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The present paper is concerned with the dynamical response of an elastic medium
to cylindrical sources, when random pressure pulses act on the surface of a cylin-
drical hole at random instants of time. A stochastic integral representation based on
a deterministic solution makes it possible to incorporate the randomness into the pic-
ture. The mean values of the displacement and the radial stress for constant arrivai
rate and for the case of sinusoidal rate of arrival have been numerically evaluated.

1. Intropuction

Problems of cylindrical origin have some interest for our understanding of waves
due to sources in a medium. Dynamic responses for deterministic cases have been
investigated by Sezawa!, Biot?, Kromm34, Goodier and Jahsman®, Chakraborty® and
others for different types of sources of cylindrical origin. However, we may consider
the problems as due to random sources in order to stimulate approximately the situa-
tion at the source of an earthquake. The study of dynamic stresses in aircraft struc-
tures due to random loading during landing was made by Fung’. Again Dawn and
Chakraborty® investigated the response of a medium to spherical sources of random
pulses.

The present study is concerned with the nature of the response of an elastic
medium to random pulses acting on the surface of a cylindrical hole in the medium.
Both the magnitude of the pulses and the number of pulses in an interval are con-
sidered to be random processes which may be either stationary or non-stationary®.
The mean values of the displacements and of the stresses have been abtained each
satisfying an integral equation. The integral has been numerically evaluated follow-
ing Kromm’s? method in the cases of two different expected rates of random puise
arrival for points at different distances from the source. It is interesting to note a
remarkable difference in the development of the initial disturances at a point in the
medium from the deterministic cases studied earlier3-.

2. Tue Dererministic ProsLeEm anp Its Sorution

We first deduce the deterministic solutions of loadings of (i) the Delta func-
tion type and (ii) the Heaviside type.
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(A) Case of Delta Function Type Loading.

Let v, 8, z be the cylindrical co-ordinates referred to the axis of the hole as Z-
axis. The resulting motion is taken to be radial only, and the only equation to be
satisfied by the radial displacement u? is (in the absence of body forces)

P 1wl WP 1 P W
ar? r ar P ot at?
where o = MT2# )
p

A, u are Lamés constant, p the density of the medium.
If the cylindrical hole be subjected to an impulsive radial pressure throughout
the hole at time ¢+ = T the boundary condition becomes

(e =-P5(t-T 3)

where 6 (¢t - T) is the well-known Dirac delta function.

Solution:
Define Laplace transform U (r, p) for U? (r, t) and 7/, (r, p) for 72 (r, t) by

-]

U(rp) = 5 uPl (r, t) e? dt ..(4)
and 0
1. (r, p) = S 2 (r, 1) e dt. ...(5)
0
The Laplace transform of equation (1) and boundary condition (3) yield
d*u 1 dU p? 1
+ —— -+ —=|U=20 ...(6
dr? r dr <oz2 r2> ©
and
U .
[()\+2u) o ~] = - Pe’ (D)
dar r |,i=a
with
d D
X -0, uP=0 att=0.
at :
The general solution of (6) is
U (r, p) = AK, <£—> + BI; <££—> ...(8)
o [+ 4

where 1 (—[—,L), K, (—p—r—> are modified Bessel functions of the first kind and
a [+ 3
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second kind respectively '°. But since I; (pr/a) is not regular at infinity, we take for

solution

Urp =A@ K (—’-;i)

Using the boundary condition (7), the transform solution is

PePT K, (ﬂ)

«
U,p) =
2
P (qu> K, <£"_) + 2k (_e';)
o a a o
and
2
pe—pT [()\4_2“) £ Ko <££_>+.i Kl <£_r_
a o r
Trlr (r, p) ==

2
P (Hz,,> K, (ﬂ) + 2k <£
o [¢ 4 a [+ 4

On using the dimensioniess variables and quantities

r = T t
a a a [+ 4
2 u? U
y = L ;ﬂD = — ; U = -———a2
A+2u a a

the expressions for U (7, p) and 7/ (F, p) from (10) and (11) are

_ aPePT K, (pr)

U (r, p) =

a ()\+2u)5{1(o ) + %K, (5)]

and

Pf’_ﬁ[Ko o + K, (EF)]
pr

T (7 P) = -
&@+%m@

In Schlafli’s representation of K, (2) i.e.

2

'(3) ey §
K, (2) =;. <-—z—> g e (1P -1)"" 4t
;)

...(9)

...(10)

> (3

...(12)

...(13)

.(14)
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Putting z = pr and changing the variable of integration to 7=r¢ - 1 and putting n =0,
n=1, we get

Ky (pr) e = S e” {(r+ 1) - r " dr ...(15)

r-1

and

ef e
K, (pr) — = S — {r+ 1% - r}% dr. ...(16)
p r
r-1

Equations (12) and (13), dropping the bar notation, may be written as
a Pe?T

Yy
U (r, K + — K P = ——
( P) l: 0 (P) 1 (P)] (X 2 )

e

K, (pr) — .17
p

and

1. (1, P) [Ko (p) +% K; (p)] e? = —Pe T [Ko {pr) +—§7 K, (pr)] el .
...(18)

On taking Laplace inversion to the equations (17) and (18) using the convolution
theorem'! one gets

. 0, for0<t-T<r-1
fu”(nmﬂ g(t - n) dy= ——9‘—P——. 1 (t-T+1)? -1 for t-T > r-1
) a(AN2u) r
...(19)
and
‘ 0, for0<t-T<r-1,
5712 (".TI,T) g(t-”) dﬂ= "2+y {(t-T+l)2—r2}
0 oAV -T+DE-r fort-T>r-1
...(20)
where
" e
g =L"1e Ky (p) + —p—}’Kl (p)
2-
1 +y{(e+1)*-1] e

VE+1)2 - 1



DYNAMIC RESPONSE OF AN ELASTIC MEDIUM 871

(B) Case of Heaviside Loading
In the case of Heaviside loading,
ie. (1,,),g =-gq,fort =20 ...(22)

one gets the integral equation for the displacement?,

‘ 0, for0 < t-T<r-1,
Su"(r,n) g(t-n) dy= oq t+1 [+ D)2 - r_ I
a (A+2u) 2r 2

0

r

on <¢+1+m>], fort>r-1, - ..23)

and stress

0, for0 < t-T<r-1,

4

Srﬁ () g(t - 1) dn= _q{i%‘_:)_y VEr -7 + (1 - %)
r

0

<t+l+\l(t+ n-r2
log

r

ﬂ, fort>r-1. ..24)

3. Sorution For Ranpom PuLses AppLiep a1 RanpoM INsTanTs oF Time

For a random load for which pulse arrival rate is dN (T) in (T, T+dT) where
N (T) is a counting process, we can represent the random disturbance and random
stress at a point r as stochastic integral. If random pulses of magnitudes P (7) act
at random instants of time T on the inner surface of the cylindrical hole given by
the cour;ting processing N(T) we get the random displacement u (r, t) as stochastic
integral®.

-r+1
u(rt) = S P(T)u*(r, t, T) dN (T) ...(25)
0
where u* (t, T) is taken from the deterministic solution in (19) with P = |
. 0, for0<t-T<r-1,

. 1
gu (rn,T) g(t-n) dp=9 % ° (¢ - T+1)* - r% for t-T > r-1.

g a (MN2p) r
=G (t-T+1,r), say. ...(26)

Multiplying both sides of (26) by P (T and taking Stieltjes integration with respect
to the counting process N (T) we get
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1-r+1 { t-r+1
S P(T) l S u*(r,,T) g(t - n) dN(T) = S P(TYG(-T+1,r)dN (T).
T=0 0 T=0

Changing the order of integration in L.H.S., we get
! - r+1 t-r+1

S g (t—n)[ S P(T) u*(r,n,T) dN(ﬂ} dn = SP(T) G (t-T+1,r)dN(D).
0 0 0

...27)

Since 7 plays the role of time and u* (r,,T7) = Ofor T > 5 ~r + 1, i.e. the displace-
ment is zero for pulses starting at times later that n - r+ 1 we have
t-r+1 n-r+l
S P (T) u*(r,q,T) AN(T) S P(T) u*(r, ,T) dN (T)
0 0
u(r,m)  [by @5)].

[

Therefore, from (27)

H t-r+1

Sg(t—n)u(r,n)dn=g P(T) G (t-T+1,r)dN (T)
0 0
t-r+1
1
= P(T), —— —. - - T+ 1)*-r° dN(T),
S ()a()\+2p.)r(t +1)°-r (7

0
fort > r-1.

Alsou (7, t) =0solongast < r-~1, and
t t~r+1

1
g g(t-n)u(r,n)dy g p(n. —2% 2 [(t - T+1)%-r2, dN(T),
a (A 2p) r

r-1 0

H

fort > r-1. ...(28)

Similarly, we get 7, (r, £) = 0 fort < r-1, and

! 1-r+1

Sg(f—n)frr(r,n)dn=-SP(T).
0

r-1

rP+y (- T+1)? - r}
PV -T+D*- 7

fort > r-1....(29)

dN(T),

4. MeEaN VaLues oF THE DiSPLACEMENT AND STRESS

Since P (T) is a random function, the displacement and stress given by (28) and
(29) are also random functions. Hence assuming P (T), dN (T) to be stochastically
independent and, on taking expectation on both sides of (28) and (29), we get
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4 f-r+l
: o 1
-0 E s = — - - -
Sg(t 1) E{u(r, 7)} dy SE[P(D} PRTET R [(t - T+1)%-r?
r- 0 E {dN(T)} ...(30)
and
t t-r+1 , s )
_ _ re+y (- T+1)* - rd
5 g @ ")E[Trr (r,q)) dq = S E[P (T)] ,-2\/(1_7'.;.1)2_,-7
r~1 0

E {[dN(T)]. .31

Assuming dN(T) to be Poisson process, i.e.
E{dN(T)] = A (T dT + O (dT)

where A (T) is the product density of degree one.
We consider the following two cases :

Case 1(a) — Both the pulse arrival rate and the amplitude are constant,
i.e. A (T) = Ay, a constant
and E [P(T)] = P, a constant.
We get from (30) and (31) respectively

!

a (A +2u)
o Py Ay X g (t-n) Efu(r,n))dn
r-1
= f+1 /(t+l)2—r2—ilog<t+l+ (e+1) -r) ...(32)
2r 2 r
and

?

S g(t-n)E {Trr (r, 7’)} d’l

r-1

=_[-‘-’-—;;‘2-’J—W+<l-§>nog<

1
Po Ay

t+l+m)J

r

...(33)
It is seen that mean displacement and stress given by (32) and (33) differ from the
case of a Heaviside pressure excitation at a cylindrical hole? by the factor Ay. This

suggests that except for a scale factor, the case of constant arrival rate model coin-
cides with Heaviside loading case.

Case 1(b) — The pulse arrival rate is constant, i.e. A(7T) = Aq, a constant,
while for the amplitude P (T), E [P(T) = P, exp (~aT),'6 > 0 where P, is a
‘constant.
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On substituting in eqns. (30) and (31), we get
4 . t-r+1

M&g(!-n)E[u(nn)}dn=S —l— (t-T+D*-r* e°TdT
a Py Ay r
- ° ..(34)
and
1 t-r+1 5 s r2
1 _ _ r‘+y [(t - T+1)* - rf T
Py By S gt-n) Elr, (r,p)) dp = S AT el aT.
- ° ...(35)

Case 2 — As a model of seismic pulses, the pulse arrival rate may be taken to
be varying sinusoidally over half period, after which it is zero®. Then

A(T)

T
Ao Sin <%> when0 < T < b,
0, when T > b.
Also E {P(T)} = Pyexp (-0T), a > 0.

I

Substituting the above in (30) and (31), we get

(I—r+l
, 1
s—‘ @G- T+1)?-r e Sin ("—7> dr,
(N 2) : r b
a m 0
_ t - )E{u(r, dn={ fort-r+1 < b,
Py Sg( n)E{u(r,n)] dn )
r-1
Si VI - T+ 1) -r* e Sin <"—7> dT,
r b
-0 forf-r+1> b, ...(36)
and
t-r+1
rreylc-T+)*-r .,
(-T+1)2-r
t 0

P

r
Sln<bT)dT fort-r+1 < b,

b
o Pyle- T+ - ooT
(-T+07-r

S g(t-n)E {Trr (r:")} d

r-1

Py A

0
_ Sin (%T) dT, for t -r+1 < b....(37)

5. Numericat ResuLts anp Discussion

Numerical evaluations of E {u (r, t) and E {7,, (r, #)} from the integral equa-
tions, have been dome supporting them to be stepwise constant over succession of
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short intervals of the range of integration?. The quantities
a (A+2u)
ST E {r,, (1, 1))

a PoAg

have been plotted against time for r = 1.5, 2.0, 2.5, 3.0, 4.0 for cases 6 =0, 0=0.5
with y = 2/3.

Elu (r, )] and

-2

. . . . a (A+2u) .
F1G. 1. Mean value of the non-dimensional displacement i.e. ———————— E {u (r, 1)} in the case A(T)

=Aqg E (P(T)] = Py exp (~aT) vs time for different r. « Poho

-0 4 <

-0.7

F1G. 2. Mean value of the non-dimensional stress i.e.

E {7, {r, 1)} in the case A (T) = A,,
E {P(T)] = Pyexp (- oT) vs time for different r. 0
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Figures 1 and 2 correspond to case 1(b). In this case, when ¢=0, the mean
displacement and mean stress tend asymptotically to constant values for large time
and when 0=0.5 they tend to zero with time.

ot -

, . R . a (N2u)
F1G. 3. Mean value of the non-dimensional displacement i.e. —PA
T o 01\0
= Ag, Sin <12—>, E {P(T)} = Py exp (-oT) vs time for different r.

E [u (r, 1)} in the case A(T)

a0

F1G. 4. Mean value of the non-dimensional stress i.e. E 1, (r, 1)} inthecase A (T) = Ay
T 0

Sin <——2—>, E[P(T)} = Py exp (- oT) vs time for different r.
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Figures 3 and 4 exhibit the same quantitites in case 2 with
T
A(T) = A, Sin <%> for0 = T <2

=0,for T > 2

Here both the mean displacement and mean stress gradually decrease with time for

0=0, as well as for 6=0.5. It is seen from Figs. 3 and 4 the response is remarkably
different in this case than that of constant arrival rate case.

—
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