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This investigation deals with the general motion of a triaxial rigid body under
the mutual gravitational attraction force of two spherical rigid bodies. Using
Delaunay-Andoyer’s elements, we obtain the disturbing function in a suitable
form. We use the torque-free motion and the Keplerian motions as unper-
turbed motions. The first order perturbations are derived by using the
variation method of the arbitrary constants of the unperturbed motions.

1. STATEMENT OF THE PROBLEM

Let us consider the translational-rotational of a triaxial rigid body 7, in the gravi-
tational field of two spheres T, and T, with spherical density distributions. Let Oxyz
be a system of coordinates with origin at the center of mass of T, and with axes of
constant orientation. Let O’ x’y’z’ be a system of coordinates with origin at the
center of mass of bodies 7, and 71 and with axes which are parallel to the correspond-
ing axes of system Oxyz, and let O; & { be the principal axes of the body T, having
the origin at its center of mass. The symbol m; denotes the mass of the body 7, (i = 0,
1, 2) while the symbols 4, B and C will be used to denote the principal centeral
- moments of inertia of the body T,.

2. EqQuaTioNs oF MOTION

Let us describe the translational motion of the center of mass of 7 relative to the
center of Ty by Delaunay elements L, G;, H,, I, g1 and /,, while the translational
motion of the body T, relative to the center of mass of the bodies T, and 7, be des-
cribed by the Delaunay elements L,, G,, H., I, g, and h,.

The Delaunay’s elements are defined as:

L;= (p;a ) ", I = mean anomaly
G;=[u;a; (1 — e)P?, g; = argument of pericenter 1)
H; = G, cos i » h; = longitude of ascending node

1 =fm‘; m: [(my + my) , po = fmy (my + my) m;" me + my + m,)
and fis the gravitational constant, a;, e ; are the semi-major axis and eccentricity of
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the orbit of the corresponding body T; (j = I, 2), i;-the angle between the orbital
plane 7'; and the reference plane xy.

The rotational motion of the body 7'; can be described by Andoyer’s elements
L, G, H, ], g, h which are defined as*?

G : the angular momentum vector due to the rotational of the body T3,
L : Y-component of the angular momentum,
H : Z-component of the angular momentum, /, g, / are the conjugate angles of the

elements L, G, H.

The equations of the general motion in the Delaunay-Andoyer’s elements can
be written in the canonical form

d —8F
a5 O L Gn ) = g T g B
d oF
—dT (l’ g, hs l’» gi) hh = 8 (L, G, H, LI, Gl, Hl) -..(2)
(i=12),
where
F =F,+ F, ! (3)
’2 “2
1y 2 G — L2 in?/ 2
2, L} 2, L}
L2
T ¢
, . my (mo + ml)
Vi = My rnl/(ml) + ml) s Vo = (mo + m + m‘l) >
F, = z (ﬂ) u cos [kil, + kagy + kg (h— h) + ke g + kil
e N a’ k
1 5 1eee B
a2
3 _fmgm m Z(_f_)v kil + Kyl
+3~2(m0+m1) : cos [kily + k1,
k ---k 0, k -k
1 5 1 b

+ ksgl + k4 g + ks (hl - hz)]

where
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Uky. 2vess-pBooe =— % (1 + 3o cos ) (1+e 38 cos p)? (1—v e cos iy)?

x (c;f”2 + S ) ,
1 1
e somsstize = 2% (sin 28 + 25 sin 8) (sin 20 + 2¢8 sin P)

X(l — v € COs l'])Z (C;3’2 + v S;a,‘.’. )
1

1

3 —
Ukyy 05 05 05 0 =[T(V+ 2u¥) - (1 + p) ] Cksyo ,
1

=L m B0, v=C- -2

V= (1+ cos®i)[(1 + cos®§) (1 + cos®p) + 2 sin? 6 sin® ]
4+ 2sin? i, [sin® P (1 + cos? ) + 2 sin® @ cos? P]
W = (1 + cos® 8) [sin* @ (I + cos? P) + 2 cos® 4 sin? P]
+ 2sin® i, [sin® § sin® P + 2 cos® 4 cos? P],

ki (0,1, ...);v,e8,0 = 4 1;cos ¢ = L|G ; cos P = H|G,

Cr", Sy"are functions of orbital eccentricity e; which defined int,

and the other coefficients Vi, ...; can be defined
Viy kae 25 28. 20 = Tlg‘(l + e 3 cos i1)? (1 — 8o cos iy)?
» {3 \ 3y -3y
x (c:12 +es) .(C,‘2 LR ’)
i - . , ..
Viye k2 260 28, @ = . (sm 2i;, + 2 easin i) (sin 2i; — 2 o sin i3)
ez esit) (G 4w 5;)
1 2 2
Vig k2 0 000 == [2 sin? i; sin® i, + () + cos? i) (1 + cos? i,)
_ 16
3

250 ~8s0
kal C"z ,



where
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ky, ky (O, 1, ...).

3. THe UNPERTURBED MOTIONS

In the unperturbed motions, we consider the Hamiltonian function Fj.

substituting in eqns. (2) and integrating we get the elements in the form5,

where

Li = Ly = const. , hp= sit + It
G; = Gy = const. s 81 = g1, = const.
H; = Hyy = const. , M = hp = const.

L = L, = const. , Il=qt+1b

G = G, = const. » E=(qal + &
H = Hy = const. . = hy = const.
2

oF, oF, #s .
Q1= 7~ s fo= 57 »8i = (l=1’2)s

oG al v,L“;

G C— A4 x?
F°='2’2(‘“ C XA )
[ = - gLd
= -
— ZG 1:*:{% e 2 2 2 A) — A? A
= B (5% ) e nan 20 - 2K
o CB-AD o (M—_G_)

A(C —B) G? — 24H
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K-ellipitic function of the first type and II-elliptic function of the third type. There-
sults of unperturbed motions show that the eccentricity, the semi-major axis of the
orbit and also the angular momentum vector of the rotation of T, remain unaltered.

4. THE PERTURBED MOTIONS

Using the variation method! of the arbitrary constant (4) of the unperturbed
motions, the equations of the perturbed motions can be written in the form :

d _ 0 F,
at_ (Ilo, 8ios hlo’ Io: 8o ho) = F) (Lio, G'o, Hln’ Lo’ Go; Ho) s

— 8 Fyy
9 (l10, 8105 hioy 1y 8o o) ’

’th' (Ilo, Gio, fllo’ Ly, G, Hy) =
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where Fj,is the function F, after substituting by the elements of the uperturbed
motions. Equations (5) can be integrated when we consider the mass of the triaxial
body 7, is very small in comparison with the two spherical rigid bodies and also the
value A, = 4 — Bissmall. These suppositions agree with the problem of the triaxial
Earth satellite under the perturbation of the Moon (Sun). The elements of the first
order perturbations of egns. (5) are in the form : '

oF;, aFy o F,, o F*
I = =1 ——— = e ——
= o T I 5, b= -ttt j sty 9
& F,, o F¥ 8 F, o F}
8o aG.°’+IaG —d 80 = 56 ’ﬁLiac;0 dt,
2 F, 8 F¥ 8 Fy, a F}
- dt
ho = g -t F j 3, 9 ho e, 't J 5H,
a F} 8 F}
e
o F} 8 F}
G"’“‘gbg,,, da Go——gago dt,
8 F} o F'
Hi0= § a—;]rdt N Ho=-j aho df,
where
A 3 fmegm m,
Fiy, = —ug.0.00- - VY6.0-0-0-
19 afuooooo'*' 32 (m°+m1) a: 0+0:0:0°0
F* = F, — F],

The last integrations can be obtained immediately, since F ’: is periodic function of

the time 7. Thus the results of the first order perturbations show that the elements
L, G, Hiy, Ly, Gy, H,are periodic functions of the time ¢ and the conjugate ele-
ments lte, &i0s Pig, Lo, &os bo include further a linear term in the time ¢ beside a periodic
part. These results mean that the eccentricity, the semi-major axis of the orbit
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T:; (i = 1, 2) and the inclination of the orbital plane to the reference plane x y in the
first order perturbations are changing as a periodic functions of the time 2.
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