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CONVECTION IN A STRATIFIED FLOW IN AN INCLINED
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The flow of a fluid of variable viscosity in an inclined channel bounded by
two permeable layers is considered. The flow between the permeable layers
is governed by Navier-Stokes equations. The flow in the porous medium is
governed by Darcy law. The velocity field and the temperature distribution
are obtained and the results are discussed.

1. NOMENCLATURE

= (u, v, w) velocity of the fluid

= density of the fluid, density at T = T,
= pressure

= temperature

= ambient temperature

= permeability of the porous medium

= Grashof number

== acceleration due to gravity

= distance between porous beds

= Darcy velocity

= average Darcy velocity in the upper bed
= average Darcy velocity in the lower bed

= angle of the inclination of the channel to the horizontal
= dimensionless parameter

= dimensionless parameter
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M = coeflicient of viscosity

v = coefficient of kinematic viscosity
B = volumetric expansion coefficient
Ty — %T = temperature of the upper bed

T, + ATT = temperature of the lower bed.

2. INTRODUCTION

Convective flow problems involving porous media have important applications
in various disciplines like petroleum engineering, geophysics, agricultural engineering
and so on. The study of blood flow in pulmonary alvelor sheet where the fluid is
between two permeable layers is of considerable importance in biomechanics.

Flow in a porous medium is assumed to be governed by either Darcy law or a
non-Darcy law. Beavers and Joseph® postulated a slip boundary condition at the
nominal surface of the porous bed. Further they discussed the Poiseuille flow over a
permeable bed and verified BJ condition experimentally. Rudraiah* made extensive
studies on problems of flows through/past porous media. Rudraiah and Wilfred*
investigated the natural convection in an inclined channel bounded by porous media.
Channabasappa and Ranganna® examined the flow of a fluid of variable viscosity over
a permeable bed.

In this paper, an exact solution for the flow of a fiuid of variable viscosity
between two inclined porous beds is obtained. The flow is governed by Navier-Stokes
equations in the free flow region and is assumed to be described by Darcy law in the
lower and upper porous beds. The temperature distribution, the velocity distribution,
the mass flow rate and its fractional increase are obtained and discussed.

3. MATHEMATICAL FORMULATION

Consider the flow of stratified fluid of variable viscosity between two inclined
porous beds. The flow is possible because of the imbalance between pressure and
buoyancy forces when the Grashof number is not equal to zero, Batchelor!. The channel
is inclinedat an angle ¢ with the horizontal. The lower and upper permeable beds are
kept at T, + 3 AT and T, — } AT temperatures respectively. The flow is in x-direction
and z-direction is taken perpendicular to the beds. Cartesian coordinate system is used.

The following assumptions are made to derive the basic equations of motion :
(1) The flow is steady and Grashof number is small.

(2) The velocity component u in x-direction is a function of z and ¢ only.
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(3) The dissipation function ® is neglected, the heat transfer takes place by
conduction only and therefore the temperature is linear in z.
. . 2
(4) The pressure is a functionof x and z only. p = p(x, 2), 3‘; = A4
constant.

(5) The viscosity coefficient and density decay exponentially with z.
ie.,

B = g e® p = P, e~Bs,

The basic equations for the flow under consideration are

P=~Pll —B(T— Tyl we(3.1)
%‘ — ﬁ% = :To (A + Pg sin ¢) P- -.(3.2)
gg + Pgcosgp =0 ...(3.3)
g_;: =0 ...(3.49)
g;“_ - (3.5

The Darcy velocity is given by
Q = Q, P : ...(3.6)

where
k .
Qo = — — (A + Pg sin ¢).
no

The boundary conditions are

% — — o s — Q) atz = 2 W (7)
du o |

&z = vk (up, — Qz) at z = — hf2 ...(3.8)
u = ug, at z = hf2 ...(3.9)
U=upgatz = — hf2 «.(3.10)
T=T,—4ATatz = A2 (.11)
T=To+ §ATatz = — A2 (3.12)

p=0atx =0,z =0, «.(3.13)
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4. NON-DIMENSIONALIZATION OF THE FLOW QUANTITIES

The following non-dimensional parameters are introduced to make the govern-
ing equations and boundary conditions dimensionless.

* _ M e _ Z e X ¢=_T_ « _ Ty
A PEie T =50 T = a7
» = P # _UBx _UBy oy O o _ O
p gP.,h’ qu vlh;uyg v/h’Q V/h’Ql —V/h
0 M
07 = Jp A% = Mg Po M* = . SHCR)

In view of (4.1), egns. (3.1) - (3.13), after neglecting asterisks, become

where

where

P =Pl —B(T—TyAT]
d?u du

...(42)

0 . .
d;z-—ygz——n(gi—-!—smn# )g72+Gr(T—To)e7‘snn¢=0

..(4.3)

» 4+ [1 - %’— (T — T, ]cos 6 =0 (4.4)
N = gtha,Gr = N8 AT
%- -0 (4.5
ZTZ =0 ...(4.6)

= & (~p+2Grsing) (47)
P = —q (A sin¢).
ZLZ‘ - — oo (up, — Q) atz =} .(4.8)
du
& = (ups — Q;)atz = — } ...(4.9
u=ug atz =} ...(4.10)
U=upatz= — 3} ...(4.11)
T=T,— batz =1} ...(4.12)
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T=T,+tatz=—1 .. (4.13)
p=0atx=20,z=0. ...{(4.19)

5. SoLuTiON OF PROBLEM
The temperature distribution is obtained as given below on solving (4.6) and
using the boundary conditions (4.12) and (4.13).
T'—T,= —:z . (5.1)

On solving (4.3), subject to the boundary conditions (4.8)-(4.11), the velocity field is
obtained as

. i 2
u= A+ Bevs — L2 gy 4 iz—G’—sﬂi(i—i). .. (5.2)
¥ Y 2 ¥
The constants 4, B etc. are given by
a, A+ a, B=as
b1A+b,B=b3
al-—.——ac
a, = — (uo 4+ v) e¥/?
P e"2Grsind (1 1
= — T eyp gl IISMO f 1 1) _
a M[ e T Y (8 2Y) Ql]
P V4 Gr sin ¢ Gr sin é]
sl . L _ L _
+ evl [ 5 ” -+ 8 7
bl=¢0'

by = (a0 ~ y) e7P

2 i
b3=_aq[%e~7/2+ur_m£i’(l +—1’)_Q2]

Y 3 2y

+ e-vi2 §_§+Grs;n¢_6rjin¢
__asbz—azllgw
A—albz"agbl
B=a1b3—03b|

a, by — a, by’

The slip velocities at the upper and lower beds are given by

P e Grsing [ 1 1
- 2. L yp g T —
up, = A + Be” 2y eviz 4 - ( g e ) ...(5.3)
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P __. e"Y2 Gr sin ¢ ( 1 1 )
= -2 ~— & —_— = — (9.
8, = A + Be™” +2Ye7+ " 8+2Y' (5.9
The pressure distribution is given by

2 Gr

P= - [ + Z ]cos é — Ax. ...(5.5)

The average Darcy velocities in the upper and lower beds are given as

O = — LI. (— P+ 3 Grsing) ...(5.6)
e-vi?
Q, = — “— (— P — }Grsin ¢). (5.7

6. Discussions

1. Mass flow rate—The dimensionless mass flow rate per unit width of the
channel bounded by two inclined permeable beds is given by

M= | eYudz
1j2

2?4 sioh T+ B+ & S“‘ "‘_ .(6.1)

f

Letting o — oo in (6.1), we obtain the mass flow rate per unit width of the channel
bounded by rigid walls. It is given by

24

M, = ” ! sinh Gr sin ¢

+ B, +

r(6.2)

o<

24 ~

Fig. 1. Physical Model.
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where
A = — [f; + Q"i‘;’d’ /2sinh iy
Y P Gr sin ¢ Grsin ¢
Bl=coth—2—[g+ yr ]— By

2. Fractional increase—The fractional increase in mass flow rate through the
inclined porous channel over the inclined flow with rigid walls is

M — M,
=

_ 48sinh} vy (4 — 4,) + 24v (B — B)
484, sinh 3y + 248, v 4+ Grsin ¢

F

...(6.3)

3. The velocity distribution (5.2) and fractional increase (6.3) are numeri-
cally computed for different values of P and o with Gr sin ® = 25, « = 0.1
and vy = 1. They are shownin Fig. 2 and 3. The velocity profiles are in the
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Fic. 2. Velocity profiles.
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Fic. 3. Fractional increase in mass flow rate,

shape of S and resemle the velocity profiles of Rudraiah and Wilfred® for a fixed v.
For fixed o, the velocity increases with the increase in P. For fixed P, the velocity
increases in the bottom regions of the channel, with the increase in o whereas the
velocity decreases in the top regions of the channel with the increase in 0. The back
flow is found in the upper half of the channel. It is due to the adverse pressure gradient
P surpassing the action of the viscous forces in the region. In Fig. 3 fractional increase
F is plotted against the permeability parameter o for various values of P. For fixed
P, F decreases with the increases in o. The fractional increase raises with the
increase in P. As P increases, the gap between these F curves narrows down.
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Fi1G. 4. Temperature Distribution.

The temperature is numerically evaluated for various values of T, and is shown
in Fig. 4. The conclusions are given below.

Fixed Varying Behaviour of the Effect on the
parameter parameter variable temperature
T z increases decreases
z T, increases increases

We note that the temperature is independent of the permeability k.
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