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The aim of this paper is to introduce and study the notion of almost strongly
6-upper semicontinuous multifunctions and their relationship with 6-closed
subsets and H-closed subsets.

1. INTRODUCTION

Noiri and Kang! have introduced and investigated the concept of almost strongly
g-continuous functions. The purpose of this paper is to extend this concept and some
of the results to multifunctions.

A multifunction F of a set X into a set ¥ is a correspondence such that F (x) is a
nonempty subset of Y for each x € X, thatis it is a function F: X — p(¥) — {¢},
where p (¥) is the power set of Y. We will denote such a multifunction by F: X — Y.
The graph G (F) of Fis the subset {(x, y) | x € X,y € F(x)} of X x Y. Let X and
Y be topological spaces. For a subset 4 of X, the §-closure of A, denoted by cle4,
is the subset {x € X | ¢l (V) (Y A # ¢ for each neighbourhood ¥ of x}. If cle 4 = 4,
then A is called g-closed. The graph G (F) of F: X— Y is said to be §-closed if itis a
6 -closed subset of X x Y. Itis easy to see that G (F)is g-closed if and only if for
each (x, ) € X X ¥ — G (F) there exist open subsets U C X and V' C Y containing
x and y, respectively, such that F(cl (U)) N cl (V) = é. A multifunction F: X - Y
is called g-upper semicontinuous (g-u.s.c) (Joseph?) if for each x € X and each open
set V C Y containing F (x), there exists an open U C X containing x such that
F(cl(U)) C cl (V).

A space X is said to be almost-regular if for each regular open set V and each
x € V, there exists an open set Usuch that x € U C cl(U) C V. A subset K ofa
topological space X is called quasi H-closed relative to X if for each cover{G. | « € A}
of K by n open subsets of X, there exists a finite subfamily {Ga, | i = 1,..., n} such that

KC U (G« ‘). If X is quasi H-closed relative to X, then it is called quasi

1=

H-closed. Quasi H-closed Hausdorff spaces are usually called H-closed.
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2. ALMOST STRONGLY §-UPPER SEMICONTINUOUS
MULTIFUNCTIONS

Definition—A multifunction F: X — Y is said to be almost strongly #-upper
semicontinuous (briefly a.s. §-u.s.c) if for each x € X and each open set VC Y
containing F (x), there exists an open set UC X contammg x such that
F (clt (U)) C int (cl (V).

Theorem 2.1—For a multifunction F : X — Y the following are equivalent :

(a) Fisa.s. g-u.s.c

(b) For each regular closed subset Kof ¥, F*(K) = {x € X | F(x) N K 5% ¢}
is g-closed in X.

(c) For each x € X and each regular open set ¥ CY containing F (x), there eXists
an open set U C X containing x such that F (cl (U)) C V.

PRrOOF : (a) = (b). Let K be a regular closed subset of ¥ and x € cls F™! (K).
Ifx & F'(K), then F(x) N K=4¢. Hence F(xX) CY — K. Since ¥ — Kisa
regular open set and F is a.s. g-u.s.c. there exists an open set U C X containing x such
that F (cl (U)) Cint(cl (Y — K)) =Y — K. Thus F(cl (U)) N K = ¢, that is,
cd (U) N F71(K) = ¢. This contradicts with x € cls F-1 (K).

(b) = (c). Let x € X and V be any regular open subset of ¥ containing F (x).
By (b), F-1 (Y — V)is gclosed inX and x & F-*(Y — V). Since F' (Y — V)is
6-closed in X there exists an open set U containing x such that cl (U) N F-1
(Y — V) = ¢. This implies that F (cl (U)) C V.

(c) = (a). Let x € X and V be an open subset of ¥ containing F (x). int (cl (V'))
is a regular open set containing F (x). By (c), there exists an open set U containing
x such that F (cl (U)) C int (cl (V)). Hence Fis a.s. 6-u.s.c.

It is clear that every a.s. §-u.s.c multifunction is §-u.s.c, but the converse need not
be true as the following example shows.

Example——-Let X = {a, b, c, d} and t = {¢a X’ {C}, {ao b}) {a9 b; C}}. Let
Y={p,q,r,s}and ¢ = {,7, {p}, {q}, {p, q}}. Define a multifunction F: (X, t)
— (¥, o) as follows :

F(a)= F(b)=p’F(C)=r’F(d)= {I',S}.
Then F is §-u.s.c, but it is not a.s. §-u.s.c.

The following theorem shows that, under certain hypotheses, a §-u.s.c multifunc-
tion is a.s. -u.s.c.
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Theorem 2.2—Let F : X — Y be a multifunction such that F (x) is quasi H-closed
relative to ¥ for each x € X. If Fis g-us.cand Yis an almost-regular space then
F is a.s. g-u.s.c.

PROOF: Let x € X and F(x) C V, where V is a regular opensetinY. Itis
easy to show that if K is quasi H-closed relative to an almost-regular space ¥ and V is
a regular open set containing K, then there exists an open set Wsuch K C W C ¢l
(W) C V. Since F(x) is quasi H-closed relative to Y and V is regular open, there
is an open set W such that F(x) C W C cl (W) C V. Since Fis g-u.s.c, there exists an
open set U containing x such that F(cl (U)) C ¢l (W). Thus F(cl (U)) C V, that is,
F is a.s. §-u.s.c.

Theorem 2.3—Let F : X — Y be a multifunction with compact point images (that
is, F (x) is compact for each x € X). Then Fis a.s. §-u.s.c and X is almost-regular if
and only if the graph map Gr : X — X x Y, defined by Gr (x) = {(x, ») | ¥y € F(x)},
is a.s. g-u.s.c.

PROOF : Suppose Fis a.s. 6-u.s.c and X is almost-regular. Let x € Xand G be
a regular open subset of X' X Y containing Gr (x). It is easy to show that for regular
open set G containing compact set Gr (x), there exist regular open sets V C X and
W C Y such that Gr (x) C V x W C G. Since F is a.5. § u.s.c there exists an open set
U C X containing x such that F (cl (U)) C W. Since X is almost-regular U can be
chosen suchthat x € UC cl(U) C V. Now Gr (cl (1)) C cl ()XW C VxW CG.
Hence Gr is a.s. §-u.s.c.

Conversly, suppose Gr: X > X x Y is as@-us.c. Let x€ XandV be a
regular open subset of ¥ containing F (x), that is, F(x) C V. LetP,: X X Y > ¥

be the second projection. Since P, is continuous and open P71 (V) is a regular open
subset of X x Y and Gr (x) C P'z'x (V). Since Gr is a.s. §-u.s.c, there exists an open

set U C X containing x such that Gr (cl (U)) C P,' (V). Nowitis easy to see that
F (cl (U)) C V. Hence Fis a.s. 8-u.s.c.

Now we will show that X is almost-regular space. Let V" be a regular open set
inXand x€V. Grx)={x,»|yE Fx)}CVxXxYandV XY is a regular
open set in X X Y. Since Gr is a.s. §-u.s.c, there exists an open subset U of X conta-
ining x such that Gr (cl (U)) C ¥V x Y. Now it is clear that x € U C cl (U)C V.
Hence X is almost-regular.

Theorem 2.4—If E, F: X — Y are a.s. §-u.s.c multifunctions with compact point
images and Y is Hausdorff, then 4 = {x € X | E(x) N F(x) % ¢} is a @-closed
subset of X,
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ProuF : Let z & A. Then E (2) NF (z2) = ¢. In a Hausdorff space disjoint com-
pact subsets are separated by disjoint open sets. Hence there are open sets ¥ and W
sachthat E@) CV, F(2) CWand VN W =¢. VN W=¢impliesint (cl (V) N
int (cl (W)) = ¢. On the other hand, since E and F are a.s. §-u.s.c, there are open sets
U,, U, both containing z such that E (cl(U})) C int (cl (¥)) and F (cl (U,)) C int
(€ (#). LetusputU = U, N\ U,. Then U is an open neighbourhood of z and
cl(U) 0 4 = ¢. Otherwise for any ¢ € cl (U) N 4, we have E(t) C int (cl) (V)),
F (@) Cint (cl (W)) and E (1) N F(t) # ¢. This gives int (cl (V)) N int (cl (W) %= ¢
which is a contradiction. Hence A4 is a §-closed subset of X'

Corollary—If F : X — Xis an a.s ¢-u.s.c multifunction with compact point images
and X is an almost-regular Hausdorff space, then the set 4 = {x € X | x € F(x)}is
a g-closed subset of X.

Proor : If X is an almost-regular space then the identity function is an a.s. ¢-u.s.c
multifunction.

The following theorem is a slight improvement of Theorem 2.3—Corollary in
Ozers.

Theorem 2.5-—Let F : XY be a multifunction with compact point images and
Y an H-closed space. The following are equivalent :

(a) Fisas g-us.c,

(b) F has g-closed graph,

(c) For each subset K, H-closed relative to ¥, F~! (K) is g-closed in X
(d) For each H-closed subset X of ¥, F™ (K) is g-closed in X.

PrROOF : (a) = (b). Let (x,y) € X X Y — G(F). Since F(x) is compact,
y & F (x) and Y is Hausdorff there are open sets } and W of Y such that y € ¥,
F(x)CWand VN W = ¢. This gives cl (V) N int (cl (#)) = ¢. By (a), there
exists an open set U containing x such that F (cl (U)) C int (cl (W)). Hence F (cl (U))
N ¢l (V) = ¢, that is, G (F) is g-closed subset of X x Y.

(b) = (c). Let Kbe an H-closed subset relative to Y and x € X — F-! (K).
For each y € K, (x, ) & G (F) and hence there are open sets Uy C Xand V, C Y
containing x and y, respectively, such that cl(Uy x V) 0 G (F) = ¢. Now
{Vy | y € K} is a cover of K by open subsets of Y. Hence for some y1, ys,...,ys € K,
n n
KC Ucl(#y). Letusput U= N Uy U is an open set containing x and
i=1 * i=1
F(cl (U)) N K = ¢. This implies that cl (U) N F-' (K)) = ¢, consequently x & clo
(F-k)).
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(c) = (d). Since an H-closed subset of Y is H-closed relative to ¥ (the converse
need not be true), this implication is clear.

(d) = (a). Letx € Xand V a regular open subset of ¥ such that F x)CV.
Y — V is a regular closed set and since Y is an H-closed space, ¥ — V is H-closed. By
(d), F-1 (Y — V)is #closed in X and x & F~' (Y — V). Hence there exists an open
set U containing x such that cl (U) "\ F* (¥ —~ V) = ¢. This implies that
F(cl (U)) C V, thatis F is a.s. §-u.s.c which completes proof.

Remark : In the proof (a) = (b) in the above theorem we used only the
Hausdorff condition on Y. Hence one can say that an a.s. §-u.s.c multifunction with com-
pact point images into a Hausdor!f space has a §-closed graph. The implication (b) =(c)
can be shown without the assumption that F(x)is compact for each x € X and Y is
H-closed.

Theorem 2.6—Let F: X — Y be a multifunction and Y a quasi H~closed space. If
F has g-closed graph, then Fis a.s. §-u.s.c.

Proor : Let K be a regular closed subset of Y. Since Y is quasi H-closed,
regular closed set K is quasi H-closed. Using the implication (b) = (c) in Theorem 2.5
(see Remark), we see that F~1(K) is #-closed and hence by Theorem 2.1, F is
a.s. f-u.s.c.

. The foliowing theorem can be proved making small modifications to the proof of
Theorem 2.5 in (Ozer?).

Theorem 2.7—If F: X — Y'is an a.s. §-u.s.c multifunction with compact point
images and A4 is quasi H-closed relative to X, then F (4) is quasi H-closed relative to Y.
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