) 2 q 2 q3/2 |: 2q2} [,}/ #’I]__ ( )

5. Concrusion

Our method furnishes integrable systems in superspace with spatial dimensions
= 2. Invoking Dirac’s constaints, the dynamical system under consideration reduces
to a time-independent one. The super harmonic oscillator potential V' (g) which con-
tains a bosonic part and a fermionic part has some nice features. The fermionic part
which effectively involves the fermionic number operator implies that the super sym-
metric formalism could be envisaged as dealing with ‘‘scalar’’ spinors. Such an in-
ferance runs parallel to an earlier observation by Barut and Pavsic in establishing
the equivalence between a spinning membrane or super particle and the scalar
spinors®. In case of super Kepler systems, the potential (4.10) may yield extra
degeneracies in the corresponding quantum systems.
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