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The concept of potential vorticity in an inviscid fluid flow is generalized using
Helmholtz fields. The conservation of potential vorticity (generalized potential
vorticity) in barotropic (non-barotropic) flows is shown to follow from the conservation
of a more general quantity. A similar generalisation is also obtained in the conservation
of helicity in the class of non-barotropic flows in which potential vorticity is identically
vanishing.

INTRODUCTION

A non-barotropic flow of an inviscid fluid is described by the following
equations :
The conservation of momentum

bu + VI +¢)=TVS (D)
Dt

The continuity equation

Dp

— + pV, 0 = 0. .. ()
Dr o (
The conservation of entropy
DS
— = 0. ...(3)
Dt
The equation of state
E = E(p, §) .(4)

where # is the velocity field, p the density, S the specific entropy, / the specific enthalpy,
¢ the potential energy due to any conservative body forces and E the specific internal
energy.

We call the vector ‘v - V3 X V.S the generalized vorticity. Here & is the vorticity
and 7 is the thermasy' (the time integral of temperature).

Moffat? proved that in barotropic flow of an inviscid fluid, the helicity

H = S .o dvV
1
is conserved in time in any volume ¥V of fluid bounded by vortex surface.
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Mobbs! has shown that almost all the conservation laws in barotropic flows can
be extended to non-barotropic flows, replacing abyu -3yvSandabyw- VX VS
in some of their occurrences. Thus in non-barotropic case the corresponding
conservation law for helicity is,

% S (8 -9VS). (@-Vn x VS)dV =0 ...(5)

12
where V is any fluid region bounded by generalised vortex surface.

The analogue of the conservation law of potential vorticity in non-barotropic
flows is,

D <(a>— vy X VS). V>\> -0 ..6)

Dt p
We shall show that these conservation laws can be extended further by using
Helmholtz field.
Definition — A Helmholtz field z(x, ¢) is a solenoidal vector field satisfying,

D <£> - <£ : v) i (D)
Dt \ p p

It is clear that & and w ~ V7 X VS are Helmholtz fields in barotropic and non-
barotropic flows respectively'.

It can be proved that in barotropic flow,

Dt
14

in any fluid region ¥ bounded by g-surface?. The non-barotropic analogue of this
result is proved in Joseph and Mathew®.

ESu.ng:O ...(8)

Theorem 1 — In non-barotropic flow of an inviscid fluid, the quantity,
. VA D\
g. v is constant in time for each fluid element if = 0.
p Dt
D .VA D D
Proor : — g = — 2y VA + £ 2 (V). ...(9)
Dt p Dt \ p p Dt

Using eqn. (7) and the identity
D DX
— (VAN = V[—} 4+ @ X VA-(VA-V) @
Dt Dt
by straight forward simplification we can show that the right-hand side of eqn. (9)
is identically zero if
DN
Dt
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Note that this is a generalization of the conservation law of generalization
potential vorticity given in Mobbs'.

Theorem 2 — In the class of non-barotropic flows in which g. v S is vanishing
identically,

D
— S ngdv =20
Dt

v
where V is any fluid region bounded by g-surface.

D
Proor 1 — ng=£ u.g pdV
Dt Dt o
Vv vV
D :
= S —_ <u. —g*> p dV
Dt p

1
(by Reynold’s transport theorem)

o fe (2]
p

5
g (-VU+¢) + TVS) -g+u-(g-V)aldV
V
§
=0

v <—|u12-1-¢>g>dV

since V is bounded by g-surface.
Note that this conservation law is analoguous to that given by Gaffet®,
Thus most of the conservation laws in barotropic and non-barotropic flows can
be generalized by using Helmholtz field.
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