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In this paper we define and discuss the fuzzy deductive systems of Hilbert algebras.
We construct a new fuzzy deductive system from old. and study fuzzy relations on
Hilbert algebras.

1. INTRODUCTION

The notion of a deductive system of a Hilbert algebra was introduced by Diego®,
and studied further by Busneag?*. The concept of a fuzzy set and a fuzzy relation
on a set was defined by Zadeh® 1%, Fuzzy relations on a group have been studied
by Bhattacharya and Mukherjee!.

In this paper we consider the fuzzification of deductive systems of Hilbert
algebras, and study their properties. We also discuss fuzzy relations on a Hilbert
algebra. In particular, we prove that (i) if p and v are fuzzy deductive systems of
a Hilbert algebra A then u xv is a fuzzy deductive system of A x A, (ii) if uxv is
a fuzzy deductive system of A x A then either u or v is a fuzzy deductive system
of A, and (iii) if v is a fuzzy set in a Hilbert algebra A and n, is the strongest
fuzzy relation on A then v is a fuzzy deductive system of A if and only if p, is a
fuzzy deductive system of A xA. An example is given to show that if uxv is a
fuzzy deductive system of A x A, then n and v both need not be fuzzy deductive
systems of A.

2. PRELIMINARIES

In this section we include some elementary aspects of Hilbert algebras and fuzzy
theories that are necessary for this paper, and for more details we refer to [1]-[6],
[8] and [9] under References.

The present studies were supported (in part) by the Basic Science Research Institute Program,
Ministry of Education, 1994, Project No. BSRI-94-1406.
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Definition 2.1 — A Hilbert algebra is a triple (A, —, 1), where A is-a nonempty
set, — is a binary operation on A, 1 €A is an element such that the following three
axioms are satisfied for every x,y,2€A :

Hx—=yy—x)=1,

() (x> —=2) = (x> = (x—>2) = 1,

(iii) f x>y=y—=>x =1 then x = y.

If A is a Hilbert algebra, then the relation x<y iff x >y = 1 is a partial order

on A, which will be called the natural ordering on A; with respect to this ordering
1 is the largest element of A.

A Hilbert algebra A satisfies the following property :
(iv) 1 =x=x-

Definition 2.2 — If A is a Hilbert algebra, a subset D of A is called a deductive
system of A if it satisfies :

(i) 1eD,

(i) f x, x=>y€&€D, then yED.

Definition 2.3 — Let S be a set. A fuzzy set in § is a function u:S—{0,1].
Definition 2.4 — Let n be a fuzzy set in a set S. For a €[0, 1], the set

ba = (XES|px) 2}

is called a level subset of .
Definition 2.5 — A fuzzy relation on any set S is a fuzzy set
n:8xS—[0,1}
Definition 2.6 — If p is a fuzzy relation on a set S and v is a fuzzy set in S,
then p is a fuzzy relation on v if
u(x, y) = min {v(x), v(y)}

for all x,yES.

Definition 2.7 — Let p and v be fuzzy sets in a set S. The Cartesian product
of w and v is defined by

(kx V) (x,y) =min {u(x), v(y)}

for all x,y €S

Lemma 2.8 — Let w and v be fuzzy sets in a set S. Then

(i) pxv is a fuzzy relation on S,

(i) (L xV)e = pg x vy for all a € [0, 1].

Definition 2.9 — If v is a fuzzy set in a set S, the strongest fuzzy relation on
S that is a fuzzy relation on v is w,, given by

ty (x, y) = min {v(x), v(y)}
for all x,y€S.
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Lemma 2.10 — For a given fuzzy set v in a set S, let wu, be the strongest fuzzy
relation on S. Then for o € [0, 1], we have that (uy)y = V4 X Ve

3. Fuzzy DEDUCTIVE SYSTEMS

Definition 3.1 — Let A be a Hilbert algebra. A fuzzy set u in A is called a
fuzzy deductive system of A if it satisfies :

() u(l)=u(x) for all xEA,
(i1) w(y)z min {u(x), w(x — y)} for all x,y €A.

Proposition 3.2 — Let u be a fuzzy deductive system of a Hilbert algebra A.
Then

) if pix —=y)=n(1) then u(x)=p(y).

(ii) if x <y then u(x) = u(y).

(iii) if x = (y —>2z)=1 then u(z) z min {u(x), u(y)}.
PROOF : (i) If p(x —y)= (1) then

u(y)zmin {u(x), w(x = y)} = min {p(x), W(1)} = ).

(ii) If x<y then x -y = 1. Hence by (i) we get (ii).
(iii) If x> (y —2) = 1 then xsy—z So by (ii), u(x) = w(y = z). Hence

w(z) =2 min {u(y), W(y = 2)} 2 min {p(x), p(y)}.

Theorem 3.3 — Let u be a fuzzy set in a Hilbert algebra A. Then p is a fuzzy
deductive system of A if and only if for every a €[0, 1], the level subset p, is a

deductive system of A, when p, = ¢.

PROOF : Let u be a fuzzy deductive system of A. According to Definition 3.1(i),
we have u(l)z=u(x) for all x EA; in particular, u(l) = u(x) =z a for every x € u,.
Hence 1€ pn,. Let x,x >y € u,. Then pwlx)=za and pu(x —y)=a. It follows from
Definition 3.1(ii) that

u(y) = min {u(x), wix = y)} z o,
so that y € u,. Therefore p, is a deductive system of A.
Conversely we only need to show (i) and (ii) of Definition 3.1 are true. If (i)
is false, then there exists xp©A such that p(1) < pu(xp). Let 0.0-% (n(1) + uixg)).

Then u(1) <oy and 0= ag<ulxg)<1. Hence xy€ pg, and p, =¢. Since p, is a
deductive system of A, therefore 1€, , and so u(1) 2 ag. This is a contradiction

and (i) of Definition 3.1 is true. Now assume that (ii) of Definition 3.1 is false.
Then there exist xg, yg €A such that

u(yo) < min {u(xo), u(xo — yo)}.
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1 , .

Let Bo=7 (ko) +min  {u(x), ulxo = y0)}). Then u(y,)<B, and 0= P, <min
{ulx), uwxo = y)} s1. It follows that p(xy)>B, and w(x, —y,) > By so that
X0 € ug, and xp —>y, € pg . This means that pg = ¢. As pg is a deductive system of
A, we have y, €y, and so u(y,) = By, a contradiction. This completes the proof.

Definition 3.4 — Let p be a fuzzy deductive system of a Hilbert algebra A. The
deductive systems p,, a € [0, 1], are called level deductive systems of u, when
Mo = §.

Theorem 3.5 — Any deductive system of a Hilbert algebra A can be realized
as a level deductive system of some fuzzy deductive system of A.

PROOF : Let D be a deductive system of a Hilbert algebra A and let n be a
fuzzy set in A defined by

w-] @ if xED,
s 0 if xé&D,

where o is a fixed number in (0, 1). Note that 1 & D, so that u(l) =a = u(x) for
all x€EA. Let x,y€A. We will divide into the following cases to verify that p
satisfies the condition (ii) of Definition 3.1.

If x&D and x —y& D, then y €D. Thus

uw(y) = ulx) = u(x = y) = a,

and so

w(y) 2 min {u(x), wx = y)}.
If x¢D and x —> y & D, then u(x)=u(x —y) = 0. Hence

w(y) 2 min {p(x), ux = y)}.

If exactly one of x and x —y belongs to D, then exactly one of u(x) and
u(x —y) is equal to 0. Hence

uw(y) 2 min {w(x), p(x — y)}.

The results above show u(y) = min {u(x), w(x — y)} for all x,y €A. Therefore
u is a fuzzy deductive system of A and obviously p, =D. The proof is complete.

Theorem 3.6 — Let u be a fuzzy deductive system of a Hilbert algebra A. Then
two level deductive systems g, ho, (With a; <o) of p are equal if and only if
there is no x €A such that a; < u(x) < a,.

PROOF : Assume that p, =p, for «; <o, If there exists xEA such that
a; < u(x) <oy, then p,, is a proper subset of p,. This is impossible. Conversely,
suppose that there is no x €A such that a; s u(x) <o, Note that o, <a, implies
uuzguul. If x€p,, then p(x)za;, and so w(x)=a, because p(x) <+ a, Hence
x € pg,, which says that p, C p,,. Thus pg =g, This completes the proof.
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Let u be a fuzzy set in A and let Im(u) denote the image of u.

Theorem 3.7 — Let p be a fuzzy deductive system of a Hilbert algebra A. If
Im(uw) = {o, 0, ..,a,}, where o;<a;<...<0q, then the family of deductive
systems yo (0 = 1, 2, ..., n) constitutes all the level deductive systems of u.

PROOF : Let a €[0,1] and a €& Im(p). If o <ay, then Mo, C Ko Since pg, =4,
we have pu,=A and p,=u,,. Assume that a;<a<a;,;(1sisn-1), then there is
no x €A such that a s wx) <a,, ;. It follows from Theorem 3.6 that py =, . This
shows that for any o &[0, 1] with a<p(1), the level deductive system p, is in
{“a.‘ 1 <i=<n}. This completes the proof.

The following lemma is obvious, and we omit the proof.

Lemma 3.8 — Let A be a Hilbert algebra and let u be a fuzzy deductive system
of A. If a and B belong to Im(n) such that u, =g, then a=§.

Theorem 3.9 — Let n and v be two fuzzy deductive systems of a Hilbert algebra
A such that p and v have the finite images, and have the identical family of level
deductive systems. If Im(uw) = {oy, .., a,} and Im(v) = {By,Bs ..., Bu},
where o, >a;>... >, and B;>p,, ... > B,, then

im=n;

(ii) Mo, = Vg, fori=1,2, .., m

(iii) if x €A such that u(x) =q; then v(x)=§;, for i = 1, 2, .., m.

PROOF : Using Theorem 3.7 we have that the only level deductive systems of
u and v are W, and vg, respectively. Since p and v have the identical family of

level deductive systems, it follows that m = n, and so (i) holds. ﬁéing again Theorem
3.7 we get that

{Ha, s Ray o Mo } = {Vp, s VB s VB, 1
and by Theorem 3.6 we have

Mo, C U, c..C Ha, =A and Vg, C Vg, cC..C Vg, =A.

Hence u, =vy, for i = 1, 2, .., m; and (ii) holds.

Let x€A be such that u(x)=a; and let v(x) =f; Then x€u, =vg, and so
v(x) z B Hence B;=f; which implies vﬁjgvﬁl. Since xEvp = U, therefore
a;=wx)zo; It follows that pg Cue. By (i), Vg = Mo Mo = Vs Consequently
vﬁi=v3],,and by Lemma 3.8 we have §;=§; Thus v(x)=f, The proof is complete.

Theorem 3.10 — Let p and v be as in Theorem 3.9. Then w=v if and only if
Im(u) = Im(v). ’

PROOF : (=) This is clear.

(<) Suppose that Im(u) = Im(v) = {a, oy, ..., @}, where a;>a;>...>a, Let
Xy, ., X, be distinct elements of A such that p(x;) =a; (1 =isn). By Theorem 3.9,
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v(x) =0a; (1sisn). Since for any x €A there exists some o; such that u(x) =aq,,
and s0 xEpg =V, Hence v(x)za; it follows that v(x) = uw(x). By the same

argument, we have u(x)=v(x). Therefore w(x)=v(x), showing that p=v. This
completes the proof.

Theorem 3.11 — Let A be a Hilbert algebra and let p be a fuzzy set in A with
Im(p) = {0, ay, ... , 04}, where ag>a;> ... >, Suppose that there exists a chain
of deductive systems of A : '

DO CDI C veus CDk =A

such that w(D,) = «,, where D, = D,-D,_,, D_,=¢, for n = 0, 1, .., k. Then n
is a fuzzy deductive system of A.

PROOF : Since 1 € Dy, we have u(l) = ap = w(x) for all x €A. In order to prove
that p satisfies the condition (ii) of Definition 3.1, we divide into the following cases:

If x and y belong to the same D,, then u(x) = u(y) = a,, and so

w() 2 min {u(x), wx — y)}.

Assume that x€D; and y € D; for every i=j. Without loss of generality, we
may assume that i < j. Then u(x)=a;>a;=u(y), and so

min {u(y), Wy = x)} = uly) < px).
Since x €ED,, we have x €D, It follows that XED, , as isj~1. Now we assert

that x >y €& D, . In fact, if not, then x >y €D, , and xED, , imply yED, |,
which contradicts to y ED; = D;—D;_,. Hence u(x — y}=a;, and so

U}z min {p(x), plx = y)}.

Summarizing the above results, we obtain that p(y) = min{u(x), w(x — y)} for all
x,y €EA. Therefore p is a fuzzy deductive system of A.

Theorem 3.12 — Let u be a fuzzy deductive system of a Hilbert algebra A. If
Im(w = {09, @y, ..., a4} with ag>a;>...>0 then D,=pu, , n =0, 1, .., k are

deductive systems of A and pu(D,) = o,,n = 0, 1, ..., k, where D, = D,-D,_; and
D_j=¢.

PROOF : By Theorem 3.7, Dy=p, (n =0, 1, ..., k) is a deductive system of
A. Obviously, w(Dy) =0y Since w(D,) = {og o4}, for xE€ D; we have u(x)=ay,
namely w(D;) = a,. Repeating the above argument, we have w(D,) = a,{(0sn=k).
This completes the proof.

Theorem 3.13 — If w is a fuzzy deductive system of a Hilbert algebra A, then
the set

Ayi= {x€A|ux)=w(1)}

is a deductive system of A.
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PROOF : Clearly 1€A,. Assume that x€A, and x—>y€A, Then
u(x) = w(1) = w(x — y). Since pn is a fuzzy deductive system of A, therefore
u(y) zmin {u(x), u(x =y)} = u(),
whence u(y) = p(1). This means that y €A,

Using a given fuzzy deductive s'-.>m, we construct a new fuzzy deductive
system.

Let a 20 be a real number. If m €[0, 1], m* shall mean the positive root in
case o < 1. We define p®: A — [0, 1] by p® (x) = (u(x)).

Theorem 3.14 — If p is a fuzzy deductive system of a Hilbert algebra A, then
u® is also a fuzzy deductive system of A and A=A,

PROOF : We have that n®(1)=(u(1))® = (ux))> =pu*x) for all xEA. Let x,y
E€A. We assert that pu®(y)zmin {p®(x), u*(x—=y)}. In fact, suppose that
wx) s wx —=y). It follows from Definition 3.1(ii) that w(y)=u(x). Hence
ne{(x)sp®(x—y) and u®(x)su*(y), which imply that p*(y)=zmin
{u® (x), u*x — y)}. The argument is similar if p(x) = u(x — y). Finally

Ag = XEA R (@) = pe (1)}
X EA | (u0))e = (u(1))e}
rEA 00 = u(1)

= A,

4. CARTESIAN PRODUCT OF Fuzzy DEDUCTIVE SYSTEMS

Let A and B be Hilbert algebras and let
AxB = {(x,y)[x€A, yEB)}.

We define an operation — on A x B by
xy) =@, y)=(x—=x,y—=y) for all (x,y),(x",y')EAxB.

Then we can easily verify that (A-x B, — (1, 1)) is a Hilbert algebra.

Proposition 4.1 — Let D and D, be deductive systems of Hilbert algebras A
and B respectively. Then Dy x D, is a deductive system of A x B.

PROOF : Obvious from definition.

Proposition 4.2 -— For a given fuzzy set v in a Hilbert algebra A, let p, be

the strongest fuzzy relation on A. If p, is a fuzzy deductive system of A x A, then
v(x) =v(1) for all xEA.

PROOF : Since u, is a fuzzy deductive system of A x A, therefore
My (x,¥) =, (1,1) for all (x,y)EA x A,

But this means that min {v(x),v(y)} =< min{v(1),v(1)}, which implies that
v(x) =v(1) for all xEA.
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The following proposition is an immediate consequence of Lemma 2.10, and we
omit the proof.

Proposition 4.3 — If v is a fuzzy deductive system of a Hilbert algebra A, then
the level deductive systems of u, are given by (w,), =V, x v, for all a € [0, 1].

Theorem 4.4 — Let p and v be fuzzy deduetive systems of a Hilbert algebra
A. Then p x v is a fuzzy deductive system of A x A.

PROOF : First we have that for every (x, y) € A x A,

(nxv) (1, )=min {u(1),v(1)} 2min {ux), vO)} = (rxv)(x,y)
Now let (x,y), (x",y) EA xA. Then

min {(uxv) (x,y), (uxv)((x,y) = (', y))}

min {(ux V) (x,y), (Wxv)x—=x,y—>y)}

fi

min {min{u(x), v(y)}, min {pw(x —=x'), v(y = y')}}

min {min {u(x), w(x — x}}, min {v(y), v(y = y')}}
smin {u(x'), v(y')}
= (uxv){x,y)

This completes the proof.

Theorem 45 — Let pn and v be fuzzy sets in a Hilbert algebra A such
that pu xv is a fuzzy deductive system of A xA. Then

(i) either u or v satisfies Definition 3.1(j).

(i) if p satisfies Definition 3.1(i), then either p(x) <v(1) or v{(x)sv(1) for
all x € A.

(iii) if v satisfies Definition 3.1(i), then either u(x) <u(1l) or v(x) s u(1) for
all x€A.

(iv) either u or v is a fuzzy deductive system of A.

PROOF : (i) If both p and v do not satisfy Definition 3.1(i), then there exist x,
y €A such that u(x) > (1) and v(y) > v(1). Then

(kxVv)(xy) = min {u(x), v(y)} > min {p(1),v(1)} = (uxv)(1,1).
This contradicts the fact that u x v is a fuzzy deductive system of A x A. Hence
(i) holds.

(ii) Assume that p satisfies Definition 3.1(i) and let x, yE A be such that
u(x) > v(1) and v(y)>v(1). Then

(wxv) (1, 1) =min {u(1), (1)} = v(1).

It follows that (uxv)(x,y) = min {u(x), Wy)} > (1) = (uxv) (1, 1), which is a
contradiction. Thus (ii) is true.

(iii) This is by similar method to part (ii).
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(iv) Since, by (i), either nu or v satisfies Definition 3.1(i), without loss of
generality we may assume that p satisfies Definition 3.1(i). Using (ii) we
have that either u(x) =v(1) or v(x) sv(1) for all xEA.

If w(x)=v(1) for all x €A, then
(uxv)(x,1)=min {ux)." '} = plx) for all x EA.

Let (x,y), (x,y')EA xA. Since uxv is a fuzzy deductive system of A x A, by
Definition 3.1(ii) we have

(mxv)(x' )
zmin {(ux V) (x, ), (L xv) ((x,y) = (¥, y)} .
= min {(uxVv)(xy), (uxv)(x—=x,y—=y)}
If we take y=)" = 1, then
ux') = (uxv) (x', 1)
2min {(uxv)(x 1), (uxv)(x—=x,1->1)}
min {(ux v) (x, 1), (u x v} (x = x', 1)}
min {min{p(x), v(1)}, min{u(x —x'), v(1)}}

min {u(x), u(x = x)},

showing that u satisfies Definition 3.1(ii). Hence u is a fuzzy deductive system of
A.

Now we consider the case v(x) s v(1) for all x €A. Suppose that u(y) > v(1) for
some yEA. Then w(l)zu(y) > v(1). Since v(x)=sv(l) for all x&€A, it follows
that u(1) > v(x) for all x €A. Hence (u xv)(l,x)=min{p(1), v(x)} = v(x) for all
X EA.

Taking x =x' = 1 in (*); then
V() =(uxv)(1,y)
zmin {(uxv)(1,y),(uxv) (1 —=>1 y—>y)}
min {(kxv) (1, y), (mxv)(1,y =y}
min {min{u(1), v(»)}, min{u(1), v(y =y")}}
min{v(y), vy = y")},

which proves that v satisfies Definition 3.1(ii). Hence v is a fuzzy deductive system
of A. This completes the proof.

Now we give an example to show that if puxv is a fuzzy deductive system of
A xA, then p and v both need not be fuzzy deductive systems of A.
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Example 4.6 — Let A be a Hilbert algebra with | A | =22 and let o, €[0, 1]
be such that 0 s a =P < 1. Define fuzzy sets p and v:A —[0,1] by n(x) = o and

[ B if x=1,
"(x)”{ 1, if x=1,

for all x €A, respectively. Then (pxv)(x,y) = min {ux),v(y)} = a for all
(x,yY)EA x A, that is, uxv:AxA —[0,1] is a constant function. Hence ux v is a
fuzzy deductive system of A xA. Now u is a fuzzy deductive system of A, but v
is not a fuzzy deductive system of A because v does not satisfy Definition 3.1(i).

Theorem 4.7 — let v be a fuzzy set in a Hilbert algebra A and let u, be the

strongest fuzzy relation on A. Then v is a fuzzy deductive system of A if and only
if n, is a fuzzy deductive system of A x A.

PROOF : Assume that v is a fuzzy deductive system of A. We note from
Definition 3.1(i) that for all (x,y) €A x A,

ty (x,y) = min{v(x), v(y)} =min{v(1), v(1)} = n(1, 1),
showing that p, satisfies Definition 3.1(i). Let (x,y), (x',y') €A xA. Then

min {u, (x, y), uy ((x, y) ~> (x', "))}

min {u, (x,y), u, (x =>x,y =y}

min {min{v(x), v(y)}, min {v(x = x'),v(y = y)}}

min {min{v(x), v(x - x")}, min{v(y), v(y — y")}}

s min {v(x'), v(y')}

= u, (X', "),

which proves that u, satisfies Definition 3.1(ii). Hence p, is a fuzzy deductive system
of AxA.

Conversely suppose that w, is a fuzzy deductive system of A x A. Then

min{v(x), v)} = i (x,y) s, (1, 1) = min{v(1), (1)} = v(1)

for all x,y€A. It follows that v(x)<v(l) for all x€A. For any (x,y),(x',y")
€A x A, we have that

min{v(x), v(y')}

w (x',y')

v

min {py (x,y), v ((x, y) = &', y'))}
= min {p, (x,y), uy (x =2,y = y')}
= min {min{v(x), v(y)}, min{v(x ~ x), v(y = y)}}
= min {min{v(x), v(x - x')}, min{v(y), v(y = y")}}.
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In particular, if we take y=y" = 1 (resp. x=x" = 1) then
v(x") =z min{v(x), v(x — x')}

(resp. v(y') 2 min{v(y), v(y — y")}).

The proof is complete.
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