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Introducing concept of nth bounded pseudo Peano differentials, the conditions for
the existence of nth bounded pseudo Peano and Peano differentials'® for mappings
on normed linear spaces are introduced which in particular give the conditions for
existence of bounded and Frechet differentials obtained by Vaclav Zizler?'.

1. INtrODUCTION

Among many notions of direct higher differentials the nth Peano differentials
commonly known as de Ia Vallee-Poussin differentials are studied by many Mathemati-
cians 1, 4, 13, 16, 19 for real functions. The concept of nth Peano differentials (see
Definition 2.4) for mappings on normed linear spaces is already introduced (see
Nashed ’, p. 200). We introduce the concept of nth bounded pseudo Peano differen-
tials (see Definition 2.3) as a generalized higher order direct differential notion of
bounded differential of Suchomilov!’ for mappings on normed linear spaces and
establish conditions for the existence of nth bounded pseudo Peano differential and
nth Peano differential for mappings on normed linear spaces presuming the existence
of nth Gateaux variation (see Definition 2.2) in the form of Theorem 3.1 and Theorem
3.7. For n = 1 the nth bounded pseudo Peano differential reduces to Fre'chet dif-
ferential (see Definition 2.1). Theorem 3.1 and Theorem 3.7 give in particular the
Theorem 3.5 and Theorem 3.8 of Vaclav Zizler?! for existence of bounded and
Fre'chet differentials for mappings on normed linear spaces. Similar but stronger con-
ditions are established in the literature’'>14!® etc. using the Gateaux variation
notion.

2.  PRELIMINARIES

Definition 2.1 = Let X and Y be normed linear spaces with real field of scalars
and f: X — Y, fis said to have a ‘Gateaux variation’ Vf (x,, .) at xp € X if

i S (xp + 1) - f (x)
im

=0 t
exists for every u € X in the sense that for every ¢ > O there exists a é (¢, ¥) > 0

with the property that

g L0+ 1) - f o)
t

= Vf (%o, U) 2.1

-~ Vf (o W) I < € (2:2)



792 S. DAYAL AND ARCHANA MARWAHA

whenever 0 < | | < 6.

If the limit (2.1) is uniform with respect to ¥ € X in the sense that for every
€ > 0 there exists a  (¢) > 0 such that (2.2) holds whenever 0 < | ¢ | < §, Yul
< 1, u € X and ¥f (X, u) is bounded on §; = {x: x|l = 1} then Vf (xq, u) is
called ‘bounded differential’ at x; and is denoted by dVf (xy, u). Further in addi-
tion to it if Vf (x,, u4) is linear in « then it is called Fréchet differential at x; and
is denoted by df (xp) such that df (xp) (4) = Vf (x4, u) for every u € X.

The notions of higher order variations pass through many stages of generaliza-
tion in the works of Gateaux>®, Levy!!, Graves’, Hildebrandt®, Kerner'? and others.

Definition 2.2 — Let X be a linear space and Y be a normed linear space and
f X — Y. If the real function ¢, (¢) = f (x, + tu) has successive nth order
derivative at ¢ = 0, then ¢, (0) is called the nth GAateaux variation of f at x; € X
and is denoted by V" f (xp,.), thus ¥V, f (xo, ) = ¢4 (0) for every u € X. Trivially
for n = 1, the nth Gateaux variation is nothing but the usual Gateaux variation.
Also V" f (x,, u) is homogeneous in u# of degree n in the sense that V" f (x,, tu)
= " V" f (xy, u) for every real t.

The notion of bounded differentials introduced by Suchomnilov!’, is stronger
than Gateaux differential and weaker than Fre'chet differential in the sense that it
can appear as bounded but not linear. We introduce a similar higher order direct
differential as follows:

Difinition 2.3 — Let X and Y be normed linear spaces, f: X —Y, fis'said to
have nth bounded pseudo Peano differential at x; if there exist @, : X* — ¥, 1 <
k = n, bounded homogenous maps of degree & such that Q, (tu)* = t* O« (u*)
and Q, € Y such that

u’l
f(xg+ u) =Qy+ Qu + —ZQ—'Z—u2+....+—Q—"—’——+r,,(u)
! n!
rn (tu) . .
where T 0 as ¢ — 0 uniformly with respect to u € Sy = {u - flull = 1.
Q, u"

Then nth bounded pseudo Peano differential is denoted by

. Form =1,
n!

nth bounded pseudo Peano differential is nothing but bounded differential.

Definition 2.4 — Let X and Y be normed linear spaces and f: X — Y. fis said
to have nth order Peano differential at x, € X if there exists P, € Y, P, €
£, (X, ), P e Ly (X,Y),2 < k < n, where £, (X, Y) is the space of k-linear
symmetric bounded operator such that for all v € X

P, u? P, u"
S(xg+u) =Py + Piu+-—— +....+ T+ 1, (1)
n!
r, (tu) . .
where ——————— — 0 as # — 0 uniformly with respect to u € S; = [u - Hul =1].

1
The nth Peano differential is denoted by — P, u”". For n = 1 the nth Peano dif-
n!

ferential is nothing but Frechet differential. It will be useful to note that if X and Y
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are any normed linear spaces and P : X — Y, one may define for every n = 1, a
corresponding map P - X" — 'Y such that

P (uy, ty,....u,) = (P (i + huy +.+ o) ..(2.3)

2" n!
where sum is taken over all finite sequence (4, f,...,2,) with fx = + 1 forall k =
1,2,...,n, P is defined as operator obtained by ‘tilda operation’ on P. On the other
hand if forAn 2 1, Q: X" — Y, one may define aAcorresponding map Q. X —-Y
such that Q (¥) = Q (u, u,...,u) written as Qu”. Q is defined as operator obtained

by ‘cap’ operation on Q.

x>
Remarks 2.5 : In case when § : X* — Y is k linear symmetric operator then S
= S. In other words S can be recoverded from its cap operator by tilda operation.

3. Conptrions ror THE ExisteEncE oF HicHerR Bouwpep Pseupo Peano DiFFERENTIALS AND
Hicuer Peano DirrerentiaLs ForR MappiNGs on NorMED LiNear Spaces

We prove the following theorem for the existence of nth order bounded pseudo
Peano differentials for mappings on normed linear spaces.

Theorem 3.1 — Let X and Y be normed linear spaces and f: X — Y. Let fhave
nth Gateaux variation V” f (x, x) at every point of a neighbourhood U (xy) of
X € X and if

(i) Hm WV f (xp + tu, u) = V" f (xp, )l =0 ...(3.1)
(=0

uniformly with respect to u € X, flull = 1,

(i) V*f (xp, u) is bounded on §; = {u : lull = 1} for 1 < k < n, then f has nth
e

(xg, u") at xy € X where V" f (xg, u")

bounded pseudo Peano differential
= V" f (xp, ).

The following lemmas are used in proving Theorem 3.1.

n!

Lemma 3.2 — Let X and Y be normed linear spaces f - X — Y and U be an
open subset of X. Let f have nth order G4teaux variation V" f (x, ) at x5 € U, then

1
S (xo+u)=f (x3) + Vf (xp, u)+...+7 V™ f (xg, ) +r, (X, U) ...(3.2)
such that
lim 0 8T
t—0 "

Proor: For n = 1, the expression (3.2) is equivalent to the existence of Giteaux
variation. Let (3.2) hold for n - 1 (n = 2); consider the mapping

1
é (1) = f(xg + tu) - f(xg) - Vf (xo, tt) . . .. o V" f (X, tu).
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The derivative ¢ ‘() of the real function ¢ exists for sufficiently small real ¢ because
of the existence of kth Gateaux variation in a neighbourhood of x; and its k-
homogeneity for 1 < k& < n.

Thus for sufficiently small 7.
t" -1
¢I(t)=Vf (XO+tll, u) - Vf (xO’ u) -t sz (in ll) seee W V"f(xo» u)-
By induction hypothesis
lo' (O < € |7|™! ...(3.3)
for certain 6 > 0 such that |?] < 8.

However because of the differentiability of vector valued function of real variable
¢ (¢), applying mean value theorem (see Cartan? and Yamamuro?°),

I (£) - @ (0O)) < sup U’ (2 |2}, 1] < &

where sup is taken over all 7 € [0, f] if t = O and 7 € [¢, 0] if £ < O and hence by
(3.3)

o (1) - ¢ (O = e |r™! f2), || = |ef; 1] <

or
o (¢) - ¢ (O < € |2]” for 2] < 8.
Thus,
b (xg+tu) - f (x0) - Vf (X, tu) - ... - —l'— V' f (x, tu)l < € |2]"
n!
for |t] < 6,

which proves the lemma.

Lemma 3.3 - Let X be a normed linear space and U be an open subset of X.
Let f: U — R. If f has nth Gateaux variation at each point of the line segment {x,
+tu:0 <t =<1} € Uwherex,and x; + u are fixed points of U, then there exists
ar, 0 <1 <1, such that

S xg + u) = f(x) +Vf (x, u) +... V™l f (xo, 1)

1
(n-1

1
+ — V' (xp + T u, u)
n!

Proor: Let ¢ (f) = f(xp + tu), 0 =<1t <.
¢ is n-times differentiable as a real valued functi&m of real variable and
&) = Vf (x5, w), "' (0) = V2 f (xp, t),..., & Q) = V" f (xp, 1)

and then applying Taylor’s theorem for real variable,
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1
6(1) =60 + ¢'(0) + ——— ¢V (0)
(n-1)!

+ qu‘”) ,0<7 <1
n!
and hence
1
fxp + 1) = f(x) +Vf (x0, u)+...-;'— Vil f (e + u)
1 .
+ — Vif(xg + Tu, u), 0 <7< 1.
n!
Proof of Theorem 3.1
Writing
1
fxg + tu) = f(xp) + Vf(xp, tu) +... + — V™ f (xg, tu) + w (X, tu)
n!

By lemma 3.2, for every ¢ > 0 there exists § > 0 such that
w (xo, 1)
tﬂ

i I < ¢ whenever 0 < |t] < 8. ...(3.9)

Suppose the choice of § is not uniform with respect to u € X, Hull=1.
Then for every m € N there exists € > 0, u,, € X with lu,ll = 1 and

w (XO’ tm um)

tm

[ I > e (3.5

1
whenever 0 < |1,| < —.
m

By the use of Lemma 3.2, for above chosen € > 0, there is an m; € N such that

WX, tntt) €

] ...(3.
o (3.6)
whenever m > m,.
Now,
1
S (xo + 1y ) - f (x0) -V (X0, tyg ) - ‘(n—_]—)‘— VL f (X, b 4)
= —1'— V' f (Xg, ty ) + W (Xg, Iy U)
n!
1
S (xo + bty um) - f (X0) - VI (X0, tyy Up) - m V' f (Xo, ty Um)

1 . .
= 7"’ Vi f (X0 by U) + W (X0, L Upm)
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W (Xoy Iy Upm) = W (Xg, Ly ) + (f (Xo + by 4) - ] (X0)

1 -1
-V Ii(x, ty ) ... —(-n—-_lF V' (Xg, th Up)

- fx + tyu) - f (x0) - VS (X0, tmy u)...—(;_lT)' Vot f (xoutmit))

1 1
+ (——— V" f (xg, tw ) — — V" f(xp, tr, u,,,).
n! n!
For every ¢,, € Y*, the conjugate of Y,
< WXy Ipllp), € > = < W (Xp, Ly U), €y > +

1

< (Xo+tm Un) - f (X)) = Vf (X, b Up) = oo = ——=
(n-1)!
X V™ f(x0y t t)), €m >

1

- < (F(xo+itm Um) - F (X0) - VI (xo, tyy ) .. ~————
(n- 1)

X V"—l (XO! tm u))a €m >

+ < (71!— V™ f (X, ty u) - —an V7 f (X0y tny Up)s €=
By continuity and linearity of e,,,

em VESf (x0, u) = V¥ (e ) (xo, u) forl < k < nand every u € X.
Thus e,, f - X — R having nth Gateaux variation at each point of the line segment
jointing x4 and x, + 7, ¥, and also on the line segment joining x, and xy + ¢, u,

applying Lemma 3.3, we have

w (X, t,, U w (xp, [, U
<—-————————(°""’"),e,,,>=<—————(°"'),e,,,>+
th th

1
+ < N VAf (X0 + To by U, Upy), € > -
n!

|
—<—-——' Vif(xg + Timid), € > +
ni

< (L an(x(), u) "—1_— V"f(XO, um)>1 em >
n! n!
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or W (Xo tm 4) |

I tm

+
1 1
I F.V"f(xo + Th by Uy Up,) ey V™ f (X0, tm) ¥

HLV"f(xo+r,,,t,,,u,u)——l—V”f(xo,u) i.
n! n!

By using Hahn-Banach theorem, there exists an e,, € Y* such that

w sl U w y by U
o WS tmtt) W O b )
th, n
and so
w (Xg, Iy U w y by U
u (Omm)lsl (x0m)l+
tm tm

1 1
IF V"f(xo + Tl‘;l Ly Upyy um) _‘—’l—' V"f(XO, Upm) 1

+ I—l—V"f(xo+rmtmu,u)—LV"f(xo,u)l
n! n!

= ¢

by (3.6) and hypothesis (3.1). This contradicts (3.5). Hence in view of hypothesis
(ii) Theorem 3.1 follows.

Remark 3.4 : As the first bounded pseudo Peano derivative is nothing but bound-
ed differential, theorem 3.1 reduces to following Theorem 3.5 of Zizler?! (see
Theorem 1, p. 417).

Theorem 3.5*' — Let X and Y be normed linear spaces and f - X —~ Y have
Gateaux differential V f (x, .) in some neighbourhood of x; € X. Let the following
condition:

QO mUVf(xo+tu,u)-Vfixgul=0
t~0

uniformly with respect to u, ful = r, where r > 0 is a fixed number,
(i) Vf (xy, u)isboundedon S, = {u: hd = 7},
then f possesses the bounded differential.

Theorem 3.6 — Let X and Y be normed linear spaces, f be a continuous mapp-
ing from X and Y in some neighbourhood of x; € X. Suppose the nth Gateaux varia-
tion V" f (x, u) exists in a neighbourhood of x, such that the operator V, f
(X..,esenn0,.), Obtained by ~ operation (¢f. see Definition 2.6) from V* f (x, u) is
k - linear symmetric, V* f (x, u) is bounded as a map from Xto Y, ! < k < nand
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Hm B V" f(xg + tu, u) - V"' f(xp, u) § =0
=0

uniformly with respect to u € §; = {u : lul = 1,
1 ~

then f has nth Peano differential — V" f (xy, u, u,.....,u) at x,.
n

Proor: Using the same argument as in the proof of theorem 3.1, the hypothesis,
definition 2.4 and Remark 2.5 the result follows.

Remark 3.7 : For n = 1, theorem 3.6 reduces to the following Theorem 3.8 of
Zizler?' (see Corollary 1, p. 421).

Theorem 3.8%' — Let X and Y be normed linear spaces, f: X — Y, fis con-
tinuous in some neighbourhood of x;. Suppose that there exists Gateaux variation
V f (x, u) in a neighbourhood of x; and is such that

im I V' f(x + tu,u)- V' f(x,u)ll =0
t—-0

holds uniformly with respect to ¥ € X, lull = 1. Let Vf (x, u) be linear in u, then
S has a Frechet derivative df (x, u) at Xx,.
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