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We investigate the existence and uniqueness of solutions of a general form of Ito
type stochastic functional integral equations in two independent variables. The
equations considered in this paper are of more general type and in the special cases
include the equations studied by J. Turo and by the present authors.

1. IntrRODUCTION

In this paper we are concerned with the study of the nonlinear It type stochastic
functional integral equation in two independent variables of the form

z2(xy,w)=F(x,y,A412,A22, 432, B12,B,2,B32,Cz,w) = (TZ) (x,y,w) ...(1.1)

where
a(xy) b(xy)

Az = S S fi(x,5,,2(s,t,w),w) dsdt
0 0
c(x,y)

Az = S L(x%,,5,2(5,9(x,y),w),w) ds

0
d(x,y}

Az = S Ly tz(p(xy),Lw),w) dt
0
a(xy) b(x.y)

Bz = S S £21(x,y,5,42(s5,1,w),w) dB (s1,w)

0 0
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c(x,y)
Byz = S &(xy.52(s,q9(x,y),0),0) dB (s,y,w)
0
'd(X.y)
Byz = S g, Lz2(p(x,y),Lw),w) dB (x.1,w)

0
C = z(g(x.p), h(xy), w).
Here z(x,y,w) is the unknown random function on

DxQ, for (x,y) € D = ((xy)| x € [0,X] = I, y € [0,Y] = Iy} and w € Q the
supporting set of the complete probability measure space ({2, @, P), into R =
(-0, ); B(x,y,w) is a Wiener process in two independent variables defined for (x,y)
€D; f, g, (i =1, 2, 3) and F are given random functions defined on A; X R X
intoR, i =1,2 3and D X R” X Q into R respectively where

A = {(xy51)  0<s<x<®0<t<y< o
A = {(xys) :0ss<sx< o, 0=<y< o}

and
Ay = [((x)1) 0= x< 0, 0=st=<y< o

and a, b, ¢, d, g, h, p and q are scalar functions defined on D into R, = [0, o).

The special case of (1.1) when f;, = f; = g, = g; = 0 is studied by J. Turo!?
by using the general method of successive approximations first introduced by
T. Wazewski in'°. In a recent paper* the present authors have studied equation (1.1)
when f;, = f; = g, = g3 = 0 and F depends on some parameter. The equation (1.1)
is of more general type and it contains as a special case the well known It type
stochastic differential equation in two independent variables studied by many authors
in the literature, see'%'%'®_ The general formulation of (1.1) is in fact motivated by
recent results obtained by various authors on generalised version of 1t6 type stochastic
integral equations in®>*7!3, see also®%'*. The aim of the present paper is to obtain
conditions which guarantee the existence, uniqueness and continuous dependence of
the solution on the right hand side of equation (1.1). The main tool employed in our
analysis is based on the general method of successive approximations introduced by
T. Wazewski'® and recently used by J. Turo'® to study the special form of (1.1).

2. PRELIMINARIES AND STATEMENT OF REsuLTS

Let @, (x,y) € D be a o-algebra of subsets of  such that @ at C Q,, for
c=<s=x=xX0=<t=<ys=xYforevery (x,y) € D, B(x,y,w) is @,,-measurable
and for every (x,y) € D the Wiener measure of the rectangle [x,x;] X [v,»;] C D,
X; = X + A, ¥y = ¥ + A, which can be defined by

B(xlsybw) = B(xl’y:w) = B(x’ybw) + B(xnyrw)
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is independent of @, , and @,,, for A, \; = 0.

Let ¢ (D, L,) denote the space of all continuous maps z . D — L,(Q, Q,,, P).
A random process z is called a solution of the stochastic functional integral equation
(1.1) if z € O(D,L,) and satisfies the equation (1.1) P - a.e.

We first list the following assumptions used in our subsequent discussion.
(Hl) Let)

G) fixy.stu,.), g(xystu,.) are @, -measurable for each (x,y,s,f) € A,
u € C(D,L,) and are continuous as maps from A; into L,(Q, @, P);

(i) fL(xy.5u,.), ga(x.ysu,.) are @ -measurable for each (x,y,5) € A,
u € C(D,L,) and are continuous as maps from A, into L,(Q, @, P);

(i) f(xp.0u,.), g(xytu,.) are @, -measurable for each (x,y,7) € A;,
u € C(D,L,) and are continuous as maps from A, into L,(Q, @, P);

(iv) F(x,y,uy,uz, U3, U Us, U, U47,.) be Q,,-measurable for each (x,y) € D,
u; € C(D,L,) and is continuous in x and y uniformly in u;, j = 1, 2,...,7;

(v) for (x,y) € D, a(x,y), c(x,y), p(x.y), g(x,y) € I, and b(x,y), d(x,y),
q(x.y), h(x.y) €1,

(H,) Let,

1° there exist functions kK, m, e C(DR,),j=1,2,..,6such that
Vioys tbuw) - filxystaw)| < my(xy)|u- al, for (x,,51) €4,
V2 (x,8,u,0) - f2(xp.58,0)| < Mmy(x,y)|u - &4|, for (x,y,5) € A,
Ifs(xy.tu,w) - iy Law)| < My(xy)|u - @], for (x,,1) € Ay
&y (x5, 4u,0) - g1 (x5 L0,w)| < My(x,y)|u - a], for (x,,51) € A,
|82(%,3,5,4,w) - &2(x,y,5,8,0)| < Ms(x,y)|u - @], for (x,y,5) € A,
lgs (ot u,w) - g3(xytaw)| < Mme(xy)|u - &], for (x,y,1) € A,

lF(x:y)ul:ubu.S’ubuSJu&“?:w) = F(x:}’,f‘bﬂz-ﬂs,ﬂofls,ﬂa.fh.w)|

6
< E ki(x,y)lu; - a;] + Ty (g — @]
j=1
for (x,y) € Dand u;, &, u, a € C(D,Ly), j = 1, 2,...,7,

2° £i(x,510,.), £1(x7.510,.) € L(Q, Qg P), for (x,,51) € A
f(x,0,50,.), 82(x,9.5,0,.) € Lo(Q, @, P), for (x,y,5) € 4,
f1(x,,4,0,.), g3(x2,1,0,.) € Ly(Q, @y, P), for (x,5,1) € Ay
F(x,5,0,0,0,0,0,0,0,.) € Ly(Q, Q,, P), for (x,y) € D.
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We shall use the following linear operators in the proofs of our results :
a(xy) bixy)

(Kju) (x,) x4 ki(x,p) S S u(s,t) dsdt, (x,y) € D,

1] 0
c(x,y)
(Ku) (x,p) =4 ky(xy) § u(s,q(x,y)) ds, (x,y) € D,
4]

d{x.y)
(k) (x9) L ky(x) S u(p(x,y),t) dt, (x,y) € D,
0
(Lu) () £ 106p) u(g(xy),h (%)), (xy) € D.
We put
14 [k} (x.y) M7 (xy) a(xy) b(xy) + ki (xy) mi (x,p)]

ki(x,y)

1l

ky(x,y) = 14 [k3 (x,p) m} (xy) c(xy) + k% (x,y) m? (x,)]

ky(x,y) = 14 [k} (x,y) m} (xy) d(xy) + k% (x,y) m} (x,p)]
I(x,y) = 14  (x,y). (2.])

Suppose C(D,R, ) denotes the class of all continuous and nonnegative scalar
functions on D. We define

@
Su = E L"u
n=20
with the pointwise convergence of the series in D, where L" = LL"!, n =1, 2,...

and L° = I the identity operator in C'(D, R, ). It follows, from the definition of
the operator L, that

(L"u) (x,y) = I, (x,y) u(gy(xy), hy(x,y)), n = 0,1,2,...,

where

d,
go(x,») A

] |
hoxy) Ly huer o)L hga(x), ha(xy)). n = 0,1,2,...,

d,
% goer )L g(ga(xy), ha(x¥)), 1 = 0,1,2,...,

n
d d
Io(x’)’) '_I l’ 1n+1 (x»)’) :-‘f I_I l(gk(X,}’), hk(x:}’) ), "=0:1»2p---:
k=0
for (x,y) € D.
Now we state the following basic lemmas needed in the proof of our main results.

Proofs of these lemmas are similar to those corresponding similar lemmas in!4, We
do not discuss the details.
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Lemma 1l — Let

(i) k,lLabocdghpqreC(D R,),i=1,2 3anda(xy), c(x,y),
g(xy), p(x,y) € I, b(x,y), d(x,y), h(x,y), q(x,y) € I, for (x,y) € D;

(ii) s = Sr < o, § = SIE,- < @ where R, (x,¥) = k| (x,y) a(x,y) b(x,y),
ky(xy) = ka(x,y) c(x,y), k3(x,y) = ky(x,y) d(x,y) ;

(iii) s 8,€C(D, R,),i=1,2,3and thereexist \; € R, i = 1, 2, 3 such that
gl(x:y) = )\1 Xy, 32(x:y) =< X2 X, s3(xr.y) = x3 Vs (X,.V) € D.

Then
(1) there exists a unique solution u, € C(D, R.) of tl3e equation
u = SKju + SKyu + SKyu + Sr
in the class M(D, R ) of bounded and measurable functions defined on D,
(2) the function u, is the unique solution of the equation
u=Ku+ Kyu+ Kyu + Lu +r
in the class

MDD, R,, u) < (u:ueMD,R,), luly < »}
where

luby = inf {v:-u < vuy, veR,]},
(3) the function ¥ = 0 is the unique solution of the inequality
u< Ku+ Ku+ Kju + Lu
in the class M(D, R, up).
In order to state second lemma we define the sequence {u,]} as
Upey = Kiuy, + Kau, + Ksu, + Lu,, n =0, 1, 2, ... ...(2.2)
where u, is as defined in Lemma 1.

Lemma 2 — If assumptions of Lemma 1 are satisfied then 0 < u,,, < u,, n
=0,1,2..., and u, — 0 for n — oo uniformly on D.

To prove our results we need to define the sequence {z,} of random functions as
Zng1 = IZ, n=0,1,2 .. ..-(2.3)

where z; is arbitrarily fixed element of C(D, L,) and T is defined by (1.1). Further,
for convenience we state the following stochastic integral isometry for two independent
variables which is used repeatedly in our proofs.

st t

E [I SS é(u, v, w) dB (u, v, w)l’] = SS E[lé(u, v, w)|? dudv
00 0

0 ...(2.4)
see [16, pp. 220-225 and p. 231).
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We are now in a position to state the following theorem which yields sufficient
conditions for the existence and uniqueness of a solution of equation (1.1).

Theorem 1 — Let assumptions (H,) and (H,) and conditions (ii) and (iii) of
Lemma 1 hold with k;, 1, i = 1, 2, 3 as defined in (2.1) and

r(xy) = 2E [|(Tz) (x5,@) € 2o(x,y,w)|?), for (»,y) € D. ...(2.5)
Then there exists a random solution 2(x,y,w) € C(D,L,) of equation (1.1) such that
E[z2(x,y,0) - 2,(x0,0) |3 < u,(x,y), n = 0,1,2,...,(x,y) € D. ...2.6)
The solution 2 is unique in the class
M(D,Ly,up) & (z:2 € M(D,Ly), E [|2(x.,)
- 2(x.y,0)|’] € M(D,R,u0)}

where M (D, L,) is the class of measurable random functions defined on D, and the
class M(D,R ,,u,) is as defined in Lemma 1.

Remark 1 : It is interesting to note that if we assume both the hypotheses (H,)
and (H,) hold and

ki(x,y)a(x,y)b(x,y) +ka(x,y)c(x,y) + ks (x,y)d(x,y) +1(x,y) < I, (x,y) € D

then by using the well known Banach fixed point theorem we get the existence and
uniqueness of the random solution of equation (1.1).

We next state a theorem concerning the continuous dependence of the solution
on the right hand side of equation (1.1). For this we consider another equation

where vix,y,w) = Fo(x,y,A%, AYv, AYv, BOv, BY v, By, C%v, w) ...2.7)
A(xy) B(xy)

Ady = g S 2 (xeystvistw), o) dsdt

0 0
A(x,y)

Ay = S B (x3.5v(5,4°(%,y),0), ) ds

L(x,y)
A v S B xey.v(p®(x,3),Lw), @) dt

0
L(xy) BPxy)

BYv = S S g (xy.5tv(stw), w) dB(stw)

0 0
@(x,y)

Blv = S g (xy.5v(59°(x,y),0), w) dB(s.y,w)

0
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P(x,y)

BYv = S &) (xy,1,v(p°(x,9),L,w),w) dB(xt,w)
0

C'v = v(g®(xy), K’ (xy),0)

and the functions f$ g% (i=1, 2, 3), F°, a% b°, % d° g° h° p°and q° are defined
as to those of the corresponding functions f, g, (i=1, 2, 3), F, a, b, ¢, d, g A,
p and g respectively.

Let v denote a solution of equation (2.7). We take ¢ € C(D, R,) as
3(xy) £ E[1(T9) (x3,0) - ¥ (x3,0)]%, (xy) € D
where the operator T is as defined by (1.1). Suppose ¢ € C(D, R, ) be such that
E [|z(x0,0) - ¥(x0,0)]%] < ¥(xp), (xy) € D.

Put
r°(x,y) = max [r(x,y), ¢(x,y), ¥(x»)], (xy) € D

where r(x,y) is as defined in (2.5).

Theorem 2 — Let assumptions (H,) and (H,) and conditions (ii) and (iii) of
Lemma 1 hold with &, 1, i=1, 2, 3 as defined in (2.1) and r(x,y) replaced by
r°(x,»), (x,y) € D. Then there exists a solution u® € C(D, R.) of equation

u=Ku+ Ku+ Ksu+ Lu+ ¢ ...(2.8)
such that
E |2(x,y,0) - ?P(xy,w)|? = u’(xy), (x,y) € D. .(2.9)

3. Proors oF THeorems 1 —2

It can be easily observed from the hypotheses of the theorems and properties
of stochastic integral'-'""!6 that integrals in the equation (2.3) for each n exists and
r,€ C(D,L,), n =0, 1,... .

We shall first establish the following estimations.
E [z, (x,3,0) - Zo(x:3s0) 2] < g(x,y), n = 0,1,2,..., (x,y) € D ..(3.1)
E [|Zpsm(%,0) - 2,(x,7,0) %] < u,(x,p), m,m = 0,1,2,..., (x,») € D.

...(3.2)

It is trivial that (3.1) holds for n = 0. If we assume that (3.1) is true for somen > 0
then by using the inequality (x, + x;)* < 2(x} + x3), hypothesis (H,) I°, the

inequality
7 2 7
<E x,-) <7 E x?
i=1

i =1

Schwarz inequality and stochastic integral isometry for one variable [Arnold’, p. 66)
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and by applying (2.4) we obtain

E|2y41(%0,0) - 20(x,0,0)|? = E|(T2,) (X,3,0) - zo(x,p,w)|?
El(Tzy) (x5,0) - (T2) (x3,0) + (Tzp) (X,0) - 2o(x,y,0)|?
2E|(T2p) (%.5,0) - (T20) (x,0,0)| + 2E|(T2) (%,y,0) - 29(x,y,0) |
2E|F(X,y,A12n, AsZp Aszp Bizn Bozn Biz, Cz, w)

A

- F(x.y,4\20 Axzo Aszo, Bz Byzo Bizp Czp w)|?

+ 2E[(Tz9) (X,,0) - Zo(x,y,w)|?
< 2E [k (x,y)[ A1z, - Aszol + ka(x,y)|Asz, - Arz

+ k3(x6y)|Asz, - Aszgl + ke(x,y)|Byz, - Bz

+ Ks(x,)|Baz, - Byzol + Re(x,9)|Bsz, - Byzel

+ 1(x,9)|Czp - Czol]* + 2E|(T2g) (%,3,0) - 2o(x,3,0)]|?
= ME R} (0)) 1412, - Aizo® + R3(x0) Az, - Asz)?

+ k3 (x6p) A3z, - Aszel? + Ri(x,y)|Biz, - Byz|*

+ R3(x,y)|Byz, - Byzol? + RE(x,7)|Bsz, - Byzy|?

+ P(x,y)|Czy - C2ol?] + 2E|(T20) (x,3,0) - 2o(x,3,w) |2
a(x,y) b(xy)
< 14 [kf(x,y) a(x,y) b(x,y) 5 § E|fi(x,p,5,1,2,(5,t,w),w)

0 0
- fl (x:y;S,t,Zo(S,t,w),w) I 2 dsdt

c(x,y)
+ k3(x,p) c(xy) § Elf1(%,5,5,2,(5,9(x,y),w),w)
’ - L1 (%0,5,20(5.q(x,y),w),w)|*ds
d{x,y)
+ k3(xy) d(x,y) S Elfs(x0,62,(p(x,9),1,0),w)
0

- f3 (X’y’ t:zo(P(x’)’),t,")) :w) I 2 dt
a(xy) b(xy)

+ ki(x,y)s S E|gi(x,y,5.1,2,(5,t,w),w)

0 0 )
- &1(x%y,5,4,2)(s,t,w),w) | dsdt

c{xy)

+ ki(xy) s E|g:(x,3,5,2,(5,q(x,y),w),w)

0 - 82(x,y,S,ZO(S,Q(x,)’),w),w)lzds
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d(x.y)

+ kg(x,) S E|g;(x.3,1,2,(p(x,y),L,w),w)

0
- 86y L2(P(xy),Lw),w) | dt
+ P(xy) Elz, g(x,y), h(x,y),0) - 2(g(x¥), h(x,y),w)lzJ

+ 2E{(Tzp) (%.,0) - Zo(x,y,w) |2
a{x,y) b(xy)
< 14 l:kf(x,y) a(x,y) b(x,y) mi (x.y) 5 S E|zn(s,t,0)
0

- Zo(s.t,w)|? dsdt
c(xy)

+ k3(x,p) c(xy) m} (x,y) S E|z,(5,9(x.3),@) - 2(5,q(x,y),w)|? ds

0
d(x,y)

+ R (xy)d(x,y) m3 (xy) S Elzy(p(x.3),4,0) - Zo(p(X,¥),t,w) | dt

0
a(x,y) b(x,y)

+ ki(xy) m3 (x,y) S g Elz,(s,,w) - Zo(s,t,w)|* dsdt

0 0
c(x.y)

+ ki(xy) m? (x) S E|z,(5,9(x,),0) - 2(5,q(x,y),w)|? ds

0
d(x,y)

+ k¥(xy) mg (xy) S E|z,(p(x)),1,0) ~ Z20(p(x,¥),Lw)|? dt
0
+ P(x,y) E|z,(g(x,y), h(x,y),0) - (g(x,y), h(x,y),w)lz]

+ 2E|(Tz) (x,y,0) - Zo(x%y.0)|2
a(x,y) b(xy) c(x,y)
< ki(x,y) S S up(s,t) dsdt + ky(x,y) S uy(s.q(x,y)) ds

0 0
d{x.y)

+ ky(x,y) S up(p(x,y),0)dt + 1(x,y)up(g(x,y),h(x,y)) + r(x,y)
S
= (k) (x,y) + (Kgg) (x,y) + (Ksup) (x,y) + (Lug)(x,y)
+ r(x,y) = ug(x,y).
This completes the proof of (3.1)
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In order to prove the inequality (3.2) we use the method of induction once again.
It is easy to observe that (3.2) follows from (3.1) forn = Oand m = 0, 1, 2,....
Next observing

Elzn+m+l(x’.yxw) = Zn+1 (X,)’,w)lz = EI(Tzn+m) (X,y,w) - (Tzn)(X,y,w)lz
< Uy (xy), (xy) €D
and using induction we get (3.2)

From (3.2) and uniform convergence of the sequence {u,} to zero it follows that
the sequence |{z,} satisfies Cauchy condition and it is uniform in mean square on
D, that is convergent to random function z € C(D,L,). On taking limit as m — o
in (3.2) we get (2.6).

It is easy to observe that
Elz(x,y,0) - (T2) (x,y,0)|?

= Elz(x,p,e) ~ Z,(xp,w) + (T2,.) (x3,0) ~ (T2) (p,)]|?
2E12(x,0,w) - Z(60,w) |2 + 2E| (T2, ) (X0,0) - (T2) (x,),0)|?
4u,(x,y), n = 0,1,2,..., (x,y) € D. ...(3.3)

IA

A

From (3.3) it follows that the random function Z satisfies equation (1.1).

To prove the uniqueness, let 2 € M(D,L,,u,) be another solution of equation
(1.1). It is easy to observe that

2(x,y) = E[|2(xy,0) - 2(x,y,0)|*] € M(D,R,,up)
and

i< Kt + Kot + Kain + L.
Thus, it follows from the assertion (3) of Lemma 1 that
E [1z(xy,0) - 2(xy,0)]?] = 0
and this completes the proof of Theorem 1.
We construct a sequence {u} such that
Wl = Kl + Kul + K + Lud + ¢
where u is the solution of equation (2.8) with ¢ replaced by ro.
By induction we obtain

0<ul, =ul=<uln=012,...

Thus by Lemma 1 we observe that the sequence {0} is convergent to u°, u° < u},

which satisfies the equation (2.8). Further by induction we get,

E [[2(xp,w0) - 7(6p,0)]% < ud(xy), n =0, 1, 2,..., (xy) € D.
...(3.4)

Now on taking limit as n — oo in (3.4) we get (2.9) and the proof of Theorem 2 is
complete.
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Remark 2 : We note that equation (1.1) is of more general type and in particular
if we impose ona, b, ¢, d, g, h, p, q, fi, g i=1, 2, 3 and F various meanings it
is apparent that equation (1.1) has great diversity. For example if we take

F(X, Vs A]Z, AZZ’ A3Z, Blz’ BZZ’ B3Z’ czZ, w)
= f(x,y,cz,0) + A2 + Az + Az + Biz + Bz + Bz

then equation (1.1) reduces to Itd type stochastic integral equation which in turn in
the special cases contains the stochastic integral and differential equations in the plane
studied by various authors in (10, 12, 16].

In concluding this paper, we note that the method employed in this paper can
be very easily extended to study the more general 116 type stochastic functional integral
equation in two independent variables of the form

z2(x,y) = H(x,y,A\2,...,A;2,B\2,...,Biz,¢,2,...,Cpz2,
D\z,....D,z,Ez,....E2,Gz,...,G,2, Pz,0)
= (T2) (%)W) ...(3.5)
where

a{x,y) bixy)

Az = S S Sy, s.t,2(s,tbw),w) dsdt, | =1, 2,..,k,
0 0

c{x,y)
B,‘Z = S fZi(x’yls:z(s’q(x’y))w)’w) dS, I = l; 2;~--;1:

0

d(x,y)
C‘IZ = S f3i(xxyxt,z(p(x)y))t)w):w) dt) l

[

I
-
(¥
3

a(x,y) b(xy)

Dz = S S 21i(x%y.56z(s,Lw),w) dB (stw), i =1, 2,...,n,
0 0
c(xy)
E[Z = S 32,‘(X,)’,S,Z(S,Q(xx.)’),w),w) dB (5,)’,0)), ’ = l; 2;- D
0
dix,y)
Gz = S &i(xy,Lz(p(x,y),Lw),w) dB (xtw), i =1, 2,...,q,
0

Pz = z(0(x,7).9(x,p),0),

under some suitable conditions on the functions involved in (3.5) in view of the
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conditions involved in the study of equation (1.1). In this case the notation will be
much more complicated but the details will be essentially the same. We omit the details.
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