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DEGREE OF APPROXIMATION BY LINEAR
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This results on approximation to a function established by Chandra'-3, Sahney and
Goel!? and Holland er al.® have been generalized by using generalized Norlund
operators to arrive at a deeper insight into the behaviour of Ceasro, harmonic, N6érlund
and weighted mean operators.

1. Dernitions anp NotaTions

Let {p,} and [g,} be sequences of positive constants such that

n
P, = 2 P, (1D
k=0
n
O = ) - (1.2)
k=0
n
Rn = E Pk Qn_k> Rn * 0, L A(1.3)
k=0

where p,, and R, —~ o as n — oo. We write for convenience P, = P,), O, = Q,),
P, = Py, R, = Ry, etc., where [y], as usual, denotes the greatest integer con-
tained in y. Let I 4, be an infinite series with the sequence {s,] of its partial sums.
The generalized Norlund operators (N, p,, q,) are defined by

n
NP4 = R:) E Pk Gk Sk ...(1.4)
k=0
Tte operators N29 reduce to :

(i) Norlund operators N2 (Goel et al.®), when g,=1;
(ii) weighted mean operators N;? (Chen?), when p,=1;
(iii) harmonic operators, when p, = (n + 1) and g,=1; and

(iv) Cesaro operators (Hardy®), when p, = ”;‘f 1 D) gnoyya > - 1.

Let the Fourier series of a 2x-periodic function f € L [0, 2x] be given by

n
J ~ ay/2 + 2 {a; cos kx + b, sin kx). ...(1.5)
k=0 :
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we define the norm II-4, by

2x
. i/p
ll~|l,,={§ | f(x) I”dx} ,p>1 ...(1.6)
0
and let the degree of approximation be given by
E}X(H) =minll f-T, 0, ..(1.7)

n
where 7, (x) is the trigonometric polynomial of degree n. We say that f € Lip «,
0 < a=<i,if

fx+D)-fxX)y=0(tP*5t—-20 ...(1.8)
and fe Lip(a, p),0 < a=<1l,p>1if
2x Up .
{S [ f{x + t)-f(x) I”dx} =0{rDt-0 ...(1.9)
0
If fe L,{a, b}, p > 1, then the expression
b
1/
w, (fi 1) = sup [ 5 | f(x+ h)-f(x)]F dxj! ! ...(1.10)
a<h<t

a

is called the integral modulus of continuity of f. We write

() =f(x+1t)+ f(x-1)-2f (x), L(11D)
and {P,} / and {P,} ! for non-negative non-decreasing and non-increasing sequences,
respectively. Throughout this paper f will be taken to be a 2#-periodic having Fourier
series as given in (1.5).

2. IntrRODUCTION

“The following results are known

Theorem A — For f€ L,, p > 1and 0 < (P} I, we have

-flh,or U Nfp-fl, =0 [P;‘ Z M] ..(2.D

Theorem B — For f € Lip (a, p), 0 < a <1, p > 1, p, = 0, we have

“X’ﬁ—f"por"Nf.’—f"p=[ L 1 PYI 22

O P, /1P 0 < aa <1
(P, ! (2.3)
P,
0 N log (P, /py)], @ = -

n
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Theorem C — For fe€ Lip(a, p),0 < a <1, p>1,ap > | and {P,} non-

negative, we have )
P,
o[p;l ) ku+—lkl/pJ (P 1 ..Q.4)
| NE~flor |[NE-f] = k=0

o [(%)mvp] (o) ¥ 2.5

Theorem D — Let w (f; 1) be the modulus of continuity of a 2w-priodic con-
tinuous function f, then

max |NZ -7 | =0[P; E

uniformly in x, a.e.

, [P 1. ..(2.6)

P w (f 1/k)
Osx<2x }

The first three theorems for N7 and N¥ operators, respectively, are due to
Chandra®’ and the last theorem is due to Holland ef al.®. The estimates for
INE- £ pand I ¥7 - f I, by Chandra are obtained in two papers separately as
mentioned above but for convenience and brevity sake, we have compounded them
together.

The question arises whether the above results can be generalized to more general
operators to arrive at a deeper insight into the behaviour of Cesaro, harmonic and
Norlund operators. We note, with the following theorems, that the answer is in
affirmative. Actually, we try to unify the above mentioned results of Chandra for
N2 and N® operators in each of the first three theorems and generalize the last
theorem by employing the generalized Nérlund operators N2'9, Precisely, we prove:

3. THeorems

Theorem 1 — For f€ L, [0,2x], p > 1 and for 0 < {p,} 1, 0 < [c,} ¥ and
{R, /n} I, we have

W NPT SN, = o[ E M} (3.1

Theorem 2 — For f € Lip(a, p), 0 < ¢ = 1, and p, = 0, g, = 0, we have

1 " R
O[ R E kaf—l } ’ {Pn} 1 {Qn} I, IR,; /n} !, ...(3.2)
m k=1

I NE9—flln = || OlPy n /R0 < @ < 1
al kX, (gn) ¥ ...(3.3)

o [(pn qn /Rp) IOg (Rn /Py Gn)l, @ = 1.

Theorem3 — For fe€ Lip(a, p), 0 < a < 1l,p < 1,ap > 1, and for {p,
and {q,} non-negative, we have
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1 “ R,
0 [ —} (a1, (g 1, (Ry /) 1
R, kz=:l ke =Vp (3.4)

| NB9 - f =
O [(Pn qn /R)*'1, (pa} ¥, () ¥ ...(3.5)

uniformly in x, a.e.

Theorem 4 — Let w (f; t) be modulus of continuity of a 2r-periodic function
fand ipn} I’ [an 1, {R,, /n} 1, then

| ' Ryw (f; n/k)
sup | N#9 - =0|— —_— L ...(3.6
p|NPT- T [Rn g . (3.6)

4. Lemmas

We shall require the following lemmas in the proof of our theorems.

Lemma 1 (McFadden'') — For the sequence {p,] Y and for0 < a < b < o
and any n
b

| Y Powexp (k) | < M Pr
k=a
uniformly in 0 < ¢t < =, where T = [n/f] and M is some positive constant not
necessarily the same at each occurrence.

Lemma 2 — For the sequences {p,] I and {q,] ¥ and for any n

n
| }: PiGniSin(n-k + 1/2)t| = MRy
k=0
uniformly in 0 < 1 < 7.
Proor: We have

n

L= E Dk Gy SIN (N -k + 1/2) ¢t |
k=0
T=1 n

= | + E | <= L, + L,
k=0 k=0
where

7-1

L, = | E P Gni Sin (n -k + 1/2) ¢t |

IA

k=0

T

E Pk 9r« < MRy
k=0
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By Abel’s lemma

n
L, = pr max | E GuiSIN(n-k + 1)1t]
T=n'<n

k=T
where the sum

5

iy
| =] E Gni Isin (n + 1/2) t cos kt - cos (n + 1/2) t sin kt |
k=T k=T

n’ n’
= | E Gk cOs kt | + | E Qi SiN kt |.
k=T

k=T
= M Qy, by Lemma 1.
Thus

L

IA

M pr Qr = MRy,

T
2 P
k=0

r
since Ry sqr« = Pt E dr« = Pr Qr
k=0
Lemma 3 — {p,} ¥ and {q,] ), then uniformlyin0 < 7 < «

I E Podnisin(n-k + 1/2)t | = O (p, g, /D
k=0

The proof follows by Abel’s lemma.

Lemma 4 — (Hardy and littlewood’, Theorem 5 (ii); see also Izumi®) — Let

JeLlip(a,p,0<a=<1l,p< 1, ap > 1. Then fis equivalent to a function g
€ Lip (o - 1/p)y and ¢ (¢) = O (+*"/P) almost everywhere.

5. Proor or THEOREM |
Following Zygmund'® and Singh'#, we have

1 ¢ (1)
NP4 (f, -
Vo0 -/ (x) 27R, S sin (1/2)

il

E Dk Gni Sin (0 - k + 1/2) t dt

k=0
= I, + I, say. ...(5.1)
Using Minkowski’s inequality, we have
WNRE-fl, = 0Ll + L0, ...{5.2)
where
/n

L $ (1) Z Py G Sin (n - k +1/2) 1 dr (5.3)
' 2¢R, ) sinq2) = TN o
by k=0
and
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L.g
n

1 ¢ () .
L = ) - -k +1/2)tdr. ..(54
2 S sn@/2) Pk Gni SN (0 ) (5.4)

x/n
Now

x/n

! S 10O v e -k + 172 di
1

k=0

x/n

n+1 S o (2) ,dt

0

IA

x/n

0 a

il

o

2
Gy

£

1 “ Rk Wp (_f.' 7r/k)
= _ . ...(5.5
O[Rn Y P } (5.5)
Again

n

st .
L5 1, = O (R;) S @ U2 Y e Gusin (n - k + 1/2) t/dt
k=0

t
x/n
s !
= 0 (R;"H S ﬁ”—%f——) Ry1/y dt, from Lemma 2
x/n
| k+1
=0 [R;' S ! w, (i 7Y Ry dt]
k=1 ¢
- O[R_l = ""p (.f; T/k) Rk:| (5 6)
. . . ...(5.
k=1

Combining (5.2), (5.5) and (5.6), we get the proof of the theorem.

Proof of Theorem 2

Since f € Lip (a, p), we have w, (f; 1) = O (1) (Quade'?). Therefore using
this in Theorem 1 for {p,] I and [q,) I we get (3.2). Now for {p,} f and [q,} ¥, we
have from the proof of Theorem 1

@,

NP (f,x) -f = S + S =J, + Jy (5.7

0 a,
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where «, = p, q./R,. Applying Minkowski’s inequality, we have
INPC Sy -fh, sV, + WL 0,
Noting that sin (n - k + 1/2) t = O (1), we obtain

<y

", "psR,;'S he (1) a,,l Y Pe Qny Sin (n -k +1/2) ¢

s =~ sin (1/2)

«,

=0 (R;ll) S ta—l R" dt = O [(pn qn /Rn)a]
0
and by Lemma 3

n
E Pi Qpi Sin (n-k+1/2) ¢
k=0

8,1, =0 (R, S w, (f, 1)
a, sin (£/2)

=0 (R;l) X 2 Pn qn dt

Oolw,q, /RN, 0< d <1

- 0[3’;31 log (R, /p, q,,)]., o= 1.

n

Combining (5.8), (5.9) and (5.10), we get the proof of Theorem 2.

Proof of Theorem 3

829

...(5.8)
| dt

...(5.9)

...(5.10)

Now, when {p,} I and |q,) !, we have from the proof of Theorem 1 and

Lemma 4
x/n
n
Ih = O (R g 17NN Py g (n-k+1/2) ¢ dt.
0 k=0
=0 ("—n+l»p)_
Hence
max | = O|R} Ry k1t
Osv<2x LA l E A

A 0O
Again from lemma 2

r
alp

C 7
| ] = O(R;") 3 o Ry 4 dt

& n
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n
= O (R;") g y/Pret R du.
1

Thus
n

max | L| =0 [R,‘,' Y R k“/ﬂ’-"-'}
k=1

O0sxs<2x

Combine (5.11) and (5.12) to get (3.4).

...(5.12)

Again, letting {p,] ¥ and {gq,] / and keeping in view that sin (n-k+1/2) t =

O(1), we get from the proof of theorem?

®p

max S = O (R;") 1="V"P"! R, dl
0

O0<x<2x

= O {(Pn gn /RN
and, again using Abel’s lemma

max S = O (p, g, /R,) g 1V gy

O0<sx=<2x
apn

O [P Gn /R)PL.
Thus (5.13) and (5.14) leads to the proof of (3.5).

Proof of Theorem 4

From the proof of Theorem 1
Nt (g -f=1 + L

where
w/in
n
max |1, | = O (R;") S o) E Dk Gux (n-k+/2) t dt
0<x=2x

0 k=0

O [w (f, x/n)]

R’_’I " w (j; 7l'/k) Rk]
& p SRR

1

and following result of Lemma 2

T

O (R;Y S

win
n

O‘(R,_,‘) S w(fv u) R(U) dll]

max | I, |
O<x=2n

R“/,] dt.

w (f, 1)
1

It

U
H

...(5.13)

...(5.14)

...(5.1%)
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- O[(R" E s U’ x/k) k]. ..{5.16)

This proves Theorem 4.
6. Debucrtions

Putting g,=1 for all n, in our Theorems !, 2 and 3, we have Chandra’s®
Theorems 1, 4 and 5, respectively, and putting p,=1 for all n in our first three
theorems and by adjustment, we get Chandra’s Theorem 1, 4 and §, respectively.
Putting g, =1 in our Theorem 4, we get Theorem D due to Holland ef a/.%. If .we
put g,=land w (f; 1) = 0 (1%, 0 < a < 1, in Theorem 4, we have (see Sahney
and Goel'?):

Theorem — For f€ Lipa, 0 < a < 1,

max |f - NZ (/. )| =0[p;' Y —ﬂ—}

a+1
O=<x<2x Py k
for 0 < {p,} !
Theorem F — For f€ Lipa, 0 < &« < 1, {p,] I, we have

O (P, P 0 < a <1

max INIII, (fy X) - =
d o ((Pn /pn) log ﬁ>. a = 1.

n

The above theorem is due to Chandra' and analogous results in L, norm
may be obtained by replacing ¢, by p, and then, taking g,=1, for all n, in our
Theorem 2.
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