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A formula for S, (n) = E’ r? is obtained in this paper by elementary methods. It

is found that this formula is a different version of the well known formula for
S, (n) given by Jacques Bernoulli in terms of the Bernoulli numbers. The property
that the Bernoulli numbers of odd indices are zero is also proved in this paper. Two
formulae are obtained for the Bernoulli numbers of even indices.

1. IntrobUCTION

This paper is concerned about finding a formula for the sum

S, (m) = i rf
r=1

where p and n are positive integers.
The formula

Z (rp+l_(r~l)p+l) =np+|

1)

is used as a starting point. Proof of (1) is obvious by direct expansion. From the

Binomial formula it follows that
p+1
p+1 . )
('._l)p+| - -1 p+l-l'
L (%)
i=0
Substitution for (r - 1)?*! from (2) into (1) gives

i [ i <p'.f'l>(_l)i+l rp-i] = pP+l .
. {

i=0

Dividing (3) by (p+ 1) and using

<f’>= P = p -1 p-i+ )

]

...(2)

...(3)

...(4)
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(3) is rearranged as

p+1
S,(n) = —— + E 1)i+! [”]') S,.; (n). (5

The recurrence relation (5) was first solved by Jacques Bernoulli’. In order to
invert the recurrence relation (5) the so called Bernoulli polynomials and Bernoulli
numbers were introduced by him. In this paper the recurrence relation (5) is solved
directly by its repeated application. It is found that the resulting formula is a dif-
ferent version of the well known formula for S, (n) given by Bernoulli in terms of
the Bernoulli numbers. The approach taken in this paper uses elementary methods
and it is believed to be new. The property that the Bernoulli numbers of odd indices
are zero is also proved in this paper. Two formulae are obtained for the Bernoulli
numbers of even indices.

2. Sorution

In this section, the recurrence relation (5) is solved by its repeated application.
Thus S,_; (n), i = 1 — p, in (5), is expanded again using (5), i.e., by substituting
p-i for p. Thus

np~l+l [p—f]-
= 2: 1)/ —— 5, ().
Sp-i (n) = it + (-1) G Sp-i-j (1) ©

Expansion of (5) by using repeated use of (6) gets arranged in the form of a tree
in a natural way. The corresponding tree representation is shown in Fig. 1.

In this tree S,; (n), i € {0, 1, ..., p} is represented by node i. Branching of node
i corresponds to expansion of S, ; (n) using (6). Thus when node / is branched it
produces children nodes (i + 1) ,..., p and branch joining node i and its child node
m,i < m < p, is associated w1th two gains. These gains are g,= [p-i],,_; and g,
= (~1)™*1/(m-i+1)!. Node i also produces a child node which represents the term
n”‘ +1/p-i+ 1. This node is not given any number and the branch between this node
and its parent node / has gains g, and g, both equal to 1. These unity gains are not
shown explicitly in Fig. 1. Such nodes which are not given numbers are called leaf
nodes because they are not branched further and the terms represented by them are
called the leaf terms.

Now, let the focus be on anode i, 1 < i < p. Let it be called node a. Node
a produces the leaf node which represents the leaf term n”*!/p-i+ 1. Let this leaf
term be called term b. Consider the path between the node 0 and the node a. Let
the product of gains g, and g, of branches in this path be denoted by A, and A,
respectively; h; and A, are said to be path gains for the path between the node 0 and
the node a. Note that the leaf term b is multiplied by A,h, in the expansion of the
right hand side of (5). Now, consider collection of all nodes / in the set Q;. Let the
sum of multiplication factors A, for the leaf terms produced by [sums represented
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by] the nodes in the set Q; be denoted by G._,. Collection of all the leaf terms along
with their corresponding multiplication factors allows (5) to be expressed as

np—Hl

14
S, (n) = Y}, Giy )]

oo p-i+1
Note that when i = 0, the set Qy has only one node in it; it is the node 0. For
this node, from (5), h; = 1, A, = 1 and thus G_; = 1.
Lemma 1 stated below allows further simplification of (7).

Lemma 1 — Gain h, for the path between the node 0 and any node i in the set
Q, : is equal to [p}].

Proor: Mathematical induction will be used to prove the lemma. Consider
i = 1. There is only one node in the set Q,, it is the node 1. From (5), the path bet-
ween the node 0 and the node 1 has the gain &, = [p],. Thus, the proposition of
Lemma 1 is true fori = 1.

Now, suppose that the proposition is true for 1 < m < i - 1. So the path bet-
ween the node 0 and a node (i ~ 1), say node c, in the set Q;_; has gain equal to [p];_,.
Consider the child node i of the node ¢. The branch between the node ‘C’ and its
child node / has gain g, equal to, from (6), [p-i+ 1],. Hence, the path between the
node 0 and the child node i of the node ¢ has gain A, = [p],_, [p-i+ 1], = [Pl

Thus, by the indication principle the proposition of Lemma 1 is true.

From Lemma 1 it follows that the multiplication factor h; for the leaf terms
produced by the nodes in the set Q; is the same and is equal to [p];. Hence, G, =
p), A1, where A, is equal to the sum of the path gains A, of the paths between
the node 0 and the nodes in the set Q;. Thus (7) is simplified as

P
Sp (n) = Y Ay [Py nP (8
i=0
Note that the property [pl; = Ipli.; /p-i is used to obtain [p), = 1 and [p]., =
1I/p+1. Wheni = 0, G, = 1 as seen earlier and from G_; = 1 = [p]y A_,, it
follows that A_; = 1.
A formula for A, is given by the following lemma.
Lemma?2 — A, = 1,
i+1 i+ 1
-1 L=
4=y ( .)’ A, i=1,2,. } ...(9)
. G+ D!
=1
Proor: From (8), it follows that
P i
Spj (n) = E Ao [p=Yey nP7EHL -.(10)

k=0
In (10), when k=i-j+ 1 the term of power (p-/) is obtained and it is given by A4;;
[p-jl;; n?”. This term is produced by the leaf terms n”"'/p-i which are in turn pro-
duced by [sums represented by] the nodes in the set Q. ;. From the definition of 4,
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it follows that A, ;, which is a multiplication factor for the term of power (p~i) in
(10), is equal to sum of all path gains h, of the paths between node j and the nodes
in the set Q;, . Applying this to the children nodes j, j = 1, 2, ... i+ 1, of the node
0 and recalling that A, is equal to sum of all the path gains h, of the paths between
the node 0 and the nodes in the set Q;, ;, the statement of the lemma foliows.

This completes the proof of the Lemma 2.

Alternatively 4; can be found by putting p = i + 1 and n = 1 in (8). From
this substitution it follows that

p
E A i+l = L. (1)

i=0

Hence

i

iel
A (12
(1%1)' E(J+1)' H 12
Now, leti = 2k-1,k =1, 2, ..., i.e., let i be odd. Equating right-hand sides

of (9) and (12) gives

o 1 1
Y o Ay = k=12, ... ..(13)
o 2Ak-) ! (2k) !

From (9) or (12), A, is obtained as A, = 1/2. From substitution of this value in (13),
it follows that
k-1 1
— A, =0, k=23, .... ...(14
L ap M 9

j=1
Hence,
A2k - 0, k = 1, 2, eee o (15)

Taking (15) into consideration two formulae can be obtained for A, ,,
k=1,2,....; the first by substituting / = 2k~1 directly in (12), and the second, by
substituting i = 2k in (12), equating the result to zero and solving for A,; . These
formulae are

Ag =1
1 k£l 1
Ayy = ————— - Ayt
T 200 o QUi+ +D)! o --(16)
k=12, ..
or
A—l = 1
1 k-1 1
Ayy = ————— -2 — Ay,
T ke Jg 2 (k=j+1) ! "‘ --(17)

k=1,2,...
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Finally, the result given by (8) and (9) or (12) is written in light of (15), as

TPl nP {p/2] o
S, (n) = + — + A nP-ek+
p (n) il 5 ,(21 2«1 [Pk
p=23..
So (n) = n
2
Sy (n) = "7 + % ...(18)

where [p/2] is the largest integer not exceeding p/2.
In the next section, the relationship between A;’s and B,’s, the Bernoulli
numbers is given.

3. Reramionswir Berween A; anp B;

Let
B, =i1A,,,i=0,1,.. ...(19)

wheni = 0,B;, = A,; = 1 and wheni = 1, B; = A, = 1/2. From (15) and (19),
it follows that

Bus; =0, k=1,2,. ...(20)
With B; as defined in (19), (16) is rearranged as
Bo = 1
“ 1
By = — - (2k)! By,
* @ E eNeEkp+npt Y @1
j=12 ....)
and similarly (17) is rearranged as
Bo = l
*! 1
By = - 22k)! B,
* = ey O Jg e QU+t 7 -(22)
j=1,2, ...

Finally (8) is rearranged using (4), (19) and (20) as

Pl n? 2l p
S, (n + — + —_— B,, nP &+
» (D=2 2 )} 2k<2k—l) %

k=1
p=23..

..(23)

2

Sy (n) = n
n

S.(n)= +"ZL

2
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Remark 1 : By, k = 1, 2,..., are the well known Bernoulli numbers. From (20),
it follows that the Bernoulli numbers of odd indices are zero.

Remark 2 : The numbers By and B, are sometimes also included in the set of
Bernoulli numbers. However, the definition of B, is not standard. Some authors
define it to be equal to 1/2 (see Bernard and Child?) as is the case in this paper. This
definition allows to characterize the Bernoulli number B, as the coefficient of n in
S, (n) not only for p = 2 but also for p = 0 and p = 1. This characterization is
obvious in light of (19), (20) and (23). But some authors define B, to be equal to
-1/2 (see Rademacher?). This definition of B, allows the Bernoulli numbers to be
characterized by the symbolic formula B? = (1+ B)9, q = 2, where after expan-
sion of the right hand side each power is to be changed into an index, i.e., B, is to
be written for BX. This can be seen as follows:

From (12) and (19), it follows that

i+t 1
B;, )

i~f+1

1-G+Dt Y] G+ D! =j+ 1)

J=1

1 o 1
1- —— By- B, - (i+1)!
iz D07 B D E G+ D! G-j+ !

By i=2

where By = 1 and B, = 1/2.

Howerver, if B, is taken as equal to -1/2 then,

1 - 1
B, ,=1-—-1+{(-B;- (i+1)! B ;. \),i=z2
s i+2 ( DY TGy "“)

=i

and multiplication by (i + 2) gives
i+1 l+ 2
j=o N/
which is nothing but
i+2 :
i+2
B, = ), ( . )ijqzz
j=0 /
or in symbolic form this is written as
B, = (1 + B)?
as stated earlier.

Numerical values of the first four odd A4, are

1 1 1 1
A= — Ay = - —  As = ——, Ay = - ———,
12 720 30240 1209600
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The corresponding first four even Bernoulli numbers are
1 1 1 1

By,= —,B,=-—,Bg= —, By = — —.
2T e 300 ¢ 42’8 30

4, CoNcLUSIONS

n
The following formula for S, (n) = 2 rP is obtained in this paper using

elementary methods. r=1
nPtl n? [p/2} -
S, (n) = + — + Ay _ nPEAL
» (1) il 2 g 21 [Plak-
- op=23,...
Sy (n) =n
n* n
Ssm=2+2
1 (n) 5 >
where,
A—l = 1
1 o 1
Ay = - —————— A4,
T 202k ,-);f, @ k-p+1r
k= 1,2,...
or
1 o 1
Ay = —— -2 TR AZj—h
2k +1)! @ e+ D)
k =1,2,..

This formula is shown to be a different version of the well known formula given
by Jacques Bernoulli, namely,

p+1 p [p72] 1
S, (n) = " + 2y E (7 By, nP 2+t
p+1 2 o 2k \2k-1

k=2,3,....

where By, k = 1, 2, ..., are the Bernoulli numbers.

The relationship B; = i! A, ,, between A; and B;, gives the following two for-
mulae for By,

1 - 1
By = — - (2k)! By,
W=t ,f:, @) @ =+t Y
Jj=12,..

or
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k-1
By = ——— - 2 (2k)! B,
*= ey 29 E) e (2(k—j+1))' y
i = 1,2,...
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