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In this paper the authors have derived cosmological models of plane symmetry
by using some supplementary condition between the metric potentials. Various
physical properties of the models have been explored.

INTRODUCTION

Recently Roy and Prakash (1978) have derived an anisotropic magneto-
hydrodynamic cosmological model in which the free gravitational field is of Petrov
type D. In this paper we have obtained cosmological models of plane symmetry
by using a supplementary condition between the metric potentials. The first two
models reduce to that of perfect fluid distribution when the magnetic field vanishes
but in the third model no such reduction is possible.

We consider the metric in the form
ds? = A?(dx* — dt?) + Bdy* + C2dz? (D)

where the metric potentials 4, B and C are functions of time alone. The energy
momentum tensor is

T! = (¢ + p) ViVi + p8, + E] (2)
where
1= B [WB(ViVi 4 £8)) — hbi] (3)
¢ being the magnetic permeability,  the density, p the pressure and

h = f%[ V1 4 =g ejxgmF*™ (Lichnerowicz 1967)
F;; being the electromagnetic field tensor and ¥ the flow vector satisfying

guVivi = —1, —..(4)
The coordinates are assumed to be comoving so that

Vie VE=¥3=0 and V4= .
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We assume that F,, is the only non-vanishing component of the electromagnetic field
tensor Fy5. The first set of Maxwell’s equation

Fise + Fieyi + Friyi= 0

leads to F,; being a constant say H.
The field equations
—8nT) = R — t R3] + A\®
for the line element (1) are

N R N

& "B C  BC T 4B

— 8= [p _ 2;%:0] (5
7:? “%4 ot Az] A= [p +2I;:Cz] +(©)
PR - ) g [p + 5 J;I:CZ] ()
[l By Aj‘é}] A= 87:[6 + 27’;—:@] (®

The suffix 4 after the symbols A4, B and C indicates ordinary differentiation with
respect to time.

SoLuTION OF THE FIELD EQUATIONS

Equations (5) - (8) are four equations in five unknowns 4, B, C, € and p. For
complete solution we need an extra condition. We assume that

A = BnCn ..(9)

where n is a positive constant. Clearly n £ } as otherwise H will be zero. From
eqns. (5), (6) and (9) we have

B () g B (v 1omHue
""+(V)A+I‘(V)— 2n — 1)z ...(10)

and from eqns. (6) and (7) we get

Vs
v

h
p e

h being aconstant of integration and BC = p, % =vy, Fromeqns. (10)and(11) we have
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m2
l‘T:Q =~ &= pn-3 ...(12)
where
. 161:H2.
I

Case I — Let n > }. Equation (12) on integration gives

m2 2n
= ,\/ Taen =D ..(13)
b® being a constant of integration. From egns. (11) and (13) we have
_ 1 ~h{2bn . b+ f(u)) )2
S e L = ) 19
m2'“2n R
where « is an arbitrary constant and f2(x) = b% — won — 1) By suitable trans-

formation of co-ordinates metric (1) takes the form

sl ]2 [ T 0

. b+ /F
+ T[m {m}] dz? ..(15)
27 2n
where B=ig;and F=b2—’i;—n%—l—)-

Case II — Let 0 <~ n < }. Equation (12) on integration gives

m2 2n
\/ + = (16)

a being constant of integration, Two cases arise.

Sub Case (Ila) — Let a > 0 say a = b2, The metric in this case is given by

e e L e I

JF 4+ b}
T m*{—e— dz? (17
+ [m {«/F'—b}] ‘ {7
meTen
n(l — 2n)
Sub Case (IIb) — Let a < 0 say a = — d%. From eqns. (11) and (16) we have

_ h a m2 2n 172
v = M exp [Ef tan { = 2n) i } ] ...(18)

where F = b 4
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M being a constant of integration. By suitable transformation of co-ordinates, the
line element (1) takes the form

dar:
2 2n 2 —_—
ds? =T [dx ) - '

n(l — 2n)
meT2n 1/2
-1 _
4 T exp [q tan {n(l T d } ]dy’
-1 T2n /2 2
+ T exp [-—q tan {n(l o a } ]dz ..(19)
where q = ;hd—

SOME PHYSICAL AND GEOMETRICAL FEATURES
The pressure and density for the model (15) are given by

Snp—--—[(4n+1)—-4n2(52]T“2"“2+n—1 ;’;il m*T-2 — A
...(20)
b2 n-4 1 2n+l .
= 2 A B2 —2
Sme = o [(4n + 1) — 4nge] T-aw-z — "2 BT ey +/\.2)
e

The scalar of expansion 6 = V: for the flow vector Vi is given by

o ="E1 ,\/b ,T('g;_T‘iT) ..22)
The rotation w; is identically zero and the shear is given by
ot =4[ 3 + @n — 17 {or — L ] 7 (23)
The red shift in the model (15) is given by
=
A ay THE—4Tipne R T 1 + Ui

A g [m= { Z - x — 'f;;}]m [Tte — U2 (b2 — yTepin
- (29)

m2
-1y
z component of the velocity. The non-vanishing components of the conformal
curvature tensor are given by

where ¢ = U is the velocity of source at the time: of emission and U, is the
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1 meT2n 1/2
12 _ L _ 2 2 L meatm —2n—
it =~ {(Zn 1) 5 + +6nh(b2 n(2n—l)) }T2 :
+ 2= ! '"”T"] (25
1 meT2n \1/2
13 __ . T — 2 2 _. - —2n—
o [{(Zn 1) b% + Ak — 6nk (b2 sk 1)) }T 20
n—1
+ 22 sz—-z] ..(26)
e — %[{(2;1 — 1) B 4+ B T2 ”—;-1 sz—“‘]- .27

Hence the space time is non-degenerate Petrov type I when # £ 0. When
h = Q,itis type D. The universe has singularity at 7 = 0. Thus the universe
expands from the singular state and goes up to the co-ordinate time

2 — fen
T = {b n(2n2 1)}1 o
m

The latter value is not the singularity of the universe because at that point the density,
pressure and the invariants of curvature tensor are finite. In the absence of the
magnetic field the expansion continues up to T = oo at which time the universe
becomes an infinite flat space time. The shear remains positive throughout, but in the
absence of the magnetic field it tends to zero as T — oo. If I be the linear dimension
of the universe we find from the relation

i

T = 30 ...(28)
where

[=1,V=
that

[ = ETtn+1)s3 ...(29)

g being a positive constant. Thus the linear dimension in the universe is independent
. . : b*n(2n — 1))1/2n
of the magnetic field at any instant 7. /= 0 when T = — .

expansion stops at that instant. The deceleration parameter g defined by

(luV*)p VB, I
= — W .(30)
has the value

3 miT3n

=n+l (2"—]){b2—

g AT }+ 3+ 1)}- (31)

n(2n — 1)
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since ¢ > 0, the rate of expansion is a decreasing function of time. The magnetic
field contributes negative terms to the expansion and shear and positive term to the
deceleration. Hence its effect is to decrease the expansion as well as the shear. In
order to be physically meaningful the model has to satisfy reality conditions
(Ellis 1971)

() e+p>0, (i) et+3p>0, (i) e—p>0.

The condition (iii) assures that the velocity of sound cannot exceed the velocity of
light. Condition (i) requires that

dn + 1

Bz < e -.(32)

When this is satisfied, we must have
. n2n — ) b2[4n + 1 — 4n232].

I < man - 1) ...(33)

It is also clear from the metric (15) that
2 _
T2n < b_ n_._.._q(z”;z 1). ...(34)

Thus T?» is less than the smaller among the expressions on the right hand side of
(33) and (34). Condition (ii) leads to

oy (1= 2) (28 4 1)
b*[4n + 1 — 4n?B?) T-2 2+*‘m

miT—2 — 27\ > 0...(35)
which is a condition involving A .

Condition (iii) cannot be satisfied when A << 0. When A > 0it gives

" m2(2n + 1) .
T: > AA@ =D ...(36)
When the magnetic field tends to zero, the metric (15) takes the form
dry
ds? = T [dx2 — 7] + Ti+enB gy? - T1-20B gz2 (37

after suitable transformation of co-ordinates. This metric represents a perfect fluid
distribution for which

8rp = 2 [4n + 1) — 4neg T — ()

8re = ? [(4n + 1) — 4n%g?] T—2n=1 1 A. (39)
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The reality conditions (i), (ii) and (iii) are satisfied when (32) holds and A > 0 and
in this case we have

b2 [4n + 1 — 4n2p?]
< A .

The pressure, density and the kinematical parameters for the metric (17) are
same as those of model (15). This model starts expanding from its singular state at
T = 0 and continues to expand till T = oo. The reality conditions however restrict
the time period during which the model exists. Condition (i) is identically satisfied
when 4n + 1 — 4n2B2 < 0. If this be negative, then

Tonte ...(40)

n(l — 2n) b2 [4n + 1 — 4n°B%]

) ...(41)

To > —

Condition (ii) gives the same expression as in (35) which is a condition involving A.
Condition (iii) is identically satisfied when A > 0. If A < 0 then we have

m2(2n 4 1)

2 —_ .,
T < InG =2 ...(42)
The pressure and density for the model (19) are given by
a? n—1 2n 41
—— 2,42] T—2n-2 __ . 2T—2 __
&np = 4[4n+1+nq]T in 1_2an A
...(43)
dz n+12n4+1
= = 22] T—2n—2 22
8me 4[4n+l—|—nq]T + in l—-2an + A
...(44)
The scalar of expansion 6 = V; for the flow vector V¥ is given by
_n+1 miT3n 2

b= Twt1 \[ﬂ(l —2n) daz. ...(45)
The rotation wy; is identically zero and the shear is given by

=3[ 4 —2mpd " _ :] T-twt, (46)

¢ n(l — 2n)
The red shift in the model (19) is given by
A+ dy
=

TH$TS — d?)i/e [T}”“"" exp (} g tan~? {$T;" — d2}12) . (75" — d?) 12 U,]

T exp (} g tant (T2 — d2ji) (T2 — U2 (gT% — d)in

2

.(47)
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m? -
A0 —2m) The non-vanishing components of conformal curvature tensor

n(1

are given by

where ¢ =

Ci‘: = — 112— [{(1 — 2n) d? 4 h* + 6nh (n_mzﬂ dz)l/z} Tons

(1 —2n)
+ b meree ...(48)
13___}_[{ _ (_’"2121_ S .
Cl=— iz [{0 —2ma@ + b —6nn (0 — i) oom
+ n ; 1 mZT“z] ...(49)
cz=4[10 - 2 a4 hy Tows 1 P L ey, +(50)

Hence the space time is non-degenerate Petrov type I when h £ 0. When A = 0 it is

2 _— 1/2
of Petrov type D. There is an apparent singularity at 7T = {d_{zﬂmg_Zn)} " But

it is not a real singularity because the density, pressure and the invariants of the
curvature tensor are finite. At this instant the expansion is zero but its rate is positive
&(n + 12 a- 2n)}1/2ﬂ' After this stage it
m
becomes negative and finally the expansion stops at T = oo, at which stage the
geometry of the model is flat. Thus the universe starts expanding from its non-
dn(l — 2n)
m?.

when it stops expanding, the model remaining non-singular throughout the period of
its expansion. The linear dimension / for this model is given by

I = yTnt1)s (51)

and it continues to be positive for T < {

1/2n
singular stage at time T = { } till it becomes an infinite flat space

where vy is a positive constant. The linear dimension is independent of the magnetic
field as in (15). The deceleration parameter g is given by

3 m2Tan . :
7=—3 +1 [{ mETn 2} —3(n+ l)] ...(52)

n(l —2nm) d

The reality condition (i) in this case requires that
n(l — 2n) d® [4n + 1 + n?q*]

T2n > mn + 1) ...(53)
Also it is clear from the metric (19) that
2p(1 —
Ten ~ d_____.._______.n(l zn). .(54)

ma
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Hence 721 is greater than the larger among the right-hand sides of (53) and (54).
Condition (ii) leads to '

n——2.2n+1
2n 1 — 2n

— d®[4n 4 1 4 n%q?) T-2n2 — miTr-2 —2A >0

...(55)

which is a condition involving A. Condition (iii) is identically satisfied when A 2> 0.
If A < 0, then

m*(2n 4+ 1)

S VYD)

..(56)
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