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The aim of this paper is to establish some new discrete inequalities in two
independent variables which can be used as handy tools in the qualitative
analysis of a new class of finite difference equations involving two independent
variables.

|. INTRODUCTION

The fundamental role played by the discrete inequalities in the development of
the theory of finite difference equations and numerical analysis is well known. A large
number of papers dealing with discrete inequalities and their applications have
appeared during the last few years, seel™10 and some of the references given therein.
Although stimulating research works have been undertaken in this direction, there
are still a number of interesting classes of multidimensional finite difference equations
which needs new types of discrete inequalities in their analysis. Our objective here is
to present some new discrete inequalities in two independent variables which can be
used as handy tools in the qualitative analysis of a new class of finite difference
equations in two independent variables. In order to convey the importance of our
results to the literature, we present applications of some of our inequalities to the
study of boundedness, uniqueness and continuous dependence of the solutions of a
new class of fourth order finite difference equations in two independent variables.

2. STATEMENT OF RESULTS

We first summarise some basic notations and definitions which will be used
n-1

throughout this paper. Let Ng = {0, 1,2, .. }. The expression « (0) + Zo b (s)
.

represents a solution of the linear difference equation Aw (n) = b (n) for n € Ny,

where A is the operator defined by Au (n) = u(n + 1) — u{n). The expression
5.1

u(0) t1 b(s) represents a solution of the lincar difference equation u(n + 1)
=0

= b(n) u(n) for n € Ny. We use the usual convention of writing Z b(s) = 0
sED
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and T b (s) = 1, if ® is the empty set. We also use the the following notations of
the oiv)fr«':ltors

Au(mn)=u(m-+1,n) — u(m,n),

Aou(m,ny=u(m,n+ 1) —u(mn

for m,n € Ng. We often use the letters m and n to denote the two independent
variables which are members of Ny.

For convenience we list the following hypotheses :

(Hy) u(m,n) and h (m, n) are real-valued nonnegative functions defined for
m,n € Ng.

(H2) p1(m, n), ps (m, n), ps(m, n) are real-valued positive functions defined for
m, n € Ny.

(Hs) a (m, n) is real-valued, positive and nondecreasing function in toth the variables
m and n in Ng.

(Hg) u(m,n) = uy > 0, up is a constant, h (m, n) > O are real-valued functions
defined for m, n € Njy.

(Hs) g(u) is continuous, nondecreasing real-valued function defined on an interval
I = [up, o0), up = 0 is a constant, and g(x) > 0 on (4o, o), g (o) = 0.

(He) g1 (m, n), g2 (m, n), g3 (m, n) are real-valued positive functions defined for
m, n € Ny.

(H7) W (u) is continuous, nondecieasing and submultiplicative real-valued function
defined on an interval J, and W (v) > 0 on (s, o), W (1) = 0.

A useful two independent variable discrete inequality is embodied in the
following theorem.

Theorem 1—Suppose (H1) and (Hg) are true. If

m_1 z-1 n-1
1 1 1
u(m,m e+ zo p1(x, n) zo pe (s, n) zo rs (s, »)
= 8= y=
y-1
X h(s,t)u(s,1) ..(1)

for m, n € Ny, where ¢ is a nonnegative constant, then
m_1

z-1 B-1
u(mn <c H [1 + p1(§€.n) g pz(z,n) VZO Pa(:‘.}’)

=0
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x z k(s r)] e

A slightly different version of Theorem 1 is given in the following theorem.

for m,n € Ny.

Theorem 2—Suppose (Hi), (Hz) and (Hg3) are true. If

n-1
u(m, n) < a(m n) + IZO p1 (x, n) ZO p2 (s, n) s P3 (s,y)
y=-1
x z h(st) u(s, 1) ()
t=(

for m,n € Ny, then

T-1

-1
1
u(m,n) < a(m,n) H[1+ pl(x,n)zopo(s,n) 0P3(Ss}’)
8™ y=

=0 L
X z h (s, :)] ..-(4)
t=0

Another interesting and useful discrete inequality is established in the following
theorem.

for m, n € Ny.

Theorem 3—Suppose (Hs2), (Ha) and (Hs) are true. If

z-1 n-1
1 1
um,n < ¢+ z Pl(x n) 2 pe (s, n) ; p3 (s, ¥)
v 1
X z hs,t)gu(s 1) ..(5)
t=0

for m, n € Ny, where c is a nonnegative constant, then for 0 < m < m1, 0 < n < m,
m, my, n, ny ENO'

m-1 z-1 %1
- l —— 1 l
u(m,n) € G-1 [G(c)+ Eo p1 (x, 1) Zo pe (s, n) Zo p3 (s, )
z= = v=

x z h (s, :)] (6)
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where

r
G(r)y= I g‘?;) , r > ug with rg > ug -..(7)
T
0

G-1 is the inverse of G and m1, n1 € N are chosen so that

n-1

y-1
G(c) + z Pl(x n) z Pz(s,") % P3 (s, ) Z

X h(s,t) € Dom (G™1)

for m,n € Nogand 0 < m<< m, 0 < n < n.

We next establish the following more general inequality which may be convenient
in some applications.

Theorem 4—Suppose (H1), (Ho), (H¢) and (Hy) are true.

If
m_-1 1 z-1 i n-1
1
g :
u(m n) < e+ z p1(x, n) Z p2 (s, n) Z p3(s, )
=0 =0 y=0
¥y-1
% z h(s, 1) u(s,1t)
t=0
n-1 1
+ Z) a1 (x, n) z qz(s, n) zo qs (s, »)
p—rt py
y-1
X z ks, t) Wwu(s, 1) ...(8)
t=0

for m, n € Ny, where c is a nonnegative constant and k (m, n) is a real-valued non-

negative function defined for m, n € Ny, thenfor 0 < m < ma, 0 € n  nz, m, my,
n,n2 € Ng

z-1
1
u(m,n) < Q(m,n)0" 1[9(C)+ z ql(x,n) zo gz (s, n)

n-1

y-1

x E—q;%ﬁ-rz k (s, ) W (Q (s, 1) ] )
t=0

y=0
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where
m__ z-1 -1
=T+ w26 S
Q (m, n) H[ + m(x n) pa (s, n) P3(S ¥
-=() =0 v=0
y-1
x z h(s, 1)) ...(10)
t=0
and
Q.(r)—jr dy r.ou ith ro > 11)
= w0’ 2 Uy Wi 0> Uy " {
"o

Q-1 is the inverse of Q and m9, ns € N are chosen so that

Q) + 2 ql(x n)

z-1 n-1

g2 (s, 7 (s, n) z q3 (s »)

=0 y=0

y-1
X z k(1,s) W(Q (1, 5)) € Dom (2'1)

=0

for m,n € Noand 0 K m < msy, 0 n < no.

3. Proors oF THEOREMS 1—4

In order to establish the inequality (2) in Theorem 1, we first assume that ¢ > 0
and define a function z (m, n) by

z-1

n-1
z{m.n) =c+ z pl(x n) z Pz(S n) zo P35, »)
y=
y-1
X h(s, t)u(s,1). ...(12)
From (12) it is easy to observe that
z(0,n)=2z(m,0) = ¢ ...(13)
and

=0

y-1
p1(m,n) By z(mn) = 2 pz(s o) z p3( ) ‘20 h(s,u(s, 1)

...(14)
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n_.1 y-1
1
p2 (m, n) Ay [p1(m, n) Ay z (m, n) = Zomtzo h(m, t) u(m, 1)
pyo
...(15)
n-1
p3 (m, n) Ag [p2 (m, n) Ay [p1 (m, n) Ay z (m, n)]} = EO h(m,t)u(m,t)
...(16)
Qg [p3 (m, n) Ag [p2 (m, n) Ay [p1 (m, n) Ay z (m, n)]]] = h (m, n) u (m, n7))
...(1

Using the fact that (u, m, n) € z (m, n) in {17) we have

Az (p3 (m, n) Az [p2 (m, n) Ay [py (m, n) Ay z (m, D)} < h (m, n) z (m, n).
..(18)

From the definition of u (m, n) we observe that z (m,n) € z (m,n + 1) form, n € No.
Using this fact in (18) we see that

p3(m, n + 1) Ag[pa (m, n + 1) A1 [py (min+1) Ay 2 (m, n+1)]]
z(myn 4+ 1)

3 (m, n) Bg[pp (m, 1) & [p1 (m, 1) Ba 2 (m, I oy .
z(mn + 1) (19)

From (19) and the fact that p3(m, n) Az [p2 (m, n) &y [py (m, n) Ay z (m, n)]] > O
from (16), we observe that

ps(m,n 4 1) Ag[pe(myn + 1) Ay [p1(m,n+ 1) Ay z(m, n + 1)]]
z(m,n+1)

p3 (m, n) Az [p2 (m, n) Ay [p1 (m, n) By z (m, n)]] < h(m, n).
z (m, n)

..(20)

Now keeping m fixed in (20), set #n = ¢t and sum over r = 0,1,2, ...,n — 1 and use
the fact that ps(m, 0) Ag [p2 (m, 0) Ay [p1 (m, 0) A1 z (m, 0)]] = 0, from (16), to
obtain the estimate

P3 (m, n) A [p (m, n) 81 [p1 (m, n) By z (m, Ml z h(m, 1).
z (m, n) =
1)
From (21) andin view of the facts that z (m,n) < z (m,n + 1) and p2 (m, n)
Ay [p1 (m, n) Ay z (m, n)] > O, we observe that

Pe(m,n+ 1)As[pr(m,n+ 1)y z(m,n <+ 1)]
z(myn <+ 1)
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_P2(m, n) Ay [p1(m,n) A1 z(m,n)]

z (m, n)
B~
< Wr; h (m,1). ..(22)

Keeping m fixed in (22) set » = y and sum over y = 0, 1, 2, ..., n—1 and use the fact
that po (m, 0) a1 [p1 (m, 0) Ay z (m, 0)] = O from (15), to obtain the estimate

n_l y-1
p2 (m, n) A1 [p1 (m, n) Ay z (m, n) 1
z(m, n) < %ps(m,y)tzo h(m, 1)

..(23)

From (23) and in view of the facts that z(m,n) < z(m + 1,n) and p1 (m, n)
Ay z (m, n) = 0 from (14), we observe that

ppm+ 1, 0A1z(m~+ 1,n) _ p1 (m, n) Ay z (m, n)
z(m+ 1, n) )
P2 (m n) z p3 (m 1) g h (m, 1). ...(24)

Now keeping n fixed in (24), set m = s andsumover s = 0, 1,2, .., m — 1 and use
the fact that py (0, n) A1 z (0, n) = O from (14), to obtain the estimate

~— it y-1
Ay z (m, n) < 1 1
z(m,n)  ~ p1(m,n) g pa (s, n) 20 73 (5, ) z h (s, t).

(25
From (25) we see that
n-1

z(m -+ ln)<2(’",")[ + — P (m, n)zp(s,n)zp:a(s y)

y-1
X h (s, t)] ) ...(26)

t=0

Now keeping n fixed in (26), set n = x and substitute x =0,1,2, .. ,m — 1
successively and use the fact that z (0, n) = ¢ from (13), to obtain the estimate

m 1 z-1 it
1 L 1
z(m,n)(cl]o[l-f- pl(x-")zopz("")yzo"*"("”
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y-1
e Zo h(s,t):l.

Substituting this bound on z (m, n) on the right side of (1) we obtain the inequality
in (2).

Now suppose ¢ = 0. Then from (1) we see that the inequality

m-q -1 n=1
u(m’n)<'+z0p(x n)zp2(s'n)zp3(sy)
y-1
X h(s,t) u(s,1t)
t=0

holds for every arbitrary positive number ¢ and m,n € Np, which by the above
argument yields the estimate

z-1 n 1

m-1
I 1 1
< ]
um,m < e H[ + pi(x, n) Z p2 (s, n) P3 (s, )
=y 8=0 v=0
Y=1
x z h (s, z):]. ..@7)

=0

Since u (m, n) = 0 and ¢ > O is arbitrary number independent of m, n then from
(27) it follows that u (m, n) = 0. This completes the proof of Theorem 1.

Since a (m, n) is positive and nondecreasing, we observe from (3) that

n_1
u (m, n) n)
a(m, nj <! +z p1(x n) z pz(s n) 20 P3(S ¥)
y-1 )
x z h(s,t)—-::L(i’,—:—)—.
t=0

Now an application of Theorem 1 yields the required bound in (4) and the proof of
Theorem 2 is complete.

In order to establish the inequality (6) in Theorem 3, let ¢« > 0 and u¢(m, n)
= u(m,n) + ¢ >: ug for all m,n € Ny. Then from (5) we sce that
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n.1
]
ue(m,m) Se+et ;0 141 (X n) z P2(S n) Zo P3 (s, »)
y-1
X > h(s, 0 (e (1) = o)
t=0
m_1 | z-1 : n_1 .
Setet ZO p1(x,n) ; pa2(s, n) ; p3 (s, )
y-1
X h(s, 1) g (ue (5, 1)). .. (28)
t=0

Define a function z (m, n) by

m-1 -1 n-1
1 1 1
Z0mm) =c+ e+ z p1(x,nTZ P2 (s, n) z 73 (5, %)
=0 8-0 =0

y-1
X h(s, 1) g (ue (s, 1)) (29)
t=0
From (29 it is easy to observe that
z(m,0)=2(0,n) =c+ ¢ ...(30)
and
m.3 n-1 y-1
pr(m,n) 81z (m, n) = ZO P2 (ls, n) Z P3(57) < h (s, )8 (ue (s, 1)),
' ..
51 -
pa () B [Py (m, m) by 2 (m, ) = > ——L— Z” (m, g (ue (1)
' ..(32)

p3 (m,n) B [pa (m, n) A1 [p1 (m,n) Ay z (m, n)]] = :2_-:: h(m, t)g (uc(m, 1))

...(33)
A2 [p3(m, n) Az [p2 (m,n) A1[p1 (m, n) A1z (m, n)]l] = h(m, n) g (uc (m, n)).
...(34)
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Using the fact that u. (m, n) < z (m, n) in (34) we have

B2 [p3 (m, n) By [p2 (m,n) By [p1 (m, n) Ay z(m, m]]) < h(m, n) g (z (m,n)).
...(39)

From the definition of z(m, n) in (29) we observe that z (m, n) < z (m,n + 1) for
m,n € No. Using this and the fact that

p3(m, n) Ae [ps (m, n) Ay [p1 (m, n) Ay z(m, n)]] = O
from (33), we observe from (35) that

ps(m,n + 1) Ag[pe(m,n + 1) A1 [pr(myn + 1) Ay z(m,n + 1)]]
g(z(m,n + 1)

__ P3(m, n) By [ps (m, n) B1[py (m, n) By z (m, n)]]
g (z (m, n))

< h(m, n).
...(36)

Now by following exactly the same steps as in the proof of Theorem 1 below the
inequality (20) up to the inequality (25) with suitable changes, we obtain

y-1

-1
Ay z (m, n)
g (z (m, n)) p1 (m, n) z )2 (s. n) zﬂ P35, ) tzo h (s, 1).

...(37)
From (7) and (37) we have
z(m41,n) d Ay 2 )
\ _ - ly 1z(m,n
G(z(m+ 1,n) G (z (m, n)) 20 ¢ G (m. )
#(mon)
m-1 n-1
1 2 1 z 1
p1 (m, n) p2(s, n) p3(s,y)
8=0 v=0
y-1
x h(s, t). ...(38)
t=0

Now keeping n fixed in (38), set m = x and sum over x =0,1,2,....,m— 1 to
obtain the estimate

- n-1 n-1
1 1
Gemm)<Gle+o+ zo p1(x, n) ~ p2 (s, n) zo P3 (s, )
= 8= y=
y-1
x 2 h(s, 1). (39

t=0
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The bound in (6) now follows by substituting the bound for z (m, n) from (39) in (28)
and letting ¢ - 0. The subintervals of Ny for m, n are obvious and the proof of
Theorem 3 is complete.

In order to prove the inequality (9) in Theorem 4, lete > 0 and wu¢ (m, n)
=u(m,n) + ¢ > uy form,n € No. Then from (8) we see that

z-1 n-1
e (m, ) < “”*z pl(x n) Z po(s n) - p3(s »)
¥y 1 z-1 ]
2 (s, (s, 1) — o) + z a1 (x, n) Z g2 (s, n)
t=0 §=0
n_1 y-1
I
X z—q‘m)—z k (s, F) W (u (s, 1) — ¢
y=0 t=0
m_1 1 -1 n-1
Setet zﬂ p1(x, n) =~ pz(s n) z Ps(s »)
y-1 m_1 | z-1 ,
x tzo his, ) ue(s, 1) + z_o q1 (x, n) ZO g2 (s, n)
n_.1 . y-1
x zmz k (s, 1) W (ue (s, 1)). ...(40)
y=0 t=0
Define
m- | -1 n-1
amn) =c+e+ 20 q1 (x, n) < qz(s,n) z qa(s y)
z= 8=
1
x 'S k(s 1) W (us (5, 1) ..41)
t=0

then (40) can be restated as

m.1 z-1 n_.1
1 1 1
t (m, ) < a(m, m) + Z 71 (x, n) Z; P2 (5, 1) 20 P3 (5, »)
2= &= Y-

v-1
XX hst) us(s,1).
t=0
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Since a (m, n) is positive and nondecreasing function in both the variables m and n, we
have from Theorem 2

ve (myn) < a(m,n) Q (m, n) ...(42)
where Q (m, n) is as defined in (10). Since W is submultiplicative, we have

W (ue (m, n)) < W (a(m, n)) W(Q (m, n)). ..-(43)
From (41) and (43) we have

m-1 z-1 n-1
a(mn)<c+ e+ 1 ! !
S z g1 (x, n) z g2 (s, n) Z g3 (s, »)
=0 &=~0 y=0

XF: k (s, )W (Q (5. ) W (a (s, 1).

Now by following the proof of Theorem 3 with suitable modifications we obtain

z-1
a(m,n) < QI[Q(C+‘)+zq1(x n) ‘I(S.")
z=0 s=0
n-1
x Zﬂ 43(5.7), E k(s, 1) W(Q (s, D) -~ (49)

The desired bound in (9)now follows by substituting (44) in (42) and letting € — 0.

The subintervals of Ng for m and n are obvious. This completes the proof of Theorem
4.

4. SOME APPLICATIONS
In this section, we present some applications cf our results to the study of boun-
dedness, uniqueness and continucus dependence of the solutions of a new class of non-
linear finite difference equations in two independent variables. FEach of these applica-
tions could be stated formally asa theorem. This has not been done so as not to ob-
scure the essential ideas with technical details.

Example 1—As a first application, we obtain a bound on the solution of a
nonlinear fourth order finite difference equation

A2 [a3 (ma n) A2 [02 (mr n) Al [01 (m’ n) Al u (m) n)]]] = f(m) n, u) (m! n))
...(45)
with the given boundary conditionsat m = 0, n = 0

u (0, n) = ¢1(n)
a1 (0, n) Ay u (0, n) = ¢2(n)
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as (m, 0) Ay [ay (m, 0) Ay u (m, 0)] = b1 (m)
ag (m, 0) As[az (m, 0) Ay [a1 (m, 0) Ay u (m, 0)]] = 42 (m). ...(46)

Here a1, as, as are real valued positive functions defined on Ng ,f:Ng X R - R,

where R denotes the set of real numbers; ¢1 (1), é2 (n), ¢1 (m), b2 (m) are real-valued
nonnegative functions defined for m, n € No. We assume that

[ f(mynu)| < h(m n)|u ...(47)

where 4 (m, n) is a real-valued nonnegative function defined for m, n € No. Itis
easy to observe that the problem (45) — (46) is equivalent to the equation

u(m,n)=>b(m,n) + z a1 (x n) 202@ n) z as(S.})

z=0 80

y-1
X Zo S tu(s1) ..-(48)
t=

where

b (m, n) = ¢1(")+z o (x n) ey () + z al(x n)

z=0
z-1 z-1
zag(s n) %(S)“Lzﬂ(x n) zaz(x n)
&=0 =0 =0
n-1
x Y2 (s) ag(s N ...(49)
v=0 ’
Suppose that
|b(m,n) | <k ...(50)
where k is a nonnegative constant. Using (47), (50) in (48) we have
m_1 z-1 n-1
o+ St S S
hulm, ) | <K+ ay (x, n) ag (s, n) az (s, y)
z=0 =0 y=0

y-1
X B h(s,t)|u(s,t)|.
t=0

Now an application of Theorem 1 yields the bound on the solution « (m, n) of (45)-(46)
in terms of the known functions.
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Example 2—As a second application, we shall discuss the uniqueness of the
solution of the problem (45)~ (46). We assume that the function fin (45) satisfies

| f(m,nu)y —f(mnd|<humnlu—i| ...(51)

where /i (m, n) is as in Example 1. The problem (45)—(46) is equivalent to the equa-
tion (48). Then for any two solutions v and # of (45)—(46) we have

z-1

1
lutm,n) — i (m, n)| \€+Z al(x n) zao(s n)
0

§=

n-1 y-1

L a 5 ; B0 lulsn —is0l .(52)

where € > 0 is arbitrary constant. The assumption (51) is used to get the inequality
in (52). Now an application of Theorem 1 yields

‘u(m’n)—ﬁ(myn)l

{H[ +a1(x n) 2 ao<s n) an,y)E"“"’]}

§=~u

Since € >> 0 is arbitrary we have u = ii i. e. there is at most one solution of the pro-
blem (45) — (46).

Example 3—Our third application is an example of continuous dependence of
the solution on the equation and boundary data. Consider the problem (45)—(46) in
Example ! and the problem

Ag [az (m, n) Ag [as (m, n) Ay [a1 (m, n) A1 z (mn)])] = F (m, n, z (m, n))

...(53)
with the given boundary conditionsatm = 0,n = 0
z(0,n) = ¢2 (n)
a1 (0, n) Ay z (0, n) = o (n)
as (m, 0) Ay [y (m, 0) By z (m, OY]] = i (m)
as (m, 0) Az [ag (m, 0) By [a1 (m, 0) Ay z (m, O)]] = 42 (m). w-(54)

Here a1, az, as are as in Example |, F: N§ X R = R, ¢1(m), $2(n), 1 (m), Y2 (m)

are real-valued nonnegative functions defined for m, n € No. The equations equiva-
lent to (45) — (46) and (53) — (54) are (48) and
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z-1 n-1

i 1
z(m, n) = b (m,n) + Zo a (x n) zﬂ as (s, n) zo as (s, »)
xé:anz@JD ...(55)

where b (m, n) is obtained from the definition of b (m, n) by replacing ¢1 (1), é, (n), 41

(m), Y2 (m) in the right side in (49) by ¢; (n), ¢>2 (n), 41 (M), {2 (m) respectively. From
(48) and (55) we have

ulm,n) — z(m,n)
= b(mn) —b(mn)

z-1 ¥-1

+z_al(x n) az 2—73317)~

8=0 =0

xi/%)l {f@, tbu(s, 1) — F(s, 1,z (s, 1} ...(56)

Suppose that the function f in (45) satisfies the condition (51) and further we assume
that

| b(mn) —b(mn)| <e .(57)

m 1 1 z-1

120 ai (x, n) g ag (s, n) 2 a';(s }) z [f(s, 8 2(s 1)
—F(,,2)(5,1) ] < e ...(58)

where ¢ > O is arbitrary constant. By substracting and adding f (s, 1, z (s, t)) in the
braces on the right side of equation (56) and using (51), (57), (58), we obtain

z-1
1
fm ) =z m) | < 2 Z?ii(x n) PO
z=0 =0
%-1 y-1
~ aa(s D his,) lu(s,t) —z(s, 1) | . ..(59)

Now an application of Theorem 1 yields

|u(m,n) — z(m,n)|
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w1 z.1 n-1

<l [+ 56 2wt S0

y-1

z h s, t)]} . ...(60)
t=0

If A (m, n) is bounded on some compact set 0 < m € mp, 0 < n < no, m, mp, n, np
€ No, then the quantity in braces on the right in (60) is bounded by some constant
Mon the set 0 < m € mg, 0 < n < ng. Therefore [u(m, n) — z(mn) | € 2M e
on the set 0 < m < mp, 0  n < ng; so the solution u (m, n) of (45) — (46) depends
continuously on f and the boundarydata. If ¢ — 0, then|u (m, n) — z(m,n) |
— 0 on this set.
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