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Rademacher raised the following question concerning the Dedekind sum s (A, k).
If H/K and h/k are adjacent Farey fractions such that s (H, K) = O and s (h, k)
> 0, then is it necessarily true that s (A+ H, k+ K) = 0 ? The answer to this ques-
tion is given by Pinzur? and Rosen”. In this paper, similar problem to Rademacher’s
question is discussed. Also, two lemmas are given related to the function D (A4, k).

1.  InTrODUCTION AND LEMMAS

The Dedekind sum s (h, k) can be defined by

conn = B () (%)

where k € Z*, (h, k) = 1, k > 1. The function s (A, k) is periodic with period
one and odd. ((x)) = O0or x - [x] - ¥2 according as x is an integer or not respectively.
We will use the function D (h, k) which is defined by Asai'! and Salie®. D (h, k)
is defined as D (A, k) = 12 k. s (h, k). It’s value is an integer. We need the follow-
ing formulas:

hD (h, k) + kD (k, h) = h* + k* -3 hk + 1
D (h, k) = D (h’, k’)if h = h’ (mode k)

D (h, k) = D (h, k), if hh = 1 (mod k)

D (-h k) = -D (h, k).

Let A denote the semi-group consisting of ail two by two matrices with non-negative
integer entrices and determinant one.

i

kK

tions. For each element ¢ = < ZZ) € A, let us put

If ( h H> is an element of A, then h/k and H/K are non- negative reduced frac-

_ (D (a, c) D (b d) _ {01 1
D(a)_<D(c,a)D(d,b)>andC(o)—(—10)(1)(0)0 20

where I denotes the identity matrix.
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Lemma 1.1 — If o and 7 are elements of A, then it holds

C(e) =C (o) + s C (Dot

Proor: Let 0 = (ab ), T = (h H). From the definitions of D (7) and

cd kK
C (o7), we have the following equalities
D(ah + bk, ch+dk) =dD(h,k)-cD(k,h) + hD(a,c) + kD(b,d)-2dh+2ck ..
D(ch+dk, ah+bk)=-bD(h,k) +aD(k,h) + hD(c,a) + kD(d,b) + 2bh-2ak ...

D(aH + bk, cH+dK)=dD(H,K)-cD(K,H) + HD(a,c) + KD(b,d)-2dH+2cK ...(3)
D(cH+dK, aH+bK)=-bD(H,K) +aD(K,H) + HD(c,a) + KD(d,b)-2aK + 2bH. ...(4)
The expression (1) is given by Asai! as Lemma 2.
ab\. h H
For the case h/k = 1/1, (c d) is replaced by (k K)

then we have
D(h+H, k+K) = D(H,K)+D(hk) - 2K+2k }
D(k+K, h+H) = D(k,K)+D(K,H)+2H - 2h.

...(5)

The mediant of adjacent Farey fractions H/K, h/k is h+ H/k + K. 1t satisfies the
inequality H/K < h+ H/k+K < h/k.

ab _(h+Hh
Corollary 1.1.1 — If ¢ = <cd> and 7 = <k+K k)’ a, T€EA

then the following equalities can be found.

D(ah+ bk, ch+dk)=dD(h,k)-cD(k,h) + hD(a,c) + kD(b,d)-2dh+2ck

D(a(h+H)+b(k+K),c (h+H)+d(k,K))=dD(h+H,k+K)-cD(k+K, ..(6)
h-H) + (h+ H) D(c,a) +(k+K) D(d,b) +2b(h+ H)-2a(k-K).

h+ Hk + K =1/1, <Z¢3> is replaced by (:I?Z)’ then (6) becomes
DQ2h+H, 2k+K) = D(h+H, k+K) + D(hk) + 2K. ..-(8)
From (5) and (7), we get
D(2h+H, 2k+K) = 2D(h,k) + D(H,k) +2k. ...(8)

Lemma 1.2 — There are the following relations among the three consectutive
Farey fractions H/K < h/k < h-H/k-K.

D(2h-H, 2k-K) = D(h,k) + D(h-H, k-K) + ZK}
D(2k-K, 2h-H) = D(k,h) + D(k-K, h-H). - 2H.

..(9)
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. _f(ab _{( h h-H
Proor: Let 6 = <cd> and 7 = <k k-K>' By Lemma 1.1, we have the two

equations in (9). Since H/K < h-H/k-K are adjacent Farey fractions, we have

D(h, k) = D(H,K) + D(h-H, k-K + 2K-2k } 10
D(k, h) = D(K,H) + D(k-K, h-H) - 2h-2H.
From (9) and (10), we obtain
D(2h-H, 2k-K) = 2D(h,k) - D(H,K) + 2k-2K o
e
D(2k-K, 2h-H) = 2D(k,h) - D(k,H) - 2h+2H.} )

Let o € A, the function v (o) is defined on A as 2v (o) = dD(c, a) - ¢cD(d, b) +
bD(a, c) - aD(b, d). then there is a relation (@ - ¢) (D (b, d) + D(d - b)) +
(d - b)(D(a,c) + D(c, a)) = a*+b*+c*+-3ab - 3dc+6ad - 2ac - 2bd - 4.

Lemma 1.3 — Let h/k be a positive reduced fraction and let us put
H =k-D(k, h), K=3k-h+D (h k).
If H is positive, then H/K < h/k are adjacent Farey fractions and it holds
D(H, K) = -D(k, h), D(K, H) = D(h, k)+3D(k, h). ...(12)

The proof of this lemma by using the reciprocity is given by Asai’.

2. Tue Main THeOREM

Theorem 2.1 — Let H/K < h/k be adjacent Farey fractions. The Dedekind sums
of these fractions are positive, but the Dedekind sum of adjacent difference of these
fractions is negative.

Proor : Since H/K, h/k are adjacent Farey fractions, adjacent difference of
these is A - H/k - K. From (10) and (12) we can write

D (h-H k-X) D(h k)-D (H K) + 2k - 4K

K-3% + h-H+ k + 2k -4K

(h-H) -3K

]

in which right sides are always negative. The Dedekind sum of mediant of adjacent
Farey fraction and adjacent difference is given in Table I. The value of s (h+ H, k+ K)
obtained in (5) is equivalent the value from the sum formulae in Rademacher?,
Rademacher and Grosswald?.
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Tasee 1
H H+h h h-H s (h+H s (h-H,
— — _— s (HK ' s(hk ’
K K+k k k-K ( ) k+K) ( ) k-K)
10 13 3 7 1 -1 -1 -22
27 35 8 19 162 14 14 57
16 3 10 1 -9 3 -25.82
48 59 11 37 268 108 22 67.107
16 v 3 B 73 -
75 89 14 61 450 99 14 198
o2 3 16 L2 3 e
108 125 17 91 648 25 17 546
2 _2_5_ 19 1 =27 i -125
147 167 20 127 882 337 8 762
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