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The fundamental equations of the general one dimensional problems of
thermoelasticity and magneto-thermoelasticity have been written in the form
of an inhomogeneous vector-matrix differential equation and solved in the
Laplace transform domain by the eigen-function expansion method. It has
been pointed out that a broad class of problems in mechanics can be solved
by this approach. Applications to problems pertaining to an infinite medium
due to instantancous heat sources are presented and compared with existing
literature. Finally, the solution for the space time domain has been made by
numerical methods and the results are analysed.

NOMENCLATURE
The nomenclature is as follows :

H = magaetic ficld

B = magnetic induction vector

j = current density vector

E = electric field vector

u = mechanical displacement vector

H = Hy + h, Ho = [H,, H,, Hi}, h = [hy, H), h.]
H, = primary magnetic field

h = perturbation of H

7; = mechanical stress tensor

€y = strain tensor
T = differential temperature distribution

e = magnetic permeability

vy = , magnetic viscosity

npe
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" = electrical conductivity
¢ = velocity of light in vacuum
A, » = Lame elastic constants
P = density
« = coefficient of linear thermal expansion
T, = reference temperature of the body when unstressed
C, = specific heat at constant volume
k, = —k—, thermal diffusivity
PC,
k= thermal conductivity
Q = heat source
F = body force component
3 (1) = Dirac delta function
a = A - P%U-«,au(3a+2)a
d, - k‘————,al _ BT,
T, PC,ct At 2
2
b= A+H; 4=
# c?vy
INTRODUCTION

In recent papers Babar and Hetnarski'-3, have extended the state space approach
developed hy Bahar in boundary value problems* and heat conduction® to problems
of coupled thermoelasticity. Das ez al.® applied the state space approach to magneto-
thermoelasticity as a further extension of Bahar and Hetnarski'. Das et al.’-1%, also
applied eigenvalue approach to the problems of thermoelasticity and magnetothermo-
clasticity. But in all these papers the authors have neglected the body forces in the
equations of motion, the heat sources in the equation of heat conduction etc. As a result
the vector-matrix differential equation involved becomes homogeneous. Recently Das
et al.!* have solved the problems of thermoelasticity and magneto-thermoelasticity by
taking into account of the body forces and heat sources, and writing the equation in
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. an inhomogeneous vector-matrix differential equation. The solution has been made
by state space approach.

In this paper we have attempted to solve the problem'! by the eigenfunction ex-
pansion method. Theory for the solution of an inhomogenous vector-matrix differen-
tial equation has been presented and for its applications we have chosen two particular
problems of elasticity coupled with (i) a thermal field and (ii) a thermomagnetic field.

THEORY
Consider the vector-matrix differential equation

%—Av-{—f(x) D

with the condition

V(X)) = ¢ «.(2)
where A is an n X n constant real matrix, ¢ is a given constant real n-vector and f is
a real n-vector function.

Let
v = X et~ ...(3a)

be a solution of the homogeneous equation

dv
I = v ...{(3b)

where A is a scalar and X is an n-vector independent of x. Substituting (3a) in (3b) we
get
AX—2X)er* =0=> AX — AX = 0= AX = AX.

This may be interpreted that 2 is an eigenvalue of the matrix A and X the correspond-
ing right eigenvector.

Let Ay, Ay, ..., A, be n distinct eigenvalues of the matrix A and X, X;, ..., X, be
the corresponding right eigenvectors of the matrix A. Then the vectors X;, X, ..., X,
are linearly independent and so they form a basis of the space I, where I' denotes
the field of complex numbers. We can find scalars b,, b,, ..., b, such that
‘ =b, X, + b, X; + o + b, X,
Choose
a==bed* (i=12..n).

Let
o) =% aX e (43)
o)
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Thus u (x) is a solution of the differential equation (3b) and
u(x,) = b c,el’x" X; = b b X, =c.
=1 foml
Now, let
w(x) = b a (x) X4 e ...(4b)
f=]

be a solution of the differential equation (1), where a, (x), a, (x), ..., a, (x) are scalar
functions of x such that a; (x;) = 0.

Differentiating (4b) with respect to x, we get

w (x) = z a; (x) X A 4 Z a; (x) A X; edp~, <..(5)

=] =]

Substituting (4b) and (5) in (1), we have

x

z a (0% 4 z ai (x) A Xied = z a (x) A X; A + (%)
=1

{=1 =1

or

n

z a; (x) X eA‘s = z a; (x) [AX; — MX:} erpx f(x) = f(x).

...(6)

Muitiplying (6) by Y; e-2 * [where Y,, Y,, ..., Y, are left eigenvectors of A correspond-
ing to the eigenvalues A,, A,, ..., A,] we get

n

Z a; (x) Y; Xyed2)2 =Y, f(x) e_lfx

=
or

@)Y, X, =Y, £(x) e, [0, X = 0fori # j)
or

a; (x)= Y; f(x)e "

1
Yle
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or
a,(x) = sz (Y, XD Y, f(s)er; ds ()

[.a;(xg) =0forj=1,2 .., n}
Now take
v{x) = u(x) + w(x). ...(7a)
Differentiating we get
v (x) =u (x) + w (x)
= Au(x) + Aw(x) + f(x)
=Afu(x) + w(x)]+ f(x)

= AV + 1)
and

v (X0) = u(xe) + W(x0) = ¢
Hence v (x) = u (x) + w (x) is the unique solution of the differential equation (1)
satisfying the condition (2).
APPLICATIONS

We now proceed to apply the foregoing theory in the problems of thermoelastic
and magnetothermoelastic interactions in an infinite medium.

1. Thermoelastic interactions in an infinite solid with instantaneous heat source

The coupled one dimensional equations of heat conduction and motion are given

by
02 o2 ’u
( axE -67—) T =0, a% o1 —di @ (x, 1) ...(8)
o2 _Ef. — \37; k,
( ox? are )“ =% e T oo+ F(x,1). , .(9)

The equations are written in the non-dimensional form, where the position x, the
displacement u, the normal stress txx, the time ¢ and the temperature T are related to
their dimensional counterparts x;, u1, (7,)xx, t; and T by the relations x = ¢, x1/k,,

= ¢ thfky, Txx = (A + 2p)"" (*1)ax, t = i t,/k1 and T = T[T, respectively.

For the solution of eqns. (8) and (9), we shall use Laplace transforms defined by

o0 P 00
= [uexp(—pt) dt, T = {Texp (—pt) de.
o
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Taking Laplace transforms of equations (8) and (9) and writing the resulting equations
in the matrix form we obtain

i T(x,p)) 7 0 0 1 0 1 Tp )
{ a(x,p) | ' 0 ¢ 01 I; f a(x, p)
| | I
d } T (x,p) ', } p 00 b,p,’ i T'(xp
dax ! b L
| ! = | | {
i ' (x,p) (1 ,I 0 p*a 0 { @ (x,p)
| s ; | }
L J, { J L ]
( 0 !
| |
ek |
1 1
+ | e (g cp) |
! |
x !
[ k. F(f_x ks ) l
} o (A+2p) ¢ * c P }
L 1 I ...(10)

.. du .l .
Where we have used the conditions that v, = and 7 are initially zero. The prime

indicates differentiation with respect to x.
Equation (10) can be written in contracted form as

dX
XA+ (1)
where v (x, p) denotes the state vector in the transformed domain whose components

consists of transformed temperature, displacement as well as their gradients.

We now consider an infinite medium which is unstressed and unstrained initially
but has a uniform temperature distribution 7,. It is then subjected to heat sources dis-
tributed over a plane area. The problem is to determine the subsequent distribution of
temperature, stress and deformations as well as the interaction between the temperature
and deformation fields.

k .
Let x; = ;_x = 0 represent the plane area over which the heat sources
1

are situated and the solid medium occupies the whole space —a < x < + oo, We
assume that the heat source is instantaneous and acts on the plane r = 0. We may re-

present it as
ks k o ("1" ki
o= -t )=as (%7 )s( )

¢ €,
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So that
- kK 1 ( ky x )
1 —_— = — 3 7
9 ( o v, F ) 7% o (12)

[k . .
where g is the constant strength of the source and 3 \ *Cll— x ) is the Dirac delta fun-

ction. The characteristic equation corresponding to the matrix A in equation (11) is
given by

R—pp+ 14+ R +p3=0 ...(13)

where € = a; b, is the coupling parameter. Let the roots of the equation (13) be + Ry,
% R, which are also the eigenvalues of the matrix A. A set of right and left eigenve-
ctors X;, Yy (i = 1, 2, 3, 4) corresponding to the eigenvalues R;,, —R,, R,, —Rsof A
can be calulated as

{ —a R ] | a, R |
X, = | ! 2 [, X, = | v Rz i
{ R, (p*—R3) l' ; —R, (p* —RY) “
L —Riagq ) L —Riaq J
om0 (R )
{ —a, R, | | a: R, {
Xy = | " o | o Xy = | " 2 ]
{ R, (p* —R}) } } —R. (p* —RY) :
k __Rg a; _} L “Rg ax J
...(14a)
R : )
Y, = [Rf - 4Lt h Rl,—[—;‘—(R} - pt ),bef ] , I
R o
vi=[R -t -p bR = B (R - ) bR,
. ...(14b)

Y, — R: — p%, p* b, R._.,%(R: _pz),blRi ],

R,

|
I
!
>
|
|
|
I
Yd = [R: - Pﬂ’ - P bl RZ’ - 'p_(R: ,___pi) > ble _J,

For simplicity we assume that the bedy force F (x, t) = 0, and assuming other phy-
sical conditions of the problem as in Das e al.''’and Paria!?, we write from (4a), (4b),
(7), (7a), (12), (14a) and (14b)

V) =8 @)X e "+ a, (x) X e .(15)
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where

Y, f(a) e_R" ds,

a, ('x) = Y2X2

XQ-"OO

1 gct d, R, (Ri - Pz)

Y: X, pki
1

= -R,s

a, (x) Vi X, g Y, £ (s) e Res ds
x = o0
_ !  gc¥d R, (R} — p°)
Y, X, pk3
Thus the displacement and the temperature fields can be written from (15) as

_ _ qc3d RE(RE —pYa, -Rx , qcid R} (R —p’a
z(xp) = A2 e "+ KTV,

x e®* x >0

geid, Ry (R: — p? -rx _ gcl d, Ry (R} — p*)

T(X, P) = pkf V2 e pk? V4
e_Rﬁx,x>0
where
2 2 __ p2)2
V2=—(R:—p’)2—-—a1be1(p’+ Rpy - SR 2
Rs R2 22.
im = (R = p)-aBo(r+r) - BEELEY

Using the characteristic equation (13), one can write the expressions for # (x, p) and
T (x, p) in a simplified form

qa, Cg d,

~R &
i(x,p) = KT (R — ) [e * — e &>, x>0, «..(16)

A . gc} d, ( 2 __ 2) -R0 _ ( - ’)
'I'(x,p) == m [Rz Rl V4 e ky® .Rl R2 P

X e—R’x] , x > 0. (17

Equations (16) and (17) are in complete agreement with Das et al.!! and these equations.
when wiitten in the dimensional form, are also in complete agreement with Paria'® in
different notations.
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II Magnetothermoelastic interactions in an infinite solid with instantaneous heat source

In the absence of displacement current and charge density, Maxwell’s equations
reduce to [Vide Paria'*]

4 1 oB
rot H = — b rot Ee=— c ¢t ...(18)
div B =0, B = pH,
while Ohm’s law is given by
. l alll
1= [E + ¢ af} X B] ’ ...(19)

where we have neglected the effect of temperature on current.

The equation of heat conduction, neglecting the effect of current on temperature,
is given by

oT; 2 '
2 = otial I —
KV'T, + 0= pC, 5L+ T 5 (20)

Taking into account the Lorentz body force, the equation of motion becomes,

P 9% (i) - o (%
atf g (xl)k

+ Cl—_(i X B) + F. . (21)

The stress-strain relations are given by
(vi; = 2p (e1)s; — (Aey — BTy) 8y
where
(edry = 4 { () — (1)1}
e, = div (u).
[subscript ‘1" indicates the quantities involved are dimensional].

Assuming for simplicity . = 1 (as is practically justified) the coupled one di-
mensional equations of magnetothermoelasticity in the non-dimensional form were
given by Das and Bhattacharya®, Paria'? as

ot ]

(““’axz —a2 ) hy=0 (22)
0% 0 h: *u

( w4 W) (“H, )= Cora ~(22)

o2 .} _ u kx kx
( oxt ot ) T=b 5o dlq( s ‘) (24
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B\ . T, a(h,)_ k,
(?x’ o1? )u !oox ox \ Hy (A + 2p)

x F( k, ,iL: ) - l(25)

2
C, (51

Equation (22) gives hy = 0 since A, is zero initially. Now for the solutions of eqns.
(23)-(25) for the variables v, T and 4. we proceed as follows.

We consider an infinite elastic solid without any initial stress or strain but having
an uniform temperature distribution T, throughout. The body is embedded in a uni-
form magnetic field of intensity Hs. The problem is to determine the distribution of
stress, strain, temperature electric and magnetic field in the body, if it is subjected to
instantaneous heat sources distributed on a plane extending in all directions. With-
out any loss of generality, the plane containing the heat sources can be taken paral-
lel to the initial magnetic field of intensity Hs, and y;-axisin the plane of the heat
sources. The axis of x, is then perpendicular to this plane such that x;, »y, z; axis form
a right handed system of cartesian co-ordinates. We take the heat source in the same
form as in (12) and neglect the body forces. For simplicity, we assume that the
medium is of infinite conductivity.

Letting n -> oo i. e. va# = 0 or d - oo, appropriate equations from (23)~(25) re-
duce, in Laplace transform domain, to

di

Fe = — Hs i - ...(26)
2 dii k
( d—‘)ici -—p)T blpdg——d Q('—'x, é—p) o ...(27)
TP S
( 7 pPla= q ax, + Ho dx - ...(28)

Using %: from (26) in (28), the resulting eqn. and the equation (27) can be written in
the matrix form as

i { T(x, p) 1l { 0 0 1 o ll [ TP }
; lap | 10 0 01 bl e |
!T xpl = ‘I p 0 0 bp { ? T (x,p) {
. (X, P)
| o ! | Pt e I , |
1 0 )
t l .
t -0 } — .
+| - kl k‘ l '
:‘jd’Q(cl’Ef*p)l .
v o0 S

.(29)
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which can be written in the contracted form as

dv
T =AVHI(. -.(30)

The characteristic equation corresponding to the matrix A in (30) is given by

PP+ 1+t b)
1465

. p
R+ g5 =0 ..(31)

Let £ R,, & R, be roots of the equation (31), them R,, —R,, R, and —R, are the
eigenvalues of A.

A set of right and left eigenvectors Xy, Y; (i = 1, 2, 3, 4) corresponding to the
cigenvalues R,, —R,, R,, —R, of A can be calculated as

[ P ) (o, P )
Ri+ 153 } Rt 5
—a; Ry { a Ry
I+5 | 1+ b
X1= |X2=
R( R+ pt ) ( | —R(—R2+ 7’ !
T+b6 ) | ' A
—a, R} } —a; R
L 1+ b J L 1 +5b
[ e r’ ) 1 . p? ]
B+ 115 - Rt T
—a,R, a1R2
I+ b 1+5b
X = | o Xy = P
! R’( R, + 1+b) ! R’( R, +l+b)
-—a,R§ —a,RQ
L 1+b J L 1+ b J
.(32a)
_ :  bpR, R )
no=(m - tRy s (B ) e,

_lpe_ P b p*Ry _ Rl( :_ D 2
Yz-[Ra i+5° T+~ p\f m)”’*’*l]

+

pm__P b PR, Rz( 2 p? 2
Ya [R= 45’ 1+0 ’FRz’f-T-T)’b‘R=]
» \

- g —bi p* R, "Ra( 2 2
n- [&- B s (R - )R ] |
...(32b)
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Assuming the physical conditions to be the same as in Paria'® and Das et al.!* of the
problem, we write from (4a), (4b), (7), (7a), (12), (32a) and (32b);

v (x) = 0, (X) X2 e Ry + as (x) X4 e R’ ...(33)
where
1 x
a (X - Y« ~Rs N
x) = szzj s f(s)eRirds, x> 0
xy==00
3 2 P
1 qcld,Rl( R,—-—————l_’_b)
= YzXz Pk?
1 0 . ~R_ s
a, (x) = }7—}75 Yof (s)e * ds
4 4~°°
2 2 pt
1 q‘ld‘RZ(Rz_ler) 0
A A ke x>
and
_ N z R} _ a,b,R% ( p’ 2 )
Y. X, (Rl 1‘+b‘)(‘+p ) 1+ \ixs Th
. 2 _ ._'f___)z( R} _ alble( » 2)

As in the previous application we now use the characteristic equation (31) and write
the displace ment and temrerature fields from (33) in a simplified form as follows :

- - _ qct d, a ~Rx
PP = w R+ €

T (x,p) = ___gctd R( - L)C—Rx
P =R RE-R) NS T i)

2 - x
—Rl(kg— ]‘"—Tb>e“z],x>o. . (35)

e—Rlx), x>0 «.(34)

The perturbation of the magnetic field can now be determined from (26) as

- _ H; q c? d, a, -Rjz ~R,%]

h’ (X, P) - 2 (1 + b) ki (.Rf - R:) [Rle Rle s X > 0
...(36)

It may be noticed that in the absence of the magnetic field i.c. when b = 0, eqns.
(34) and (35) are identical with (16) and (17).
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Paria’? solved the same problem by the method of Laplace-quricr transforms
and found out the expression for % (x, p) in eqn. (10 36a) in the Laplace transform
domain, but this expression is not in agreement with our expression (36) due to a mis-
take in his calculation in egn. (10.15d).

4. NuUMERICAL INVERSION AND ANALYSIS OF THE RESULTS

The numerical inversion in the space time domain of the displacement and tem-
perature fields of the problem in application I i. e. the inversions of eqns. (16) and (17)
have been made by Paria'® for small time. Paria'® and Das ef al''. presented the dis-

tribution of stress and induced magnetic field for small time of the problem in appli-
cation II. ’

We now propose to invert numerically the temperature fields for both the pro-
blems in applications T and 1I by Bellman method for any time interval. Although we
have made a particular choice of the time interval and compared the magnetic effect
upon the temperature distribution in the two problems, the comparison can be made
for any time interval by the shifting theorem of Laplace transform, vide Bellman'.

In order to compare the interactions of the magnetic field with the thermoelastic
field is the deformation and temperature; we now propose the medium to be copper,
and thus € == 0.003722 in MKS units, and take x = I, and invert eqns. (16), (17), (34)
and (35) for a specific time range and for two different values of the intensity of the
magnetic field as shown in the table. Finally, the inversion for the perturbation of the
magnetic field, 4. in eqn. (36), has been made for the same two values of the intensities
for comparison. The computations have been made in Burroughs 6700 of the Regional
Computer Centre, Jadavpur University, Calcutta.

It is clear from Table I that the displacement, temperature and the perturbation
of the original magnetic field have the small oscillatory character about the time axis
and they all decrease with the intensity of the magnetic field, as expected. It is also
clear that the effect of the magnetic field is not much pronounced on the temperature
field in comparison to the displacement field and the perturbation of the original mag-
netic field.

CoNCLUDING REMARKS

1t is clear from foregoing analysis that the present approach can be very easily
applied to a broad class of boundary value problems is mechanics and other fields
where solution of simultaneous, coupled, differential equations is required. The state
space methodology of Bahar and Hetnarski' for homogeneous equations and of Das
et al 2! for non-homogeneous equations converts the boundary value problem to an in-
itial value problem before its solution. Thus the final solution requires very extensive
use of algebra for the determination of these initial values through boundary condition
by using the matrix equations of the influnce functions. In the present approach, the
- original structure of the problem is retained®.
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We hope to communicate, in future, the theory and application for the case when
the eigenvalues of the matrix A in (1) are repeated.
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