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In this paper, we have evaluated an integral involving Legendre function, generaliz-
ed hypergeometric series and Fox’s H-function, and employed it to evaluate a dou-
ble integral involving Legendre functions, generalized hypergeometric series and the
H-function. We have further utilized the integral to establish two Fourier-Legendre
series and two double Fourier-Legendre series for the products of generalized
hypergeometric functions.

1. InTrRODUCTION

The object of this paper is to evaluate an integral involving Legendre function,
generalized hypergeometric series and Fox’s H-function and utilize it to evaluate a
double integral involving Legendre functions, generalized hypergeometric series and
the H-function. We further use the integral to establish two Fourier-Legendre series
and two double Fourier-Legendre series for the products of generalized hypergeometric
series and the H-function. Some results earlier given by Bajpai? and Singh and
Varma’ are shown as particular cases.

The single and double integrals evaluated in sections 2 and 3, respectively in-
volve products of two generalized hypergeometric functions and an H-function. Each
of these products is essentially an H-function of three variables.

The Fourier-Legendre series and double Fourier-Legendre series given in sec-
tions 4 and 5 may further be generalized by using the Laplace transforms techniques
etc. g!i;ven by Wimp and Luke'?, Bajpai’, Srivastava and Panda®'!, and Srivastava
et al.

The following formulae are required in the proofs:
1
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where ap denotes «,..., ap; h is a positive integer; P < Q(or P = Q + 1 and |c|
< 1); no one of B is zero or a negative integer and 2 Re ¢ > |Re m|.

The integral (1.1) can easily be established by expressing the hypergeometric series
in the integrand as in Erdelyi ef al.® [p. 182, (1)] and interchanging the order of in-
tegration and summation and evaluating the inner-integral with the help of (16) of
Erdelyi et al.* (p. 316).
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where in addition to the conditions and notations of (1.1), k is a positive integer;
U< V(rU= V+1and |d| < 1); no one of the §, is zero or a negative integer.

, ...(1.2)

To derive (1.2), we use the series representation for ,F, interchange the order
of integration and summation and evaluate the resulting integral with the help of (1.1).

Note 1 : On applying the same procedure as above the integral analogous to
(1.1) for products of n hypergeometric series can be derived easily.
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The following are orthogonality properties of Legendre functions* (p. 279):

1 0 (k= n)
S P7 (x) PY (x) dx = 2 (n + m! k=n),msn;..(3
4 2n + 1 (n-m)!
1 0 (k= m),
S (1-x)"'"Pr(x) Pk (x)dx = { (n+ m)! ,(k=m),m=n.
-, m(n - m) (1.9)

In what follows for sake of brevity in addition to the notations earlier given in
this section A and p are positive numbers, and
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2. InTEGRAL

The integral to be evaluated is
1

S (1 -x»)"' PP (x) F; (x) F; (x) H (x) dx
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where A < 0; B > 0; |argz| < ¥2 Bw; 2 Re [o; + N1 - g))/¢)] > |Rem|, j=1,..., w

Proor: To establish (2.1), expressing the H-function in the integrand as the
Mellin-Barnes type integral®, (p. 408) and interchanging the order of integrations,
evaluating the inner-integral with the help of (1.2) and using the result of Fox>, (p.
408), the value of the integral (2.1) is obtained.

Note : The integral analogous to (2.1), involving the products of n hypergeometric
series and the H-function can be evaluated easily with the help of the result mention-
ed in note 1.

Particular Cases

In (2.1), putting d=0, setting A=k, using (1.2.2) of Mathai and Saxena® and
simplifying, we obtain a known result due to Singh and Varma [see Mathai and
Saxena® (2.9.4)].

In (2.1), putting c=d =0 taking A=k, using (1.2.2) of Mathai and Saxena® and
simplifying, it reduces to a known result obtained by Singh and Varma [see Mathai
and Saxena®, p. 39, (2.9.1)] which itself is a generalization of an integral involving
Meijer’s G-function due to Bajpai® [p. 90, (2.1)].

3. Douste INTEGRAL

The double integral to be evaluated is
1 1

g S (1 -0 (1 = yHe P (X) Py

x Fy (x) Fy (x) Fy (y) F2 () H, (xy) dx dy
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where 4 = 0, B > 0; |larg z| < Y2 Bx, 2 Re [0, + N (1 - gj)/e)] > |Re m|,
2Re o, + p (1 -a;/e)] > |Remy, j=1,...,w.

Proor: To establish (3.1), evaluating the x-integral of (3.1) with the help of (2.1)
and interchanging the order of integration and summation, then evaluating the y-
integral with the help of (2.1), the value of the integral (3.1) is obtained.

Note 3 : The multiple-integral analogous to (3.1) can be established easily on
applying the above technique (n - 1) times.

4. Fourier-LeGEnDRE SERIES

The Fourier-Legendre series to be established are

(1 -x)*VF (x) F, (x) H (x)
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where u = m;
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where u < n;
valid under the conditions of (2.1)

Proor: To prove (4.1), let

Sx) = (-x)"F () R (x) Hx) = )} C P (). (4.3)
u=0
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Equation (4.3) is valid, since f (x) is continuous and of bounded variation in the
open interval (-1,1).

Multiplying both sides (4.3) by PZ (x) and integrating with respect to x from
-1to 1, using (2.1) and (1.3), we obtain the value of C,. Substituting the value of
C, in (4.3), the Fourier-Legendre series (4.1) follows.

To prove (4.2), let

Sx)=U-x)F () K@) H @ = Y} CP;x. ..(4.49)
u=0

Multiplying both sides of (4.4) by (1 - x?) "'P7 (x) and integrating with respect
to x from -1 to 1, then with the help of (2.1) and (1.4), we obtain the value C,.
Substituting the value of C, in (4.4), the Fourier-Legendre series (4.2) follows.

Particular cases

In (4.1), putting d=0, setting 1 - x>=w, using of Mathai and Saxena® (1.2.2)
and simplifying, we get a known result due to Singh and Varma [see Mathai and
Saxena®, p. 70, (3.6.1)].

In (4.1), putting c=d =0, setting (1 - x*) = w, using of Mathai and Saxena
(1.2.2), and simplifying, it reduces to a known result obtained by Singh and Varma
[see Mathai and Saxena®, [p. 70, (3.6.2)], which itself is a generalization of an ex-
pansion of Meijer’s G-function due to Bajpai? [p. 91, (3.1)].

6

5. DousLe Fourier-LEGENDRE SERIES

The double Fourier-Legendre series to be established are
(1 -3t (1 -y Fy (0 Fy (x) Fy () By () Hy (x9)
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where u;, = my, u, = n, ;
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where u; < nmy, uy < ny ;

valid under the conditions of (3.1)
PROOF: To establish (5.1), let

fxy)=0-x" (G -y)r F (x) Fy (x) Fy (9) Fy () Hy (xy)

Ay B (x) BI2 (). (5.3

®
uu,=0

Equation (5.3) is valid, since f (x, y) is continuous and of bounded variation in the
region -1 < x <L, -7l¢y < 1.

Multiplying both sides of (5.3) by P,:;'Z (»), integrating with respect to y from
-1to 1 and using (2.1) and (1.3), then multiplying both sides of the resulting expres-
sion by P,{:" (x), integrating with respect to x from -1 to 1, and using (2.1) and
(1.3), we obtain the value of Ay, 4, Substituting the value of Auuy in (5.3), the
double Fourier-Legendre series (5.1) is obtained. On applying the above procedure
and using (1.4) instead of (1.3), the double Fourier-Legendre series (5.2) is obtained.

Note 4 : Multiple Fourier-Legendre series analogous to (5.1) and (5.2) can easily
be established by applying the above technique repeatedly.
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