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A domain R is called G-Noetherian if the G-ideals of R satisfy a.c.c. Some results
similar to those for Noetherian domains are established for G-Noetherian domains.
It has been shown that a valuation G-domain V is G-Noetherian if and only if every
prime ideal of it is a G-ideal. Also it has been proved that if V is a valuation domain,
not a field, in which all the G-ideals are finitely generated then it is Noetherian.

1. InTtRODUCTION

The G-ideals of a domain R form a sub class of the class of prime ideals. These
have been defined by Kaplansky'. We call a domain R, G-Noetherian if the G-ideals
of R satisfy a.c.c. We consider commutative domains.

2. Some ProprerTies oF G-NoerHerian Domains

Proposition 2.1 — If R is a G-Noetherian domain, then R [X] is also a G-
Noetherian domain.

Proor: A Prime ideal Q of R [X] is a G-ideal if and only if ONR = Pisa G-
ideal and Q properly contains P [X]. Let Q,CQ,C....... be a chain of G-ideals in
R [X]. Let Q; contract to P;in R. Then {P;} is a chain of G-ideals in R and hence
must be finite. Also there cannot be a chain of three distinct prime ideals in R [X]
which contract to the same prime ideal in R. Hence {Q,} must be finite and R [X]
is G-Noetherian.

Proposition 2.2 — Let R be a G-Noetherian domain. Then R , the integral closure
of R in its quotient field, is also a G-Noetherian domain.

Proor : R [X] is the integral closure of the polynomial ring R [X] in K [X]
where K is the quotient field of R. So corresponding to every maximal ideal m in
R [X] we have a maximal ideal M in R [X] and vice versa. Therefore, if Q is a prime
ideal of R lying over the prime ideal P of R, Qis a G-ideal if and only if P is a
G-ideal. Also there cannot be two prime ideals QC Q' in R lying over the same prime
ideal P of R. Hence any chain of G-ideals in R is finite whenever R is G-Noetherian
and the result is established.

Proposition 2.3 — The homomorphic image of a G-Noetherian domain is a G-
Noetherian domain.
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Proor : Let R be a G-Noetherian domain and S be the homomorphic image of
R under f. Since every G-ideal in S is the contraction of a maximal ideal in S [X]
and extensions and contractions of prime ideals and maximal ideals under onto
homomorphism are prime ideals and maximal ideals respectively, a chain of G-ideals
in § will contract to a chain of G-ideals in R. Hence the result.

Proposition 2.4 — Every ideal in a Noetherian domain R contains a product
of G‘idegls.

Proor : Let F be a family of ideals in R which do not contain a product of
G-ideals. If F # ¢, then since R is Noetherian, F has a maximal element U by the
maximum chain condition. U cannot be a G-ideal. U ¢annot be a prime ideal also,
for then VU = U = intersection of G-ideals containing AU. This means U contains
a product of G-ideals, a contradiction. Therefore there exist ideals a and b such that
a2 U, b 2 U and ab C U. @ and b are outside F and hence contain a product of
G-ideals which in turn means U contains a product of G-ideals, again a contradic-
tion. So we conclude that F must be empty.

Proposition 2.5 — Let R be a commutative domain satisfying a.c.c. on radical
ideals. Then any radical ideal in R is the intersection of a finite number of G-ideals.

Proor : Let a be a radical ideal @ in R. Let a be the intersection of an infinite
set of G-ideals G,, G, G3, ..., ..., . Then G, D G, N G, D G, N G; N Gy, .....
is an infinite chain of radical ideals, a contradiction.

Proposition 2.6 — Let R be a domain in which the G-ideals are finitely generated.
Then R is G-Noetherian.

Proor : Consider G; C G, C .... a chain of G-ideals of R. G = U G, is clear-
ly a prime ideal. Let R\G = S. § is a multiplicative set. In R\G every prime ideal
contains the image of some s € S. Therefore G is a G-ideal. By hypothesis it must
be finitely generated and hence the chain of G-ideals must be finite:

The converse of this result need not hold. For example a valuation domain of
rank n # 1 is G-Noetherian but if its G-ideals are finitely generated, then it would
became Noetherian and hence of rank one.

3.  Varvatrion Domains anp G-1DEALS

Theorem 3.1 — Let V be a valuation G-domain. Then Vis G-Noetherian if and
only if every prime ideal of V is a G-ideal.

Proor : Let V be G-Noetherian. Then ¥V has 6nly a finite number of G-ideals.
Also the radical of any ideal is the intersection of G-ideals containing it. Therefore
every prime ideal of V'is a G-ideal. Conversely let every prime ideal of V' be a G-ideal.
Then by Proposition 2.9 and Theorem 3.3 of Rajagopalan and Viswanathan? any
chain of G-ideals is finite and V is G-Noetherian.

Theorem 3.2 — Let V be a valuation domain, not a field, in which all the
G-ideals are finitely generated. Then V is Noetherian.
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Proor : Let M = (p) be a principal prime ideal of V. Suppose there is a
nonunit g in M\M. The ideals of V being linerarly ordered we must have M C (q).
Hence p = rqg for some r in V. rq is in M and ¢ not in M gives r is in M or r.
= ¢p for some cin V. ie. p = cpq which implies ¢ is a unit in V, a contradiction.
So M must contain all nonunits of ¥ and is the unique maximal ideal of V. Let
a # 0 be in M. The set L of ideals of V disjoint from the multiplicative set
S = {1, a, @ ...} is nonempty since the zero ideal belongs to L. We can expand
the zero ideal to a prime ideal P which is maximal with respect to disjointness from
S. Pis a G-ideal for if u* denotes the image of u in R* = R/P, every nonzero prime
ideal in R* contains u*. Hence R* is a G-domain and P is a G-ideal. P is non-zero
would mean there is a non-zero G-ideal other than M which is a contradiction. So
P is the zero ideal and is the only prime ideal other than M, a principal prime. Hence
it follows that V is Noetherian.
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