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In this paper a common fixed point theorem is established for a pair of mappings .
in normed space which extends a result of Naimpally and Singhl with the use of the
G-iterative process.

Naimpally and Singh® extended some fixed point theorems of Rhoades? for a
mapping 7 satisfying certain contractive conditions, if the sequence of Ishikawa
iterates converges to a fixed point of 7.

In this paper, it is shown that, for a pair of mappings T, and 7, which satisfy
condition (1) below, if the G-iterates converge, they converge to a common fixed
point of T} and T5. For bounded subspaces, our result includes that of Ray>. Before
presenting our main result we state the following preliminaries.

Let T be a self-mapping of normed space N. We recall that the G-iterative pro-
cess associated with T is defined in the following manner.

Let x; be in N and set

Xps1 = W= Ma) X + Ny I, + (1 - 1) T, fOorm = 0
where  {u,) and [\,] satisfy () Ao = po = 1 (i) 0 < A\, < 1,0 < p, < 1 such
that u, = A,, n > 0 (jiii) lim A, = A > 0 (iv) lim g, = 1.
n—oo n-—oo

When {u,] = 1, the G-iterative process reduces to Mann iteration.

Our main result is the following theorem:

Theorem 1 — Let X be a closed convex bounded subset of a normed space N
and let 7, and 7, be two self mappings of X satisfying

ITx-Tyl < g max {c Ix-yl, [(Ix-Tixl+ by-Ty), [Ix-Tyb+1y-Txl]] ...(1)
for all x, y in X where ¢ = 0, 0 < g < 1. Let the sequence {x,} be defined in ac-
cordance with the G-iterates associated with T, and T, as given below:
For x € X, set

Xans1 = (B2n = Non)X2n + Mon TiXpn + (1 = p20) ToXop g (2
and
Xom+2 = (B2a+1 =~ Mne 1DX2ns1 + Nonat ToXonsn + (1 - pansy) TiXon --()
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forn =0, 1, 2, ..., where {A,} and {pu,} satisfy (i), (i), (iii) and (iv). If {x,} con-
verges to z in X; then z is a common fixed point of 7 and T,. Further, if max {cgq,
2gq} < 1 then mappings 7; and T, have a unique common fixed point.

Proor: Let z € X such that lim x,, = z. We shall show that z is a common fix-

ed point of 7| and 7. ne
Consider,

Nz-Tozll < Hz-xpp 011 + lx,, =Tzl

< Bz-xpn i 1 4 Mpaa=NandX2n + Man TiXan + (1=pi2y) ToXon -T2l

< Nz-x9, 4 1+ (oA xo = Tozll + Ay, Tyxs, - Tzl

+ (1-p2n 1 Tox2p_ -T2l

Nz=x2, ¢ | H 4+ (a-No ) X2, ~ Tzl + N, ¢ max {clx,,-zll,
Uixo,=Tixa, 0 + Uz-T5zl1, xp,-Tozll + lz=Tix2, 111 + (1-pr20) W ooy -T2
< hz-x9, 4 104 (uon—Nop) Ixg- ozl + Ny, ¢ max {cllxy,-zH,
‘[llxz,,— Ty, + 2= Tozl], [y~ Tozll + bz—x5, 0 + xy,- Tixa, 1]}

A

+ @ —‘[Lz,,)"T2X2,,_1—T22". ...(4)
From (2) we have
1- .
By Titanl = 1/ Ap by ) + 224 T ). (5)
2n

Using (4) and (5), we obtain
“Z—TzZ“ = "Z—XZ,H,‘“ + ([LG—)\zn)IIXZ,,—Tzz“ +N\an G

1 1-
max {c T {)\—lez,,—xz,,HH o) +|Iz—T2z|lJ,
2n 2n

T | - (-
[HxZn—Tzzll+|lz-x2,,l|+ — lxy=x0, 4l + (_ﬁl_ri“ szz,,_l—xz,,IIB
)\ZII )\Zn

+ (1 - o)l Toxzy -TozZll.
Letting n—oo and using (iii) and (iv), we obtain
iz-Tyzd =< (1-h+hq) lz-Tyzl
a contradictio_n.' Hence z = ‘7"2 2, i.e. z is a fixed point of 7).
Similarly one can show easily that
Wz-Tyzl < (1 - h+ hg) iz-Tzl

a contradiction. Hence z = 7z, i.e. z is a fixed point of T},
Hence z is a common fixed point of T, and 7T>.
In order to show the uniqueness of z, let w (w=z) be another common fixed

point of 7, and 75. Then using (1), we have
uZ—W' = “T]Z-Tzwu !
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= g max {c iz-wl, [Iz-Tyzl + Yw-T,wl], [Nz-Towl + Iw-Tzl])
< g max {c lz-wl, 0, 2iz-wl}
< lz-wl

a contradiction, since max {gc, 2¢g} < 1. It then follows that z = w, proving the
uniqueness of z. This completes the proof of the theorem.

Remark 1 : 1t is not known whether the result of Theorem 1 follows without
boundedness of the space.

Remark 2 : We find that the boundedness of X is a necessary condition in order

to have {x,} converge. For, let X = [0, o) with the usual Euclidean metric, T\x
=Tox = 2X, ppp M = 15 for all n.

Then (1) is satisfied with g = Y, c =2, but x,,; = (W, - N) x, + \, Ty x,, +
(1 - u,) Ty x,.; = x,, and Xx, is monotone increasing. Moreover, since u, — 1 and
Ny = h > 0, {x,] is unbounded.

Remark 3 : If weput T; = T, = T and ¢ = 1 in the above Theorem 1 we ob-
tain following corollary:

Corollary 1 — Let X be a closed convex bounded subset of a normed space N
and let T be a selfmapping of X satisfying

I Tx-Tyl = q max {Hx-yl, x=Txl+ ly-Tyl], [Ix-Tyl+ Iy-TxI}. ...(6)

For all x, y in X, where 0 < g < 1. Let the sequence {x,} be defined in accordance
with the G-iterates associated with T as given below:

For Xp € X set
Xper = We=N)Xp+NTx, + (1 - p,)Tx,, forn = 0, -..(M

for n=0, 1, 2,..., where {\,} and {p,)} satisfy (i), (i), (iii) and (iv). If {x,} con-
verges to z in X, then z is a fixed point of 7.

Remark 4 : The condition given by Naimpally and Singh! (Theorem 1.4 1I (D))
is a special case of condition (6).
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