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The problem of steady laminar viscous flow of fiuid down an open inclined
channel whose bottom is a fluid saturated permeable bed has been studied.
The free surface is exposed to atmospheric pressure. Flow of fluid both
in porous medium and in free fluid region is studied with the same
pressure gradient. The boundary conditions due to Beavers and Joseph
(1967), at the interface of fluid in free flow region and fluid flowing in
porous medium are applied. Flux across the cross-section of the channel is
calculated. Particular cases like fluid flowing down (i) an infinite inclined
plane and (ii) channel with impermeable bed have been derived. Velocity
profile of fluid in free flow region is compared graphically with that of fluid
flowing over impermeable bottom. It is inferred that at all sections, from the
free surface to the naturally permeable bottom both the flux and the velocities
are greater than when the bottom is impermeable.

1. INTRODUCTION

The open channel flow has an important application in the field of Hydraulic
Engineering. Several empirical results have been reported by many investigators e.g.
Vanoni (1941) and Johnson (1944). Satyaprakash (1971) considered analytically a
viscous flow down an open inclined channel with plane bottom and vertical walls
under the action of gravity. The free surface was exposed to atmospheric pressure
and bottom was taken as impermeable,

In the present investigation we have made an effort to derive analytically the
results for velocity profile and flux of fluid in free fluid region by considering the
viscous flow down an open inclined channel with naturally permeable bed. It is
inferred that presence of permeable bed increases the discharge. This may lead to
a practical application in the ficld of irrigation. If the bed of the canal is permeable
and fully saturated with water then there is every possibility of the discharge to be
increased.

Here we have considered the steady viscous laminar flow of fluid both in porous
medium and in free fluid region, with the same pressure gradient.

Fluid flow in porous medium is governed by Darcy’s Law and fluid in free
flow region is governed by Navier-Stokes’ equations. Boundary conditions at the
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permeable surface in this coupled flow motion is taken here as suggested by Beavers
and Joseph (1967). Results given by Satyaprakash (1971) have been deduced as a
particular case of this problem. As a very special case we have also deduced the
case considered by Yih (1963) by letting the width of the channel tend to infinity
and bottom as impermeable.

Velocity profiles of fluid in free fluid region on central transversal section (z' = 0)
of the channel are shown graphically and compared with the case of channel flow with
impermeable bed.

FORMATION OF THE PROBLEM

We have considered a steady laminar viscous uniform flow of a fluid down an
inclined open channel of depth d and width b, the walls of channel being normal to
the surface of bottom.

The naturally permeable bottom of the channel is taken at an angle (0 < 8 < =/2)
with the horizontal.

The flow in both the regions, free fluid region and porous medium, is developed
due to a constant pressure gradient at the mouth of the channel.

We take the Cartesian co-ordinate axes (X, Y, Z), X-axis along the central line
in the direction of the flow at the free surface, Y-axis along the depth of the channel
and Z-axis along the width of the channel (Fig. 1). For this problem as specified the
velocity components are (i, 0, 0).

The Navier-Stokes’ equations for the free fluid region are reduced to

o'u 32“) - — - 1.1
(3)’ P + pg smﬁ = (1D
pg cos B % = ( ...(1.2)
oy
or _
— = 0 «(1.3)
and the equation of continuity is reduced to
oM _ 4
=0 (1.9
The Darcy’s equation for the flow in porous media is
= —FK; ( aag + pg sin 5) «(1.5)

where Q is the velocity in the porous medium; K is the permeability of the medium. ‘
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Fig. 1. Diagram of the Bow.

The boundary conditions are

(i) u=0 atz=-+5b ...(1.6)
(ii) % == 0 at the free surfacey = 0 (L7

and the condition at the interface of free flow region and porous medium as suggested
by Beavers and Joseph (1967) is

iy |
(iii) & v::d-_'\/K(Ul Q) «(1.8)

where u = U, at y = d. « is a dimensionless constant depending on the porous
material.

Let the depth d of the channel be the characteristic length and the mean flow
velocity i.e. rate of flow per unit cross-sectional area U be the characteristic velocity.

On introducing the following non-dimensional quantities

M X Y Qe K
u = ’x—d’y_d’z—d’Q—U’K—dz’

c

uv
U, =2 P =5 ...(1.9)

-
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in eqns. (1.1), (1.4), (1.5) and dropping the primes, we have
2 2
3"-;-3“_(1{31’ f,sinp)

oy 0z* ox
o4 _
ox
=——KR(gP-—- %,—smﬁ)

where R (Reynolds number) = Ud)v, and F (Froude number) = U?/gd.

The boundary conditions (1.6) to (1.8) with the use of (1.9) are reduced to

u=0 at z= +o

ou
=~ =0 at =0
oy *y
and
a4 ——"‘—( A —KR + -——s
& v = VK ‘“5)
b
where o= and u= U, at y=.1.
2, SOLUTION
Let z=29—a—c.
. T

From eqns. (1.10) and (2.1) we have

otu 2 6214 dp R
a—yz+ 038;2 RE——F—smB

with the following boundary conditions
u=20 at>8=0 and £ =

and

ou _
ay V=0 - 0‘

Using finite sine transform eqn. (2.2) is reduced to

dy? 44

Z= (R x ~ F sin {5) (1-— cos n=)

...(1.10)

(1.11)

...(1.12)

(113)

..+(1.14)

o(1.15)

(2.

.(2.2)

(2.3)
(2:4)

. (2.5)

...(2.6)
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T
where @ = [ u sin n§ dg, n is a positive integer and the boundary conditions (2.3) to
0

(2.5) are reduced to

#Wy,n)="0U, at y=1 . (2.7)
du
ay = 0 at y=0. ...(2.8)

The solution of eqn. (2.6) with the boundary conditions (2.7) and (2.8) is

U, cosh (zny/2s) 452 ( dp R
n2nd

cosh (=n/2c) ax — F sin [3) (1 — cos nr)

cosh (nny/2s)
X l:cosh (=n/23) I]' ~(2:9)

u=

Using inversion formula for finite sine transform (2.9) is reduced to

e}

2 T, sin nt 852 do R
=z cosh (=nj20) Sh(z y)+ 3 (“R3}“+‘F‘5‘“ ‘3)
n=1

[ze}
1 — cosmn cosh (nny/2s)\ .
z ( ) (1 — m ) Siil hg,. ...(2.10)

On applying finite sine transform to eqn. (1.15) we get

ou KR 1 — cosnx
& = v [~ O+ F e ()
dp (1 — cos nx
— KRT. (——n—)] (211
From eqns, (2.9) and (2.11) we have
_ 4 sin n€ cosh (nn/20) y 8q® d_p_ X )
“=7 X cosh (nn/2q) + 73 d + sin
= (1 h (mny/2
(1 — cos mn __cosh (wny/26) ) .
x D () {1 cosh (mn/2o) }s‘“h"’
n=1
«.(2.12)
2 =[—2/.d R
= < —s(ré _ 1 - i
where A= - z[ — (Rdx - % sm(i)(l cos nn) tanh g
n=1
R . dp 1 — cos nn
+(~F- sin p — ‘—E)a\/K(_—n )]
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3. PARTICULAR CASES
Case I

For impermeable bed, we take K — 0 in (2.12). Then velocity profile is given by

[+ o]
_ &2 dp R . 1 — cos =n
= (RE+Fae) 3 ()

n=}

cosh (=ny/26)\ .
(1 ™ cosh (nn/20) ) nh§

which is in agreement with Satyaprakash (1971).

Case II

If fluid is flowing down an infinite inclined plane with bottom as saturated
permeable bed then by taking ¢ - oo (2.12) gives

K d, R .
U= %—(Rd—i — —F—smﬁ)(l——a\/K)
dp R . ] — 2
. dp .
where = 0 and X — 0, (3.1) is reduced to
R . 1 — ¥
u = —sin B ( 3 ) ...(3.2)

which is in agreement with Yih (1963).

4, FLux

Volume rate of flow across the cross-section of the channel perpendicular to the
X-axis is given by

o 1
V= I j Udy dz
z=-—0 y=0
— C 2 1) .| 64q3 d] R
_ < n(2m -+ ad (L dp R .
_ZDxtanh e + 7:4( Rdx-{-Fsm@)
m=0

0

1 20 2m +1
X z(2m+1)4[1”(2m+1)n‘a“h( 20 )“]

m=0
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_T32%+vK (R . dp 3243
C=|rem+ 1)3(1«‘ Smﬁ"‘RIE) T wCm + 1)
dp R . n(2m + 1y
X (Rdx - F smﬁ)tanhT]
_* n(2m + 1) n(2m 4 1)
b= vK + 20 tanh 2a

where m is an integer. For K — 0, the flux V is in agreement with Satyaprakash
(1971).

5. NUMERICAL DISCUSSION
The velocity profiles FU/R, at the central transverse section ( = L =) of the

channel flow are shown graphically (Fig. 2) for 8 = } =, 6 = } =, K = 104, a = 0.01
. =0, 0.5, 1.0, 1.5, 2, These
dx ’ >

velocity profiles are also compared with that of, when bed is impermeable. Normally
on the first thinking one can imagine that the flux on the naturally permeable bottom
should be less than when the bottom is impermeable due to seepage of the fluid in
the porous material but in the present investigation we find that at all sections from the
free surface to the naturally permeable bottom the velocities are greater than when
the bottom is impermeable. This phenomena is due to flow in the porous material
which is coming up in the analysis where in the case of naturally permeable bed, a
slip-velocity boundary condition has been assumed.

with different values of pressure gradients viz. —F

Noturolly permeocble woli ——»

Velocity profiles

Permecble wok ——
impermegble woll = -~~~

) 3 z
Free surfoce ~——s

Fic. 2. Velocity profiles at the central section for 8 = =/6, ¢ = =/2, K = 10~* and « = 0.01 with
different pressure gradients,
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Fi1G.3. Flux across the transverse cross-section of the channel.

Flux across the cross-section of the channel perpendicular to the X-axis is also
shown graphically (Fig. 3) forB ==, s =1} =, K = 104, « = 0.01 with different values
of pressure gradients. The flux is also compared with that when bed is impermeable.
Here, again the flux across every cross-section is greater when the bed is naturally
permeable than impermeable bed. This may be due to the flow in porous media
which is governed by Darcy’s law and to the slip condition taken on the porous
boundary.
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