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Recently Kato proved the L:-continuity of some pseudodifferential operator 4
associated with the symbol a(x, §) € Sg,(,, 0< p << 1, using Banach algebra

techniques. He then raised the question of extending it to the symbol
a(x;, X5, §) of 3n-variables. In this paper we answer the Kato’s problem,
using operational calculus introduced by Cordes and Kato’s lemmas.

1. INTRODUCTION
Let 4: 85— S’ be the pseudodifferential operator associated with the symbol
a(xy, %3, £) € Sy, m< 0,0 < p < 8 < 1, defined by

(Au, v) = (a, w) (L)
where

u,v €S, o= (2n)e-=1-22)8 7(x,) v(x,)
or formally

Au(x,) = (2zn) [ eilz1-22)38 gq(x,, x,, £) u(x,) dx, dt. ...(1.2)

A number of authors, notably Hormander (1967, 1971a,b), Calderon and
Vaillancourt (1972), Cordes (1975), and Kumano-Go (1975), have investigated the

Le-continuity of pseudodifferential operator 4 defined by (1.1) or (1.2). Hormander
(1971a) showed that (1.2) is L2-continuous if the symbol a(x;, x,, £) € S,,; hasa

compact support in (x,, x,)-variables, satisfies the inequalities:

|85, 05, 0% a(x1, %2, §) | < Capy(l + | & | )mteatattsaiBi-eiyi
.(1.3)

for all multi-indices «,g andy, and m<n{p— 33, + )} for 0¥ <1, j=1,2.
He also disproved the L2-continuity of (1.2) if m > n{p — 3(3, + 8,)}. Later on
Calderon and Vaillancourt (1972) removed the assumption that the symbol a(x;, X, £)
be compactly supported in (x,, x;)-variables, and relaxed the order of differentiabilities
to a finite number, namely |« |, | B | < 2my, | v | < 2[#/2] + 2, my is the smallest



280 W. Y. LEB

integer > ITIS—}?%—J’ Jj =1, 2. They then settled down the critical case when m =

n{p — 3(3; + 8,)}. For the symbol a(x, ) of 2n-variables, Cordes (1975) verified
(1.1) is L3continuous if (1.3) is bounded for |« |, | 8| < [2/n] + 1. He heavily
uses the fact that the fundamental solution of
n

82

— A)-A = .,
(1— A% 2>0,A P

the Laplacian, is given by

$a(x) = (2m)™/2 2-4DQ) | x | 242 Kamyzy (] X | ),
T'(.) and Ka_(n2y(.) are the Gamma and modified Bessel functions respectively,
and that the integral operator with a kernel appearing in (1.1) is of trace class.

Kumano-Go (1975) dealt with the space Si‘;"j"', an extension of S;.. He then de-

fined the pseudodifferential operator P = p(X, Dy, Xv) associated with the symbol

my;my’

p(x°, B, x) € Sy

via oscillatory integral. Subsequently, Kato (1976) proved that (1.1) is L2-continuous
if the symbol a(x,£) € S7,,0<p <1 satisfies (1.3) for |« ] < [n/2] + 2,

|81 <[2] + 1. In his proof, Kato used some convolution identity, and partition
of unity. He then raised the question of extending his results to a symbol a(x;, x,, £)
of 3n-variables.

In this paper we answer Kato’s question. We used a similar technique initiated
by Cordes (1975) and especially Kato (1976).

2. OPERATIONAL CALCULUS

Following Cordes (1975), we introduce some special symbol. Let g(x) = ¢r2(x)
be the fundamental solution of (1 — A)r/2 for r > 0, where

n
A= z az/ax;a .
1

Then (Cordes 1975, p. 118)
g(x) = @n)r/z 20-0/2[D(r) | x | 2 Ki_pya (] x]) w(21)

where I'(.) and Kr—a) 2 (.) are the Gamma and modified Bessel functions respectively.
From the behaviours of ['(.) and K(,—sy 2 (.) near the origin and at infinity, g has
the following asymptotic properties (Jahnke et al. 1960, p. 201, Watson.1966, p. 202) :
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g(x) = O(] x| Ur-m-itr-m21) a5 [ x| > 0 (2.2)
g(x) = O(|x|trmDi2eiel) as | x| > oo, .(2.3)
In particular if r = n,
g(x) = Olog | x|) as | x|~ 0. 24
Suppose now the symbol a € S, satisfy (1.3) with |« | < [#/2] + 2, |p |, Y| <
[7/2] + 1, and write
b=(1 — Az;)72 (1 — Bz} /2(1 — Dg)t/2a forr,s, t > (nf2).

Denote the fundamental solution of (1 — Az;)7/2 (1 — Azz)*/% (1 — Ag)t/2 by

8(x1, Xy, &) = brjz (%)) Pss2 (3x2) Yts2 (€) «(2.5)
where {2 (.) is given by (2.1). Then we have
a=1b« g. ...(2.6)

Notice that (2.6) has a meaning even in classical sense from (2.2) - (2.5).

3. L2-CONTINUITY
Theorem 3.1 — For the symol a € S’(R®"), suppose

b == (1 -_ Azl)rlz (1 -_— Ax2)5/2 (l — Ag)'lz a E LDO(RS’I)

for r, s, t < [nf2] 4+ 1. Then the corresponding pseudodifferential operator 4 defined
by (1.1) is L*-continuous. '

Proor : See Lee (1979).

Remark : The class of symbols a satisfying the assumptions of Theorem 3.1 con-

tains a(x,, x,, £) with compact support in {-variable (trivial case) or @ € Sj -

Theorem 3.2 (main theorem) — Let the symbol a € S:,':a form<0,0<p<o<],

satisfy (1.3) with } « | < [#/2] + 2, 18], |y | < [n/2] + 1. Then the corresponding
pseudodifferential 4 defined by (1.1) is L?-continuous.

ProOF: Let ¢ € C; (R') be a nonnegative radial function such that e(r) > 0
for r < 1/2, e(r) =0 for r > 3/4. Let f(§) = e(|E])forE € R, and define

) = fE — J) OEO S — )I"X. Then {hs} is a partition of unity for which
0

[ 03 (%) | < Cy ..(3.1)
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is satisfied where C, is independent of j. Set ¢£) = A% | £ | -*). Then {¢y} is also
a partition of unity, and (3.1) implies

| 0 $5(B) | S Cy(1 + | E| )Pivi. ..(32)

Define now ay(x,, x,, £) = a(xy, X,, £) $5(£). Then a(x,, x,, £) = %o as(xy, x,, £), and

each afx,, x,, E) has a compact support in {-variable. A simple computation shows
for each £ € supp ai(x,, X,, £) there exists a constant C, independent of j such that

JHR=e) — Gy B[ < 0 + C) ...(3.3)
(1.3) and (3.3) imply the following inequalities for

e[ 5] +21sn <[5 ]+

| 82, 28, 07 @y, Xa,B) | < C,ftoa /-0 1o 1531010 1B 1=(PI1-00 171 14(E)

...(3.9)
where Xy(.) is the characteristic function of supp ¢i(.). Set
= -2 i - P
Bt = l__P(J‘— 1’2)’ G = l_P’
and write
a, (xy, X3, £) = as(j~*1x;, j~*2 Xy, j°E).
Then (3.4) leads us to:
197,98, 03 9 (%1 %2, B | < G, (B) (3.5

where X; (£) is the characteristic function of supp ¢;(j°), namely

, 1 j—-C<E<j+ G
X &) = .
0 otherwise.

For r, s, t > }n, write
b, (x1, X3, &) = (1 — Bzy) 2 (1 — Aza)* /2 (1 — Ag)t* 4 (x5, X;, ). ...(3.6)

Then we have the following lemma due to Kato (1976, pp. 6-7):

Lemma 3.1 — There is a positive Radon measure u on R* and a constant C,
independent of j such that

0 b (x5, % B) < Cop# X, (6)= CM, (B)
() [Q+1E])duE < o
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From (3.6) we have
a; =b« g
A scale transformation of (3.7) yields
ai(xy, Xy, §) = by » gi(xy, X,, E)
where
by, Xg0 E) = B, (%1 %, j*2 X2 j~E) )
gi(xy, Xy, £) = g(j*1xy, j*2X,, j~OF).
Insertion of (3.8) and (3.9) into (1.1) shows

| dju(x) | = (2m) § eftea—en)®b) (j*1w, j*2 ¥, j=°2) g(j*1 (% —

Jte(xg — ), (€ — 2)) u(x,) dx, dt dw dy dz.
An application of Lemma 3.1 and (3.10) gives us
| (A, u) | < 2r) [ eitea—e® M0 (j=°2) $rj2 (J*1 (1 — W)
X Y2 (jP2(xy — ¥)) by2 (=€ — 2))
X u(x,) #(x,) dx, dt aw dy dz dx,.
Since
JetmmmByp(f) dE = (1 + | x; — X3 | 572
substitution of (3.12) into (3.11) yields
| Asuy u ) | < (2n) ™ jn° § eter—sa)s My(z) $rj2(J*1 (% — W)
X Gyp2(j*2(xg — P) (1 + 2 | Xy — x, | 2)t2
X u(xg) #(x,) dx, dw dy dz dx,.
Notice that M (j=°2) < My(2) in (3.13). Letv > n/2 and write

uy(x) = e~*fy(x).
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..3.7)

.(3.8)

(3.9)

w),

...(3.10)

.(3.11)

..(3.12)

-.(3.13)

..(3.14)

A straightforward computation and (3.14) reveal that (3.13) is rewritten as follows:

| Ayt ) | < @u)ynn (U4 23 | w | 7 (L+ |y | 97 Miz)

X ( K u, u, ) dwdy dz

Wy

where

KD u(x) = [k, (3%, %,) us(x,) dxy

sy v

(3.15)

...(3.16)
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KD (xy %) = (14 22 [ w [ D (1 4+ 171D o2 (f*1 (5, — W)
Os/a(j*2 (x, — a4+ J* l Xy — X, | )tz
S+ 721 | w | 2L+ |y | D ra (52 (% — W) by (72 (53 — ¥)-
(3.17)

Lemma 3.2 — The integral operator K(’,)y defined by (3.16) with the kernel

w

kg,’, given by (3.17) belongs to a trace class.

Proor : It suffices, according to Gelfand-Vilenkin (1964, pp. 39-40), Kato
(1966, p. 522), or Yosida (1971, pp. 280-81) to show that the kernel kf:,)v is expressed

as a product of two Hilbert-Schmidt operators. For any positive real number
n

P> 5 k(w’,’v is rewritten in view of (2.1) as follows:
K, Gy 3 = (L 22 fw [ 259 (L4 |y ]2 (1= As)® (1 — Bay)?
X {2 (G*2 (g = w)) (1 4 J2° [ 2y — X, | 3742 oy (j2(x, — )
=+ w0+ [y — (1 — Ay?
X {2 (G2 (€ — w)(L 4 j%° | & — x5 | 52 dypa(j*2 (x, — 1)) dE
= J kG, (x1, ©) 1D, (& x,) dE o (3.18)
where

K9S (e, xp) = (1 + 21 [w [2 (1 4| ¥ ]2

X ds(xy — %) (1 + ) x, | B2

1D (v, %) = (1 + | %5 [ 972 (1 — Aaa)? @2 (P2 (x;, — W)

X (1 A+ J2 [ X0 — X3 | 3742 dypa(J*2 (x5 — ).
The fact that kg,)v and lf:,’, belong to the kernels of Hilbert-Schmidt operator follow
from (2.2) - (2.3), and by taking * > (3p/2) + t — r. This completes the proof in
view of (3.18). Set

kU)(x,, x;) = max sup

kS, (4 %5), 19, (xy x3) ...(3.19)
3 I W, y

and let K¢ be the integral operator (3.16) with the kernel k(). Then the Fourier
series expansion of K%} is given by

KD = 32 (ota) 90 +(3.20)
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where {A;} are the eigenvalues of K and {gs,} are the corresponding normalized
eigenvectors, It follows from (3.15), (3.13) and (3.20) that

( K::,)y Uz U ) ’< Z Ag { Uz, Qg ) < Pigs Uz )
q

2,
q

< 2 A j [z + ) 12| g 2m) | 2 dy

q

- z A j L4z + j*am) | 2 ] ulw) | 2dn.  ...(3:21)

q

A s 2
{u(z + ), j~*1/2 gi(j~*17) )| (Plancherel)

I

Observe that u,(y) = uz + ), @in) = (J-™1/2 g(j~*1m) in (3.21). Insertion of
(3.21) into (3.15) gives us

| (dsu,u) | < CQr)n jno 2 A j My(z) (1 + j2*2 | w | B
q

X (L4 ]y uz + j*1m) | 2| o) | 2 dw dy dz dy

< C@m™ > de| M —ran) 1) | * | 6uto) | *dEdn
‘ ..(3.22)

In (3.22) we have used a change of variables and the fact that v > n/2 and g, > 0.
The following lemma is found in Kato (1976, pp. 8-9).

Lemma 3.3 (Kato 1976, pp. 8~9) — There is a constant C such that

zM:(E—j“ln)<C(l+lnl).
J

Finally, since (1' + | D | ) K also belongs to the trace class (Kato 1976, p. 4),
(3.22) and Lemma 3.3 imply

|<Au,u>|=z<mu,u>
J

<Cem D RECIREAEINEOIRE L
q
(equation continued on p. 286)
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<R lul > AW+ 1D ower)
q

LS CQ2u)mtr(l + | D|)K) | ul

2
2.
This completes the proof of our main theorem.

The problem of proving Kato’s question via Banach algebra tcchhique is still
open. The following convolution operator whose meaning should be interpreted in
distributional sense might be an appropriate one:

b+ g(x,., D)= I b(w, y, £) eil#+8)z e=iuDg(x . D) eiwDe=i(v+¥)e dy dy dE.

However, we were not successful in proving the L2-continuity of (1.2) under the
assumptions of Theorem 3.2, using the above operator.
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