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A topological spaces X is almost paracompact if every open cover U of X admits
an open collection V such that “V is locally finite, ‘V refines Vand X = U (cl V |
V € V). A Hausdorff almost paracompact space is para-H-closed. In this paper we
prove that the projective objects in the category of para-H-closed spaces and con-
tinuous maps are discrete spaces and the injective objects are singletons.

There are several generalizations of paracompactness in the literature. An im-
portant generalization is almost paracompactness formulated and studied by Singal
and Arya’ (1969). The concept of para-H-closed spaces was studied by Zahid®. A
Hausdorff almost paracompact space is precisely a para-H-closed space. A topological
space is called almost paracompact if each open cover V of X admits a locally finite
collection V such that V refines U and X = U{cl V| V € V.

While Singal and Arya’ studied almost paracompact spaces from the stand
point of coverings and refinements, the objegtive of Zahid® was to study the minimal
spaces related to para-H-closed spaces; the study was continued by Zahid and Heath®
and they showed the existence of a projective maximum in the set of all one-point
para-H-closed extensions of a locally para-H-closed space. Kovacevic®* introduced
and studied, in general spaces, the concept of locally almost paracompact spaces.

Our objective in this paper is to characterise the projective and injective objects
in the category of para-H-closed spaces and continuous maps. In particular, it is shown
that the projective and injective objects are precisely the discrete spaces and singletons
respectively in the said category.

Notations: 1f (X, 1) is a topological space and A C X, then 7/A stands for the
relative topology of 7 on A. ‘nbd’ stands for neighbourhood. N stands for the set
of natural numbers. 7-cl A (7-int A) stands for closure (interior) taken in the topology
7; when the topology is obvious in the context we suppress 7 from 7-cl A (7-int A4);
sometimes we use clyA4, intyA4 also. o marks the end of proof.

Definition 1 : (Zahid® — (i) In a Hausdorff space (X, 7), a subset A (C X) is
called a para-H-closed set (in short, pH-set) if (4, 7/A) is para-H-closed.

(ii) A Hausdorff space is locally para-H-closed if each point has a nbd whose
closure is a pH-set.

Definition 2 : (Kovacevic**) - (i) In a topological space (X, 7) a subset A is call-
ed a-almost-paracompact if every X-open cover Uof A admits an X-open collection
Vsuchthat ACU[cl V| V€ V] and V is X-locally-finite (i.e. locally finite for every

point in X).
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(ii) A topological space (X, 7) is locally almost paracompact if each point of
X has a nbd whose closure is a-almost-paracompact.

The link between the concepts of pH-sets and a-almost-paracompact sets is given
by the following proposition.

Proposition 3 : Let A (C X) be such that A = cl F for some open subset FC X,
Then the following are equivalent:

(i) A is a pH-set;

(ii) 4 is an a-almost-paracompact set.

Proor: (i) = (ii). Let U be an open cover of 4 in X. Then U, = {U NA |
U € U] is a relative open cover of A. It admits a collection 'V, of subsets of A, open
in A, such that V is locally finite in A and A = Ufo-cl V|V € V,} where 0 = 7/A4.
For V € V,, there is an U € U such that ¥CUN A and there is an open U’ such
that V=U'NACUNA. Since A=cl F, UNF # ¢ # UNFand U NFCUNF.
Alsocl (U'NF) = cl (U ' NA) and a-cl (U'NA) C cl (UNA) =cl(U'NF). Thus
V = [VNF| V€V, is an open collection (open in X) of subsets of X such that
V refines U, V is locally finite in X and the union of closures of members of V covers
A.

(ii) = (i). Let U4 be a relative open cover of A. If U’€ U, then U’ = UNA
for some open subset U of X. Consider U = {U | U € rand UNA = U’ for some
U’€ U,l. Then U is an open cover of 4. There exists a locally finite open collec-
tion V such that V refines U and ACU{cl V|V € V]. Thus int ACA
=clint ACU{cl V|V € V. If x € int 4 then x € ¢l V for some V € V so that if
Pis open nbdof x, PNV # ¢. Indeed, PN VN (int A) # ¢ so that x € cl (VN int A).
Thusint ACU {cl(VNint A) | VeV = U [l (VNA) | VeV)| Ve V]. Hence
A= Ulo-cd(VNA) | V€ V] sothat V, = [FNA | V € V] has the required
properties.

This gives immediately:

Proposition 4 — Let X be a Hausdorff space. Then X is locally para-H-closed
if and only if X is locally almost paracompact.

If X is a para-H-closed space and F is an open subset of X, cl Fis a pH-set
or equivalently «-almost-paracompact. Further we have:

Proposition 5 — The following are equivalent for a Huasdorff space:
(i) X is para-H-closed.

(ii) the closure of every open subset of X is a-almost-paracompact.
(iii) the closure of every open subset of X is a pH-set.

One may refer to Porter® for the concepts of extensions being projective max-
imum, one extension being projectively larger than the other etc. Let us recall the
following two results from Zahid and Heath for later use;

Proposition 6 — (Zahid and Heath®) Let Y be an one-point para-H-closed ex-
tension of the Hausdorff space X. Then —

(i) X is open in Y;

(i) X 1is para-H-closed if Y - X is open;

(iii) X is locally para-H-closed.
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Theorem 7 (Zahid and Heath®) — Let X be a Hausdorff locally para-H-closed
space. Let X* = XU [x] where « ¢ €. Then

() =7U{xl VU |Ue€rand X~intcl Uis a pH-setin X ] is a Hausdorff
topology on X*;

(i) (X*, 7*) is an one-point para-H-closed extension of (X, 7);

(iii) (X*, 7*) is a projective maximum in the set of all one-point para-H-closed
extensions of (X, 7).

In general, if (Y, o) is an one-point para-H-closed extension of (X, 7) and
Y = X* = XU {x}, then 6C7*

Following Dugundji!, a map f : X — Y is called perfect if it is a continuous
closed surjection such that ™' (y) is compact for each y € Y.

Theorem 8 — Let X and Y be Hausdorff spaces. Let p : X — Y be a perfect
map which is open. Then, if Y is para-H-closed, so is X.

Proor: Let U = {U, | « ¢ A} be an open cover of X. Let {V, | a € A] be the
family of all collections of subsets of X such that each V, (a € A) is a refinement
(not necessarily a cover) of U and that each V, is locally finite. Then p (X - U
(ViVeV,])isclosedin Yforeachae A. Let W, = Y-p(X-U (V| VeV
and W = (W, | a € A]. Then ‘W is an open cover of Y. It has an open refinement
Y (not necessarily a cover) such that (i) ¢l (UY) = Y and (ii) Y is locally finite.

Form V, = {p7' (S) | S € Y}. If S € %Y, there is an @ € A such that S C W,.
Clearly p7! (8) CcU (V| V€ V,). Form C(S) = [p™' (S) NV |V €V, and V
= U {€C (8) | S € Y}. Vis locally finite.

It must be noted that UC(S) = U [p' () N V| VeV, = p' (S).
Let us assume that X = cl (U [(P|P € V]). If P € V, then P € C (S) for some
SeYand P = p' (S) N Vforsome S € Yand VeV, Thus U [P|P € C (S)]
=p ' (S)and U (PIP eV} = U [p' (S) | S €Y. Write U {S|S € Y] = W.
Since p is open, then p (X -cl (U (p' (S) [ S€YU) = p (X -clp! (W))is
open and nonempty. Further p (X -cl p' (W))NW = ¢ so that cl W # Y; that
is, cl (UY) = ¢l W # Y, a contradiction. Hence X = cl (U {P|P ¢ V]).

Theorem 9 — Let X be para-H-closed and Y be compact Hausdorff. Then X x Y
is para-H-closed.

Proor: Consider the projection p - XX Y — X. Then p is perfect and open.
Then, by Theorem 8, X x Y is para-H-closed.

Theorem 10 — Let X be a locally para-H-closed space and Y be compact
Hausdorff. Then X x Y is locally para-H-closed.

Proor: Let x € X. Then there is an open nbd U, of x such that ¢l U, is a pH-
set. Hence, by Theorem 9, {cl U,) x Y is para-H-closed. Indeed U,x Y is an open
nbd of (x, ¥) € Xx Y such that cl (U,xY) ¢l U,x Y is para-H-closed. Thus Xx Y
is locally para-H-closed.

The following result is of independent interest in itself,

Theorem 11 — Let X and Y be Hausdorff spaces. Let p - X — Y be a perfect
map which is open. Then, if Y is locally para-H-closed, so is X.
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Proor: Let x € X and ¥y = p (x). Let U be an open nbd of y such that ¢l U
is pH-set. Then, if g = p | p' (cl U), ¢ : p™' (cl U) -~ ¢l U is an open perfect map
so that p~!' (cl U) is para-H-closed. In fact p~! (U) is an open nbd of x such that
cdp ' (U)y € p! (cl (U) so that cl p! (U) is a pH-set. Thus X is locally para-H-
closed.

- Let us now characterize the projective objects in the category of para-H-closed
spaces and continuous maps. For the definition of projective objects in a category
one may refer to Herrlich?.

Theorem 12 — In the category X of para-H-spaces and continuous maps, the
projective objects are precisely discrete spaces.

Proor: Clearly X is projective in X whenever X is discrete. Conversely, if (X,
7) is projective in X, let us show that X is discrete. Assume the contrary that X is
not discrete, Then there is an element a € X such that a is not isolated. Let Y = X - {a].
Let = be a point not in Y X N* where N* is the one-point compactification of the
discrete set of natural numbers, namely N. Let A = (Y xN*) U {w]. Let us introduce
a topology p on A4 as follows:

(i) If z € Y x N*, the set of all basic p-open nbds of z is the set of all open

nbds of z in the product topology;
(ii) the basic p-open nbds of = are of the form (0 x N) U {x] where 0 is a deleted
open nbd of a.
In this way we obtain a Hausdorff space (A4, p).

Now let us prove that (A4, p) is para-H-closed. Since a is closed in X, Y is locally
para-H-closed by Proposition 6 so that Y X N* is locally para-H-closed by Theorem
10. If we write B = Y x N* and take o to be the topology on B, then (B, o) is locally
para-H-closed, p-cl B = A, B is open in A and A is an one-point extension of
(B, 0). We may take 4 = B* = B U {«].

Let us start with a deleted open nbd of a, say, 0. (X, 7) is an one-point para-H-
closed extension of the locally para-H-closed space (Y, 7/Y) so that 0 U {a] is an
opennbdofain Y* = Y U {a] = Xendowed with the projective maximum topology
(z/Y)*. Hence Y - inty cly O is para-H-closed. Thus 4 - p-int p—cl (0 X N) U {x})
= B - o-int 0-cl (0 XN) = (Y - inty cly 0) X N* is a pH-set in B.

Now, let UL be a p—open cover of B* = A. There exists Uy € U with m € U,.
There is a basic p—open nbd of 7, (0 X N) U {#x] C Uy; and B - g-int o-cl (0 X N)
is a pH-set in B. Let Uy = {UNB | U € U}. Then U, is a o—open cover of B and
hence of B - g~int o-cl (0 x N) so that there is an open collection V; which is local-
ly finite and refines U, and that o-cl (UVy) D B - o-int a-cl (0 X N). If we write
Vi ={V-0-cl(0xN)| VeETV)and U = V, U [0x N}, Vis ap-open collection
which is locally infinite in 4 and refines U; further 4 = p-cl (UU). Thus (A4, p)
is para-f-closed.

Let us now introduce yet another topology o’ on A4 as follows:
(i) if z € Y x N*, the set of all basic p’-open nbds of z is the set of all open

nbds of z in the product topology;
(ii) the basic p’-open nbds of = are of the form (0 x N*) where 0 is a deleted
open nbd of a.
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The resulting space is Hausdorff. It is to be noted that A - p~int p-cl (0 XNy U
{x]) = A ~ p’-int p’-cl ((0 X N*) U {x]) and hence the previous arguments carry
over to this case also so that (A4, p’) is para-H-closed.

Now i : (A, p) —~ (A, p’) is continuous. Let us define f: (X, 7) — (A4, p’)
by taking

f(a) =7
SO = w

where {w] = N* - N, for each y € Y. fis clearly continuous. Since X is projective
there is a continuous function g making the following diagram commutative:

(A, 0) » (4,p")
A Y

AN
g N\ f
N
AN
(X, 7)
Thus i « g = fso that g7' (0 xN) U {x]) = {a}, a contradiction.

Since every H-closed space is para-H-closed, the same proof of Theorem 5.5
of Liu® gives the following:

Theorem 13 — In the category X of para-H-closed spaces and continuous maps,
the injective objects are precisely the singletons.
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