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We obtain some optimality conditions and duality results concerned with muitiobjec-
tive fractional nonlinear programming problem under generalized invexity assumptions
on the objective and constraint functions. In particular we deal with (p, b)-invex
functions and their generalizations.

1. INTRODUCTION

A great deal of work has been done in multiobjective programming problem
involving non convex functions. Duality results, necessary and sufficient conditions
of Kuhn-Tucker and Fritz-John type have been obtained for multiobjective
programming problem involving non convex functions by many researchers. Among
many such contributions, works of Weir'® 16, Egudo and Hanson®, Weir and Mond'?,
Kual et al8, Suneja and Gupta'? and Suneja er al.!' fall in this category.

Various generalizations of convex functions have appeared in the literature. Vial'4
generalized the concept of convex function by introducing p-convex functions. The
generalization of p-convex functions to p-pseudoconvex and p-quasiconvex functions
was given by Jeyakumar®. A class of functions called b-vex functions were introduced
by Bector and Singh!. In recent times some authors have defined more general class
of functions labelled as (p, b)-invex functions. This class is defined by relaxing the
definitions of p-invex and b-vex functions. Namely certain examples for a wide
variety of functions satisfying b-vexity functions can be seen from Bector er al.? and
Suneja and Lalitha!}. For p-invex functions many references are available in the
current literature.

In this paper we consider (p, b)-invexity and its generalizations and present some
optimality conditions for a multiobjective non linear {ractional programming problem.
The duality results are also obtained relative to the Schaible type dual'® of the primal
problem. The duality results are stated by assuming the functions involved are
(p, b)-invex, (p-b)-psuedoinvex and (p, b)-quasiinvex. In fact Preda® has used (p, b)-vex
functions to develop duality results for optimization problems for n-set functions.
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The multiobjective nonlinear fractional programming probiem we consider in this
paper is the following :

(FP) Minimize { Qx) = o) ; X€ X}
g(x)

subject to A(x)<0; j =1, 2, .., m xeS§

where

) _[H® @)
g | g1 g (x)

(the symbol 7 indicates the transpose operation), the feasible set X =
{xe S, h(x)<0; j=1,2, .., m} and SCR".
Here fi: S>R, gi:S—>R; i =1,2, ., kand hj:S>R, j =12, .., mare
all assumed to be differentiable. It is further assumed that
(i) gi{(x)>0 for all xe S and each i = 1, 2, ..., k;
() X=#¢.

In this paper, the concept of proper efficiency and the parametric approach are
used to obtain the optimality conditions and duality results. This paper is organised
as follows. Section 2 gives definitions of (p, b)-invexity and its generalizations. In
section 3 we present the necessary and sufficient optimality conditions. We formulate
the dual problem of Schaible type for multiobjective programming and present a
number of duality resuits in section 4.

2. DEFINITIONS AND PRELIMINARIES

For x, y € IR", by x <y we mean x;<y; for i = 1, 2, ..., n; by x <y we ‘mean
x;<y; forall i = 1, 2, ..., n and X; <yj for at least one j, 1<j<n and for x, y
€ IR, x < y is used in the usual sense.

We shall now define the notion of (p, b)-invexity. Let K = {1, 2, .., k} and
M= {12, .., m}

Definition 2.1 — let f be a numerical function defined on an open set
ScIR" and let f be differentiable at x€ S. Let p be a real number and
N,0:5x5 >R and b:XxS— IR, be functions. Then the function f is said to be

(i) (p, b)-invex at x with respect to S, 1,0 and b or briefly, (p, b)-invex at
x if for each xe §

b(x, x) [flx) - D) 21 (x,x) V flx) + pllB(x, x) 12 (2.

(ii) (p, b)-pseudoinvex at x if for each xe §

bx, ) ' (x, ) VAx) + pllO(x, x) 220 - 22)
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implies
fx) 2 fl) . (23)
(iii)  (p, b)-quasiinvex at x if for each xe S
fox) <fx)
implies

b, ) N'(x, ) V fx) + plO(x, ) IP< 0.

Remark 2.2 : f is said to be
(i) (p, b)-strictly invex at x if strict inequality holds in (2.1).
(i) (p, b)-strictly pseudoinvex at x if for each xe€ S, x#x, strict inequality
holds in (2.3).

Definition 2.3 — A point x € X is said to be efficient solution for (FP) if there
does not exist any x € X such that Q(x) < Q(x).

Definition 2.4 — A point x € X is said to be properly efficient for (FP) if it
is efficient for (FP) and if there exists a scalar N > 0 such that for each i

0 ¥ - O 0 SN[Q () -Q W]

for some j such that Qj(x)>Qj(;) whenever x is feasible for (FP) and Q/(x)< Q,-()_r).

3. OPTIMAL CONDITIONS

Following Kaul and Lyall’, Suneja and Gupta'> we consider the following
parametric multiobjective optimization problem (FP), for each ve R! where lRi
denotes the positive orthant of IR,

(FP), Minimize [fij(x)—v; gi{(x), ..., fi (X) — v gx (0]
subject to h; (x)<0, jeM:xe S.

We now have the following lemma connecting the properly efficient solutions
of (FP) and (FP), which can be proved on the same lines as Lemma 1 of Kaul and
Lyall’.

Lemma 3.1 — Let x be properly efficient for (FP). Then there exists ve m
such that x is properly efficient for (FP);. Conversely, if x is properly efficient for
(FP); where v;=Q; (x), i € K then x is properly efficient for (FP).

Following Geoffrion* we now consider the scalar programme corresponding to
(FP); given by

k
(FPY  Minimize Y, A; [fi(x)-V; gx)]

i=1

subject to h(x)<0, je M, xe S.
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We have the following result on the lines of Geoffrion*.

Lemma 32 — If x is an optimal solution for (FP)%‘ for some Ae R* with
strictly positive components then x is properly efficient for (FP).

Under the assumption of (p, b)-invex, (p, b)-quasiinvex and (p, b)-pseudoinvex
objective and constraint functions we now give a number of sufficient optimality
criteria for a feasible x for (FP) to be properly efficient for (FP). These generalize
the sufficient optimality criteria given by Suneja e al.'l.

Theorem 3.3 — Let x be a feasible solution for (FP). Assume that there exists
v (as given by Lemma 3.1) , e R! and ;2 0 for each j € I= {j:hj(x) = 0}
the set of indices of active constraint functions at x, such that

k
Y MIVA(X) - V(XN + X, KVh(X) =0 - 3

i=1 jel

Then x is properly efficient for (FP) if any of the following holds at x with respect
to same 1, 0 and b :

(a) f.—g; for each i€ K and h; for each je I are (p;, b)-invex, (O, b)-invex and

(Y by)-invex respectively such that

k

2 Ailpi+viod+ 2 Wy 20

i=1 jel

.. 32)

and for all xe X, b(x, }) >0

k
(b) 2 A (fi~v,g) is (p,b)pseudoinvex and h; for each jel is (y,b)
i=1

quasiinvex such that

2 II/ Yi+p2 0 .. (3.3
jel
k
(c) z X (fi—v; g) is (p, b)-pseudoinvex and z H; h; is (y, b)-quasiinvex such

i=1 jel
that

p+y20. .. (3.4)
PROOF : (a) For any feasible x of (FP) and je /
h(x)<0=h;(x).

Since #1,, je 1 is (y, b)-invex with respect to 7, 0 at ;, it follows from above that
foriel

02 b (x,X) [(X) - A )] 2N (6, X) VA (X)+71180x, X ) 112
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As ;20 for je I we have

LX) Y GVR(E)+ Y L ylex)I2<0.

jel jel

On using (3.1) and (3.2), we obtain

k
N"xI) Y MIVAR) -V g (7))
i=1

k
Z p,+vo’]||6(x,x)|12>0

Now the (p;, b)-invexity of f; and the (o, b)-invexity of —g; give us

k

k
2 DO =vigi ()] - Y, Kb F(X) -7 g (X)]2 0.

i=1

Since b(x, ;) > 0 we get

Z % Ux) i gi()] 2 2 AT =7 g1

i=1 i=1

This shows that x is optimal for (FP)?. Since A, > 0, Lemma 3.2 shows that xis
properly efficient for (FP).

(b) For any feasible x of (FP), Izj(x)S0=l1j(I) for all je I. Hence
(- b)-quasiinvexity of h; implies

blx, X) V(X)W (x,X)+y 10, x)IP <0

ie. PO, THIM (LX) 3, VAT + Y Lyl )0

jel jel

On using (3.1) and (3.3),

k
b %) Y, RAVA(F) =% Vg (X0 (x,X) + pli6u.T)IP2 0.

ie |l

. (3.5)

k -

Now (p, b)-pseudo invexity of Z A (f—v;g) shows that x is optimal for (FP)?, .
i=1

Hence by Lemma 3.2, x is properly efficient for (FP).
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(¢) As in (b), (y, b)-quasi invexity of Z W; h; implies
jel
b(%) 3, BV AN (x)+yI8,x)IR< 0.
jel

On using (3.1) and (3.4) we get (3.5) and the rest of the proof follows on the same
lines as that of (b).

Theorem 3.4 — Let x be properly efficient for (FP). Then there exist X, i and
v (as are given by Theorem 3.3) such that (x, 2. i, v) satisfies (3.1) if

(*) 3 some x € S such that hj(x) < 0 for je M and if either of the fHilowing

holds on S with respect to same 1,6 and & :
(a) hj is 7 b)-invex for each je I with Y 2 0, and b(x, x) > 0.
(b) /1j is (v, b)-pseudoinvex for each je I with Y2 0, and b(x, x) > 0.

PROOF : The proof goes on the same lines as that of Theorem 4 and Theorem
5 of Suneja et al.ll.

4. DuUALITY THEOREMS

Weir'® gave the multiobjective analogue of Jagannathan® and Schaible'® dual for
(FP) and proved the duality results under the conditions of convexity. Then after.
Kaul and Lyall’” have considered the Schaible'® type dual and proved duality results
under the assumptions of strict pseudo convexity. In a similar way Suneja and
Gupta'? proved duality results under the assumptions of n-pseudoconvexity, n-strict
pseudo convexity and m-convexity. We associate the following Schaible type!" dual
multiple objective maximization problem given by Kaul and Lyall’ to (FP).

(FD) Max v=(v, vy, ..., V)

k k

subject to z MIVE@)-v Vgl + z WVh@=0 NN
i=1 j=1

k

2 Mlfiw)-vig @) 20 . @2)

i=1

> whwz0 . (43)

j=1
where ue S, v,Ae R and pe R
Now we give various duality theorems between programmes (FP) and (FD) under
the assumptions of (p, b)-invexity and its generalizations on the objective and
constraint functions.
Theorem 4.1 (Weak Duality) — Assume that for all feasible x for (FP) and for

all feasible (u, A, |, v) for (FD) either of the following holds at u on X with respect
to the same 7,0 and b :
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(i) f,—g foreach ie K and h; for each je M are (o, b)-invex (p,, b)-invex
and (y;, b)-invex respectively such that

k m

Z li (pi+vio;)+ z “j'YjZ 0 .. (4.4)

i=1 j=1

and for all xe X, b(x,x) > 0.

k "
(i1) z A (fi—vi 8) is (p, b)-pseudo invex and‘z Wy is (Y, b)-quasiinvex
= j=1
such that
pt+y=0. .. (4.5)
Then O(x) <,

PROOF : (i) From the respective definitions of (p, b)-invexity (o, b)-invexity
and (y;, b)-invexity of f.-g; and h;, we get
k A
blx. 1) Z Al ()= v gdx)] = blx, u) Z A Lfiu) = v gi(u)l
i= i=t
& k

+ Z KV i)y~ v, Vg ) 0 (x, u) + Z MO, wy P (p;+ v, 0))

i=1 i=1

2= Y WV GO () + Y80 ) 1)
J=1

(on using the duality constraints (4.1) and (4.2). (4.4) and b(x, u) > 0).
m

>— 2 W b(x, u) Hy (x) = h; (3] (from (Y b)-invexity of )

i=1

since b(x, u) > 0, on applying (4.3) and the duality constraint of (FP) we obtain

A
Y A i) - v, g (0] 2 0. .. (4.6)
i=1
Now suppose contrary to the result of the theorem hold i.e., Q(x) <v. Then there
exist some je K such that Qi(x)<v; and Q{x)<v; for all ie K. Which gives
fitx)=v; g (x) < O for some je K and fi(x) ~v; g(x)< 0 for all ie K.
k

Since A>00 Y Al -v g (0] <0

i=1

which contradicts (4.6).

(i1) Since x is feasible for (FP), u is feasible to (FD) and W20 for all je M,
we have
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2 W AOS D k).
i=1 j=1

The (y, b) quasiinvexity of z W; i gives

ji=1

b u) Y, WV A ) (x, u) + 71 8(x, u) 12 <O.
j=1

On using the duality constraint (4.1) and (p, b)-pseudoinvexity

% x
Z }"i(fi_vigi)(x)zz A (fi—vig) (W)
i=1 i=1

k
ie., Z A(-vig)x)=20  from (4.2).

i=1

The rest of the proof follows on the same lines as that of (i).

Theorem 4.2 (Strong Duality) — Assume (*) of Theorem 3.4 and that either of
the following holds on S with respect to same 1.0 and b :

(a) (i) of Theorem (4.1) with ijO for each je [;

k "
(b) z A (fi—v; g) is (p.b)-pseudoinvex and Z W h; is (0, b)-quasiinvex such
(=1 j=1
that p+62 0 and for each je I, A is (y},, b)-quasiinvex with v, 2 0.
Then if x is properly efficient for (FD) then there exist %, i and v (as are given by
Theorem 3.1) such that (x, 1. i, V) is properly efficient for (FD) and the objective
values of (FP) and (FD) are equal.

PrROOF : From Theorem 3.4, there exist },>0, ie K, ;2 0 je [, v;20. ie K
such that (3.1) is satisfied (where 'v; is given as in Lemma 3.1) setting i; = 0 for
je I gives that (x, A, |, v) is feasible for (FD).

Suppose that (x, X, [, v) is not efficient for (FD) then there exists (u, A, {, V)
feasible for (FD) and an index j such that v;<v; and v;<v; for all i#j for ie K.
Since @, (x) = v; we get a contradiction to weak duality Theorem 4.1.

Now suppose that (x, A, H, v) is not properly efficient for (FD). By following
exactly on the same lines as that of Theorem 7 of Edugo and Hanson® we get again
a contradiction to the weak duality Theorem 4.1 Hence (x, %, [, v) is properly

efficient for (FD).
The equality of objective functions (FP) and (FD) follows from Q;(x) = v; for
ie K.

(b) The proof follows on the same lines as that-of (a) of the theorem.
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Theorem 4.3 (Converse Duality) — Let («, X, i, v) be feasible for (FD) and that

there exists a feasible solution x for (FP) such that

k
Y Llfi(F)-vig (%)) = 0. . (@47

i=1

Then x is properly efficient for (FP) if either of the following holds at u with respect
to X and the same 1,0 and b :

(@) fi,—g; for ie K and h; for each je M are (p, b)-invex (G, b)-invex and

{7y,» b)-invex respectively such that

o X NN AW =

k k
z APitvio)+ 3, By 0

i=1 i=1
(b) (ii) of Theorem 4.1.
PROOF : (a) By following on the similar lines as that of Theorem 4.1 we get

k
2 M) -V 20

i=1
On using (4.7) and Lemma 3.2 we conclude that x is properly efficient for (FP).
(b) The proof is similar as that of (a) of the theorem.
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