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Continued from the previous paper (Ikeda'), the Finslerian structure of the gravita-
tional field is considered from the vector bundle-like standpoint. Some physical aspects
underlying this standpoint are considered in more detail.

1. InTRODUCTION

In a previous paper', the Finslerian structure of the gravitational field has been
considered from the vector bundle-like standpoint. In our theory, the so-called inter-
nal space spanned by vectors {y} has been treated as the fibre at each point of the
base space spanned by points {x] and the total space of the vector bundle has been
regarded as the unified field between the internal and base spaces. That is to say,
the Finslerian structure is considered by means of the geometry of total space. In
this case, the adapted frame is properly set in the total space by taking account of
the inherent law of the internal vector y.

Along this line, in this paper, we shall further consider, in more detail, the vec-
tor bundle-like standpoint and point out some physical aspects derived from this
standpoint.

2. O~ tHE VecTtor BunpLe - Like Stanppoint - 1

The Finslerian structure of the gravitational field is essentially characterized by
its vector-dependence, i.e., the y-dependence, where the vector y (=y'; i=1, 2, 3, 4)
is attached to each point x (=x*; k=1, 2, 3, 4) as the internal variable. Therefore,
the internal space is spanned by vectors {y], which has the Riemannian structure
dominated by the Riemann metric A; (y), in general. From the vector bundle-like
standpoint (cf. Miron and Anastasiei?), this internal space is regarded as the fibre
at the point x of the base space. The latter is, of course, the Einstein’s gravitational
field dominated by the Riemann metric vy,, (x). Then, the total space of this vector
bundle is regarded as the unified field between the internal and base spaces, which
is considered to have the Riemannian structure governed by the Riemann metric

Gap (X)) (X4 = (x¥'); 4 = (5, ) =1,2,3, .., 8).

In the total space, the nonlinear connection N4 prescribes the direct-sum struc-
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ture (or the Whitney-sum structure) of the horizontal and vertical subspaces of tue
tangent space, so that the frame adapted to NY is set properly. In our theory
(Ikeda'), the adapted frame is constructed by taking account of the inherent law of
the internal vector y represented by the rotation y' = K’ (x) )/, where K’ means
the rotation matrix, different from the coordinate transformation matrix3. This in-
trinsic behaviour of y is geometrically reformulated as the intrinsic connection (or
parallelism) of y in the form

&' = dy' + Njdx* (=0);
3K’
ax*

The adapted frame is, therefore, given by (see section 2 of Ikeda')

dy' yi l2.)

7~ K;(0) ¥, Nj=-

dit = (dx, &' = dy' + Nj dx,
é 3 .
(2 -2 M2, 2 (2.2)
at ox ax ay' ay'
From (2.2), the decomposition factors are determined by

As= (85,00 , Af = (8%, - N ;
By = (N}, 8}), Bi= (0, ). .(2.3)

By use of (2.3), the metrical structure of the total space is also adapted to (2.2) as
follows:

G = GAB d{Ade

i

B dx* dx™ + g 8y’ by, (2.9
where

&n = AL AL Gap = Gy - N\ M G,

& = & = A BPGap = G- M = 0,

8 = B,AB/BGAB = GU' ---(2-5)

In this case, if we put G, = v, (x) and G; = k; (y), then we can obtain from
(2.5), one special Finsler metric g\, = 75, (x) - N} N% hy; ( ¥) (cf. (2.9) of Ikeda').
But this g,, cannot be assumed to be defined through the fundamental function and
any homogeneity condition with respect to y cannot be assumed, different from the
ordinary Finsler geometry*.

The metrical connection with respect to (2.4) can be introduced by the following
formulas (see (2.3) and (2.5) of lkeda'):

a 9
D —— =T3c —:D; G4p = 0;
e I ag_n BC ai"‘ a Uan

e 1ol
Tsc = (F, Fl, ; C4 Ciy). ...(2.6)
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That is to say, the covariant derivatives are defined by, e.g.

1
'I‘X—a +F*)\Vy,

Vi/k = ayk + Cj‘k 1 %] ...(2.7)

etc. and the metrical conditions are given by

&y =0, 8u/k=0, &, =0, g /=0 ...(2.8)

(Concrete forms of F%,, C,k, etc. are omitted here). It should be remarked that the
connection coefficient I'f¢ is not taken as the Christoffel symbol { &} formed with
G 43, S0 that £}, C)‘k, etc. are different from those coefficients derived from the
decomposition of {4L] by means of the decomposition factors (2.3). It should also
be noticed that there appear two deflection tensors y), = - N} + Fh y’ and y'/,
=& + C}k » and the nonhnear connection NV} is usually determined by y!, =0 from
the geometrical viewpoint?*

3. O tHE Vector BunpLe-Lixe Stanpromnt- 11

In this Section, we shall consider one generalization and one specialization of
the vector bundle-like standpoint mentioned above.

If another internal vector variable z (= z9; a = 1, 2, 3, 4) is further taken into
account, then the standpoint mentioned in Section 2 is extended to that of the second-
order vector bundle constructed by X* = (x*, ¥, z%). Then, the adapted frame (2.2)
is generalized to (cf. Munteanu®)

(dx*, 8y’ = dy' + Nydx*, 82° = dz° + Lidy' + M3 dx"),
] ad . d da o6& 4 a 9
— = S -Ny—-M, —, —=—-LF—, — ..3.1)
dx ox ay' az% &y’ a9y’ az% az°
and the metrical structure (2.4) is given by
G = g dx“dx* + g; 6y 8y + gop 62° 82° ...(3.2)

where the conditions g,; = 0 are imposed. The connection relations (2.6), (2.7) and
(2.8) are rewritten as, e.g.,

FBC = (F‘)(\p’ ) F‘blp. ’ ')(\ka Cji'ks Cgk; E‘)(\a! Ej’a» Ega
. sV*
Vin = T Fav
. sV o
yi /k = Gyk + C_;k |44 ...(3.3)
Va
Vi, = Lade ~ + Ej. V°
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etc. The connection coefficients F% , }k, 7 etc. are determined properly by the
metrical conditions such as g, =0, &; /x = 0, gmj- = 0, etc and the nonlinear
connections N}, L and MY¥ are also determined by imposing suitable geometrical
conditions such as y'n =0, z9/,=0, z& = 0, etc.

This kind of generalization can be considered for the introduction of any inter-
nal variable, where the nonlinear connections play the most important role. From
a physical viewpoint, the connection coefficients serve as the (mixed or unified) gauge
fields in Yang-Mills type®. That is to say, in our case, the internal symmetry em-
bodied by the rotation matrix K } (x) and the external symmetry (i.e., the coordinate
transformation) are unified and this concept of unified symmetry is geometrically
represented by the connection coefficients F},, C}k, ¢c, etc. appearing in the
covariant derivatives (3.3).

On the other hand, if we take one independent scalar x? as the internal variable,
instead of y’, then we can consider the 5-dimensional total space constructed by
(x*, x%. In this case, the adapted frame (2.2) is reduced to

@x*, 6x° = dx® + NY dxM

5 3 3 o
< = M 0) .(3.9)

dx* ax* X ax

and the metrical structure (2.4) becomes

G = g, dx* dx* + goo dx° dx® (3.5
where &y = G - NU NGy and gg = Gy with g, = 0.
The connection relations (2.6), (2.7) and (2.8) are given by, e.g.,

Tic = (F5, F3, 5 Cio Cl)
K BVK K 14
V|)\ = 6x)‘ + F,,)\ V
VO
Voo = Lias + C VP ...(3.6)
ax®

etc.

In comparison with the classical Kaluza-Klein theory (cf. Utiyama¥), if we
regard x° as the Sth coordinate and put gy = 1 in (3.5), then we can find that the

nonlinear connection N3 plays the role of electromagnetic potential. Then, the
NS  BN°

o ax
magnetic field tensor. In this case, it has been shown (Ikeda7) that under the assump-
tion that N} = N} (x*), g\, = & (x*) and F5, = F%,, the Maxwell equations such
as Ty + T + T = 0and 7%, = J< with J5, = 0 (J* : current; T= g*
g T,,) are fortunately derived from one kind of Bianchi identity.

Concerning the physical effects caused by the electromanetic potential N, one
example will be given (cf. Ferrari and Griego®) : Since the proper time dr
(dr* = g, dx* dx* + (6x°)? with gy = 1) is proportional to 6x° = N} dx

torsion tensor defined by T;, = becomes to represent the electro-
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(with x° = const.), the effect connected with the quantity § dr around a circuit is
also dominated by the quantity § N dx*, which shows that the effect is influenced
by the electromagnetic phase difference around the circuit. This is related with an
interpretation of the Aharonov-Bohm effect.
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