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Whereas a Cartesian product of cycles is known to admit a Hamiltonian decomposition,
we show that if a Kronecker product of cycles is connected, then it admits a
Hamiltonian decomposition, otherwise all of its connected components are isomorphic
to one another and each admits a Hamiltonian decomposition. We further derive
a sufficient condition for an analogous decomposition of a strong product of cycles.

1. INTRODUCTION

We consider the Cartesian product, Kronecker product and strong product of
graphs, and address the question of whether or not a product of cycles admits a
‘Hamiltonian decomposition’. Whereas a cartesian product of (any number of) cycles
is known to admit such a decompsotion'?, we present a characterization for a
similar decomposition of a Kronecker product of cycles, and a sufficient condition
for an analogous decomposition of a strong product of cycles. The major thrust of
this paper is on decomposition of a Kronecker product of cycles.

By a graph we mean a finite, simple and undirected graph. Let G = (V, E)
and H = (W, D) be graphs. The cartesian product ( ® -product), Kronecker product
( x -product) and strong product ( w-product) of G and H are respectively denoted
by GoH, Gx H, and Gm H, and are defined as follows :

V(GoH) = V(GXH) = V(GmH) = VXW

E(GoH) = {{(u, x), (v, y)}| either u = v and {x, y} € D
or x = yand {u, v} € E}

E(GxH) = (((4, x), (v, »)}| (4, v] € Eand {x, y] € D}
E(GwH) = E(GuH) U E(GxH).

Note that each of the three products is commutative and associative up to
isomorphism. Also, E(Go H) N E(Gx H) = ¢. We remark here that there is no
unanimity on the terminology or notation concerning graph products. For example,
Kronecker product is also known as direct product, categorical product or tensor
product.

A graph is said to admit a cycle decomposition (resp. Hamiltonian decomposition)
if its edge set can be partitioned into cycles (resp. Hamiltonian cycles). For example,
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a completge graph on an odd number of vertices admits a Hamiltonian
dccomposition3. For any undefined terms, we refer to Behzad®.

Let C, denote the cycle of length n = 3, where V(C,) = (0,..., n - 1}, and
for ny,..., n, = 3, consider the graphs C, 0---0C,, CyX:---XC, and
C,m---uC,. Itis easy to see that the number of vertices in each of the three
graphs is n, - - - n, while the sizes are r-n---n,, 2", ny---n,and (r + 2Y.ny---n,
respectively. Thus if C, X --- xC, admits a Hamiltonian decomposition, then the
number of cycles in such a decomposition is 27!

The following result includes a characterization for connectedness of the
x -product of two graphs.

Theorem 1.1'* — Let G and H be nontrivial, connected graphs. If G and H are
both bipartite, then the graph G x H consists of exactly two connected components,
otherwise it is connected. =

Corollary 1.2 — For ny,..., n, = 3, the graph C, X --- XC, is connected if
and only if at most one n; is even. =

It is known that each of the o-product and = -product of graphs is connected
if and only if the factor graphs are all connected '°.

The next lemma will be useful in the sequel.

Lemma 1.3 — (1) Let G = (V, U V,, E) and H = (W, U W,, D) be
connected, bipartite graphs. Then the two connected components of the graph G x H
are respectively induced by (Vi x Wy) U (Vo x W,) and (Vi xX W;) U (VX W)).

(2) If G is a connected, bipartite graph and » = 4 is an even integer, then the
graph G x C,, consists of two isomorphic connected components. &

The following result is due to Hedetniemi.

Lemma 1.4% — The x-product of a bipartite graph and any other graph is
necessarily bipartite. m

The next theorem is interesting and will be useful in the sequel.

Theorem 1.5% — The x-product of graphs is distributive with respect to the
edge-disjoint union of graphs (a property not holding for the o-product or
= -product). =

Based on a result of Aubert and Schneider?, Alspach, Bermond and Sotteau’
obtained the following theorem, which superseded earlier works of Kotzig? and
Foregger®.

Theorem 1.6' — For n,,...,n, = 3, the graph C, 0---0C, admits a
Hamiltonian decomposition. »

Bermond® mistakenly states that the x-product of any two cycles admits a
Hamiltonian decomposition. However, X -product of two even cycles is not even
connected.
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Our central result is that if a x -product of (any number of) cycles is connected,
then it admits a Hamiltonian decomposition, otherwise all of its connected components
are isomorphic to one another and each admits a hamiltonian decomposition.

2. Main Resuits

The first theorem below gives a cycle decomposition of the graph GxC, : it
relies on Theorem 1.5. '

Theorem 2.1 — Let G = (V, F) be a graph without isolated vertices and let
n = 3. If nis odd (resp. even) then G x C , admits a decomposition into |E| (resp.
2-]E|) cycles, each of length 2-n (resp. n). m

Corollary 2.2 — Let G be a graph without isolated vertices and let H be a graph
which admits a decomposition into (not necessarily equal-length) cycles. Then the
graph G x H admits a decomposition into (not necessarily equal-length) cycles.

We next construct a decomposition of the graph C,, x C, into certain equal-
length cycles.

Theorem 2.3 — Let m, n = 3, and let p = gcd(m, n) and g = lem(m, n).
Then the graph C,, X C, admits a decomposition into 2-p cycles, each of length 4.

Proor : Let m, n, p and g be as in the statement of the theorem, and consider
the graph C,, X C,. Note that |E(C,,xC,)| = 2-m-n = 2-p-q.

Consider the following p vertices of C,, xC, : (0, 0), (0, 1),..., (0, p-1). For
each (0, j) in this sequence, we trace exactly two edge-disjoint cycles, each of which
includes (0, j) and is of length q.

The two cycles containing (0, j) are given by the following sequences : xg,...,Xx,
and yy,....y,.) where x, = (a, b) and y; = (a, ¢) witha = kmodm, b = (j + k)
mod n and ¢ = (j - k) mod n. Intuitively the first (resp. second) sequence is
constructed as follows : (i) start with the pair (0, ), (ii) increment the first co-ordinate
modulo m and increment (resp. decrement) the second co-ordinate modulo », and
(iii) continue this process until all vertices in the sequence are pairwise distinct.
It is easy to see that the two sequences correspond to edge-disjoint cycles, each of
length gq.

To conclude the proof, note that the resulting 2-p cycles are mutually
edge-disjoint. m

Corollary 2.4 — If m and n are relatively prime, then the graph C,, x C, admits
a Hamiltonian decomposition. =

From subsequent discussion, it will follow that the converse of Corollary 2.4
is false. In particular, the existence of a hamiltonian cycle in G x H does not imply
hamiltonicity of G and H. A slightly weaker form of this corollary appears in Jha
and Slutzki’.

We next present two lemmas which lead to a characterization for Hamiltonian
decomposition of C,, X C,,.
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Lemma 2.6 — 1If m = 3 and n = 3 are integers such that one is odd and the
other is even, then the graph C,, x C, admits a Hamiltonian decomposition.

Proor : Let m, n = 3 and assume that m is odd and » is even. It suffices to
trace two edge-disjoint Hamiltonian cycles in C,, X C,,.

Consider the following two sequences of vertices : Xg,..., Xpn-1 a0d Yo, ... Vmn-1
where X, ; = (a, b) and Yoy ; = (@, ¢) witha = jmodm, b = 2-i + (jmod 2)
andc = (-b)modn,0<i=< (n/2)-1,0<j=<2-m- 1, Itis straightforward
to check that these sequences constitute edge-disjoint Hamiltonian cycles of the graph
C,xC, u

Lemma 2.7 — If m = 3 and n = 3 are odd integers, then C,, X C, admits a
Hamiltonian decomposition.

Proor : Let m = 3 and n = 3 be odd integers, and consider the following two
sequences of vertices of the graph C,, X C, © Xg,..., Xpmp-1 @0d Yoo, Vimn-1 WHET€ Xpm; 4
=Uband yy,; = (U, 0),0=si=n-1,0=<j<m-1withb=(G+ (¢
mod 2)) mod n and ¢ = (-b) mod n. It is straightforward to check that these sequences
constitute edge-disjoint hamiltonian cycles of the graph C,,xC,. =

Note : Results of Lemmas 2.6 and 2.7 appear in Mingkun® also, though with
a different proof.

We next consider the case when m and n are even.

Lemma 2.8 — If m = 4 and n = 4 are even integers, then the two connected
components of the graph C,, X C, are isomorphic, and each admits a hamiltonian
decomposition.

Proor : Let m = 4 and n = 4 be even integers, and consider the graph C,, X C,.
By Lemmas 1.3 and 1.4, this graph is bipartite and consists of two isomorphic
components.

Note that there is a natural bipartition of the vertex set of (the bipartite graph)
C,, into the following sets: V;, = {0, 2,..., m-2}and V, = {1,3,...,m-1}. Let
W, and W, correspond to the analogous bipartition of V(C, ). We consider the (sub)
graph induced by (Vo x W) U (V, x W;) and trace two edge-disjoint hamiltonian
cycles in it.

Consider the following sequences of vertices : Xg,...,X(mn2)-1 a0d Yoo....Y (mn/2)-1
where X (i jy = Uy b)and ypp ;= (o) with0 < i< (n/2)-1,0=sj<sm-1,
and b = 2-i + (jmod2), c = (-b) mod n. It is straightforward to check that these
two sequences constitute Hamiltonian decomposition of the connected component
mentioned above. m

Lemma 2.6, 2.7 and 2.8 yield the following result.

Theorem 2.9 — For m. n = 3, the graph C,,xC, amits a Hamiltonian
decomposition if and only if either m or n is odd. If m and n are both even, then
C,, x C, consists of two isomorphic connected components, each of which admits
a Hamiltonian decomposition. m
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Note that Theorem 2.9 subsumes Corollary 2.4. We next proceed to obtain a
generalization of Theorem 2.9.

Lemmas 2.10 — For ny,...,n, =z 3, the graph C, x---xC, admits a
Hamiltonian decomposition if and only if at most one n; is even.

Proor : (By induction on r) For r = 1, the lemma is trivial while for r = 2,
it follows from Theorem 2.9.

Let r = 3. The ““only if’’ part follows from Corollary 1.2. For the ‘“if*’ part,
assume that the number of even integers among n,,...,n, is at most one and let n,
be odd. The graph C, x - -- XC,  admits a Hamiltonian decomposition. "The claim
then follows from Theorem 1.5, "and Lemmas 2.6 and 2.7. w

We next consider the case when at least two integers among #,,...,n, are even,
The result is a generalization of Lemma 2.8.

Lemma 2.11 — Let ny,...,n, = 3. If the number of even integers among ny,...,n,
is at least two, then the graph C, X ---xC, consists of isomorphic connected
components, each of which admits a Hamiltonian decomposition.

Proor : (ov induction on r) The induction basis (r = 2) follows from Lemma
2.8. For the induction step, let r = 3 and let n, be even. The graph C, X --- X C,
either admits a Hamiltonian decomposition or consists of isomorphic connected
components, each of which admits a Hamiltonian decomposition. Note that
Cp X% G, is bipartite. Since the number of vertices in a hamiltonian bipartite
graph is necessarily even, it follows that every Hamiltonian cycle in each connected
component of C, X ---XC, is of even length. By Lemma 1.3(2), the X -product
of each connected component of G, x---xC, andC, consists of two connected
components isomorphic to each other By transmvny of the ¢ ‘isomorphism’’ property
of graphs, it is clear that all connected components of C, X ---XC, are
isomorphic. That each such component admits a Hamiltonian decomposition follows
from Theorem 1.5 and Lemma 2.8. m

Observe that if the number of even integers among n,,...,n,is kK = 1, then the
number of connected components in the graph C, X --- XC, is exactly 251,

Lemmas 2.10 and 2.11 along with Corollary 1.2 yield the following theorem which
is the central result of this paper.

Theorem 2.12 — Let ny,...,n, = 3. If the graph C, X --- X C, is connected
then it admits a Hamiltonian decomposition, otherwise all of its connected components
are isomorphic to one another and each admits a Hamiltonian decomposition. =

Corollary 2.13 — If G,,...,G, are Hamiltonian graphs such that | V(G;)|{ is even
for at most one i, then the graph G, x - - - X G, contains at least 2" edge-disjoint
Hamiltonian cycles. @

Theorems 2.12 and 1.5, and a generalization of Lemma 1.3(2) yield the following
result.

Corollary 2.14 — Let G,,...,G, be graphs each of which admits a Hamiltonian
decomposition, and let |V(G,)| = n;. If the number of even integers among
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ny,...,n, is at most one, then the graph G;x:-.-x G, admits a Hamiltonian
decomposition. If the number of even integers among n,,...,n, is at least two, and
the corresponding graphs are bipartite, then G, X - - - X G, consists of isomorphic
connected components, each of which admits a Hamiltonian decomposition. m

We state a conjecture related to Corollary 2.14.

Conjecture 1 — Let G be a non-bipartite graph such that | V(G)| is even and
G admits a hamiltonian decomposition, and let n = 4 be an even integer. Then the
graph G x C, admits a Hamiltonian decomposition. =

If Conjecture 1 is true, then the result of Corollary 2.14 will be strengthened
and the following general statement will hold true.

Conjecture 2 — Let Gy,...,G, be graphs, each of which admits a Hamiltonian
decomposition. If the graph G, X - - - X G, is connected, then it admits a Hamiltonian
decomposition, otherwise it consists of isomorphic connected components, each of
which admits a Hamiltonian decomposition. m

We have found that Conjecture | is true in certain cases. For example, let
(K¢ - 3K,) be the graph obtained from K, by deleting a perfect matching. This graph
and C, appear in Fig. 1 while a Hamiltonian decomposition of the graph (K, - 3K;)
x C, appears in Fig. 2.

/ I? —————3
S

_—3 l——2
(Kg-3Ky ) c,
FiG. 1. Graphs (K¢ - 3K;) and C,.
00-21-12 00-13-20 00-43-12 004112
I I I | | [ I I
11 01 23 33 53 33 51 31
| I I I I I | I
20 50 12 40 22 52 22 52
I I I I | I [ I
3 43 03 53 03 23 01 21
I I | I | | | I
40 30 50 02 40 02 40 02
I I | | I I | I
St 23 41 11 3 43 13 43
I ! | I | I | |
02 10 30 22 30 10 30 10
| ! | I I I I I
13 03 21 31 51 31 53 33
I I I I | | I |
22 52 10 42 20 50 20 50
I I I I I I I I
33 41 01 51 01 21 03 23
I I [ [ I I I |
42-53-32 52-43-32 42-13-32 42-11-32

FiG. 2. Hamiltonian decomposition of (K¢ - 3K;) X C,.
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Finally we state a theorem relating to a ®-product of cycles. It is based on

Theorems 1.6 and 2.12.

Theorem 2.15 — Let ny,...,n, = 3. If at most one n; is even, then the graph

C,m-.-aC, admits a Hamiltonian decomposition. In general , C, w --- 8 C,
contains at least r edge-disjoint Hamiltonian cycles. »

Mingkun® has shown that for any integers m, n = 3, the graph C,, m C, admits

a Hamiltonian decomposition. Whether or not this is true of a m-product of r = 3
cycles remains an open problem.
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