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Let ¢ (@) =1 + 21‘_;:‘:((ak)3 —ak}~1, In his second note book, S. Ramanujan

evaluated ¢ (a), in closed form, whena = 2,3, 4, 5,6, 8, 10, 12, 16 and 20.
In this paper, using elementary arguments, we obtain an explicit formula
for ¢ (a) where g is any rational number # 0 and + 1/N, N any positive in-
teger. We also discuss some related results.

1. INTRODUCTION

Throughout the paper a denotes a real number different from 0 and + I/N, N
any positive integer. Let » 2= 1 be an integer and

$@n =1+ 2"5; {(ak) — ak)~! (L)
and, for fixed a, we write
$@= lim ¢(@n)=1+2 k§:°1 {(ak)® — ak}. (1.2)
n—>oo =

In chapter 2 of his second note book, Ramanujan®, using elementary but inge-
nious arguments, proved that
$(2) =2log2, ¢(3) =log 3, } w3
6(4)=12log2and ¢ (6) = $log3 + %log 4. T

(Here and in the sequel, log denotes the natural logarithm). His proofs are based re-
spectively on the following remarkable identities between finite sums:

]
S Sota
n+k  m+1 (k) — 2k
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4G = > —=,
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(equation continued on p. 679)
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Clearly, Ramanujan’s results given in (1.3) follow readily from the corresponding results
given in (1.4) and the well-known result

lim (z?‘ — log n) —y (1.5
n—»oo .

-1

where -, denotes the Euler’s constant. For detailed proofs of (1.4), we refer to Berndt
et all,

After discussing the results given in (1.4) above, Ramanujan on page 15 of his
note book® observes “N. B. 1 + e i p + (20)2,__2(1 + ... + (@ = an
not be expressed as in Il. 2 (that is, (1.4) of this paper) for all values of a except 2,3,4
and 6 though it can be summed up for all values of a when n becomes infinite. See
Chapter”. The referee has kindly pointed out that M. L. Robinson has proved the
first statement of Ramanujan (and several others) in his doctoral dissertation at the
University of Michigan five years ago and that Robinson pever published his results.
Regarding Ramanujan’s second statement, we find that he returned to the subject in

Chapter 8 of his second note book® and also on page 324 of the same.

can-

In chapter 8 Ramanujan® gives an integral representation for ¢ (a) (Entry 12),
evaluates certain integrals (Entry 13 and Examples) and deduced the values of ¢ (a)
whena = 2, 3,4, 5,6, 8, 10, 12, 16 and 20 (Example 14.2) and we refer to Berndt? for
details.

The object of this paper is to evaluate ¢ (a) for all rational a. Since ¢ (@) — 1 is
an odd function, we have the functional equation
é (@) + ¢ (—=a) = 2. ...(1.6)

Consequently, we consider ¢ (a) only for rational @ > 0. In section 2, we evalute ¢ (a)
for rational a > 1. Tn section 3, we prove a non-trivial functional equation satisfied
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by ¢ (¢) and combining this with our result of section 2, we evaluate ¢ (a) for rational
a,0 < a < 1. The main result of the paper, proved in sections 2 and 3, is

Theorem 1.1—Let r s be positive integers and ¢ (r,s) be meaningful. Then

¢ ()= Flesen— 2 cos( T )iogsin ( )}

§ o<j<r/2

[slr]
3

§=1

jr — s

where [x] denotes the largest integer < x.

We note that our theorem can also be proved by using Ramanujan’s expression
for ¢ (a) in terms of Gauss’ ¢-function, occurring in the theory of the Gamma function,
(Entry 11, Chapter 2 of Ramanujan®), the functional equations satisfied by ¢ (x) and
Gauss’ formula for ¢ (4) where a is a positive rational < 1 (cf. Bromwich?, 522-23).
However, our method is closely related to Ramanujan’s method in Chapter 2 of
Ramanujan® and is elementary.

In section 4, we discuss briefly the function

o0

S@=1+2 1_2 (~ 1)* {(ak)* — ak}™*. Ramanujan comnsidered S (a) for a = 2 and
1

3 in Chapter 2 of his second note book. In section 5, we give a proof of the following

identity stated by Ramanujan on page 324 of his note book®

1 1 1
w_5 t @&—-¢ T Jor—10 T - tonterms

I 1 i

- i ) + In¥6 + yrETn <+ ... to n terms. «(1.7)
2. ¢ (a) For RATIONAL a > 1
Let r, k be positive integers, » << k and
y(r, k) = lim ( pX 1 -]logx )
x>0 O<n<x I k . .(2.1)

n=r(mod k)

Lehmer?, using finite Fourier series, proved the following remarkable formulae:
For r 3£ 0 (mod k)
nr

mw
ky(r,k)_y+1og2+—2—cot(7)

2qrj ) nj
-2 Z cos( )lo (——) (2.2
0<j<k|2 k Eon % 22)
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and as a consequence

Y(k—nB =y R~ Tcot (—’,:’—) . (23)

Now we will prove Theorem 1.1 in case r, s are integers,r > s > 1. In this
case [s/r] = 0. Since

2 1 1 2
X¥—x x+1 + -

x -1 X
we have by (1.1) and (2.1)

()= 3 (s s %)

k=1

i 1 1
=S{Ts‘+ s+r+"'+s+nr}
+ { ! + ! + +~*~—-1——
S1Ur =35 r+ (r—s) (n—Dr+r-s }

_ ?i{l FE S 1—}
r 2 n

= s {Tl log(nr+s)+y(s,r)+o(l)}
+ 5 {—rl— log (nr —s)+y(r——s,r)+o(l)}

- j"i{logn + v +o(l)}.
Hence by (1.2)

2
é (%) - _r‘ilogr + ~s; {re(s,r) +ry (r — 5, 1) — 2v}L

Now Theorem (1.1) follows, in this case, from Lehmer’s formulae (2.2) and (2.3)

3. {(a) For RATIONAL 0,0 <a < 1

First we prove the following functional equation

Theorem 3.1—Let ¢ be a positive integer. Then,

b (zE7) =@ - {s-2 z =T} ER):

k=)
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In particular
s (5)=c-ns@. (32)
Proor : By (1.2), we have

$(2) =1+ i (khlq t o - %)

L2

so that for any a

o0
i 1y 1 ! I 2
a+c¢(a+c)—a+c kzl( k+a+c + k—-a—c—_k)
1 1 1 2
~a+c+z(k+a + kﬁ&—f>
k=1
= 1 1 = 1
+Z(k+a+c _k+a)+z(k——a—-c
k=1 k=1
1 1 1 <~ I
= )m et () -2 2 e
k=0

We puta = —£% in the above. Then z = I{(a + ¢) and by the functional

equation (1.6), we get

$(2) =1 —lcz 9‘( — ) +2 Z ‘(z‘:k";?t—l

k=0

-1

SN Sy PUSIY SN SN ) 2 !
~_l—cz(z ¢(cz—l))+cz—l+2zkz—l

k=1
1 €-1 I
z
ez~ 1 9‘( cz-1)+ZZHL—I'

k=1

Thus gives the desired result (3.1) and (3.2) results from (3.1) on putting ¢ = 1.
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Now we prove Theorem 1.1 for rational r[s << 1 at which ¢ is defined. So let
r, s beintegers, 2 << r < sandwrites = dr +t, 1 t<r whered > land t are

integers. On taking z = % = 7 ; ; and ¢ =d in the functional egn. (3.1) we get
_ dr + ¢ dr +t
b = — e (e - )+2E<k_d>r~z

d—y

s () S
=%¢(%)+2sdz_krl—s'

k=1

Now we note that d = [s/r] and r/t is a rational > 1. Hence on using the result of
Theorem 1.1 for the rational r/f in the above, we obtain the desired result.

Remark 3. 1: In Chapters 2 and 8 of his second note book, Ramanujan gave
the values of ¢ (@) fora=2,3,4,5,6,8, 10, 12, 16 and 20 (see also Berndt er al.l
and Berndt® for detailed proofs and in particular, page 14 of Berndt? for the corrected
value of ¢ (12)). Our Theorem 1.1, in addition to yielding these results also shows
that ¢ (3) = 2 log 3, ¢ (§) = 2 1og 2,

$ (—;)=log5—- stlog(—is—;“—‘),qs(—g):s(logz— 0,

b (%—)=5(log3 —1)and¢(—§-)=7{%]og5_

(4521}

4. THe FuncrioN S (a)

1y
Vs ¢

Let S(a) =1+ 2 k>°:°l (— 1) {(ak)* — ak}™'. In Chapter 2 of his second

note book, Ramanujan® proved that §(2) = log 2 and S (3) = (4/3) log 2 (see also.
Berndt et al.?). Since S (@) = 24 (2a) — ¢ (a), we can evaluate with the help of Theorem
1.1, S (a) for any rational a at which ¢ (a) is defined. Thus in addmon to the two

values of S (a) stated above, we also have S (4) = ;_ log 2 4+ 72 log(v2 + 1)
3V Sy 4 Vs+1
S(—E)—OandS(Z)— % log( 5 )

5. Proof of (1.7) : Entry 1 and Example 4 of Chapter 2 of Ramanujan's second
note book® (see also Berndt er al.} pages 200 and 204) respectively read that
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z’ I S z 1
Rk T AT T L R -2
-l

k-1
and
1 n 1 4n+i 1
¢4, n = 3 z k_+ Z? .
R 43 k=2n+1
Hence

n

1 1
z Cek—DF —2@k—1 —2¢ (2,2n) — ¢ (4, n)

k=1
] an l 1 1 2n 1 dn41 1
=T[22T+ e 2 i Z‘:z]

k=2n+} k= 2n41 & =2n+1
4n 2n
-7 > ¥
T2 k2 k
k=~2n+1 k=n+1
1T = - 1 Bl
= f[ D wt DT~ T z?]
kmn+y k™n+1 k=n+1
2n
> TOFD
202k —1)
k=n+1
which is (1.7).
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