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We define (x, A)-expandability, characterise («x, A)-expandability as a normality-like
property of product spaces, and prove a variety of related theorems.

1. InTrRODUCTION

All spaces are assumed to be regular and 7,. Expandability is studied by
Krajewski® and Smith and Krajewski'®© and the ®-property by Rudin'' and
Yasui'?'™. Yasui'® characterized the ®B-property by normality of products. He!*
characterized the §-property using certain properties of open coverings. He'? asked
whether normal spaces having the 8-property are paracompact. Rudin!! gave a
negative answer, that is, Navy’s space is the counterexample Throughout this paper
we assume that A and « are infinite cardinals with A < «x. We define (x, N)-expandability
and (x, N\)-paracompactness which are general versions of expandability and paracom-
pactness, respectively. We characterize the 8 («)-property by an expandability-like
(paracompactness-like) property. In particular, whenever « is a regular cardinal, («, «)-
expandability ((«, k)-paracompactness) coincides with the B (x)-property. We also
show that every normal (x, A)-expandable space can be characterized by the normali-
ty of a product of it with a certain space. Furthermore we investigate (x, A)-
expandability, (x, A)-paracompactness and other covering properties of ordinal
numbers. Also we show that a strengthening of the ®-property which we call the
strong B-property implies paracompactness.

Notation, definition and basic facts

For an ordinal «, ¢fa denotes its confinality. Let (k] <* = {§ C x: |S] < \}
and « <* be the cardinality of {x] <* (similarly [«] $*). A x-sequence < F,: a < k >
of subsets of X is locally-\ if every point x of X has an neighbourhood U such that
fa < x: F, N U # 0} € [«x]<*. A «k-sequence < F, : a < «k > of subsets of X
has L () if for every point x in X, there exist a neighbourhood U of xand a 8 <
k such that {a < x: F, N U # 0} C B. Note that the properties L («) and local-«-
ness are equivalent if « is regular, and that L («) implies local-k-ness. A collection
F of subsets of X is star-Aif |[{Fe€ F: F N Fy # 0} < X for every Fy € F.

A space X is (x, A)-expandable if for every locally-\ x-sequence < F,:a < « >
of closed sets of X, there is a locally-A k-sequence < U, : o < « > of open sets
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of X such that F, C U, for every a < «, we call such < U, : ¢ < x > locally-A
open expansion of < F, : « < x >. A space is (x, A)-paracompact if every open
cover of size <« has a locally-A open refinement. It is easy to show that every open
cover U of size <« hasa locally-A open refinement V= {V (U) : U € U} such that.
V (U) C U for every U of U, if the space is (x, A)-paracompact. A space is (x, \)-
Lindelof if every open cover of size <« has a subcover of size <\. A space X has
the @ (x)-property if for every increasing (i.e. U, C Ugif @ < B) k-sequence < U, :
a < « > of open sets of X with U ., U, = X (we shall simply call such a sequence
increasing open cover), there is an increasing open cover < V,, : @ < « > such that
clV, C U, for every o < «. A space has the @-property if it has the @ («)-property
for every infinite cardinal «.

Remark : Observe that our definition make sense even for finite cardinals and
that (2, 2)-expandability is equivalent to normality, and (2, 2)-paracompactness is
equivalent to normality + strong zero-dimensionality. Whenever « is a regular un-
countable cardinal, a locally finite family of closed sets of the space x with the order
topology must be finite. Thus « is (x, w)-expandable but it is not (x, w)-paracompact,
see 4.1. But the next fact shows that it is consistent with ZFC that (x, A)-
paracompactness implies («x, A)-expandability if x and N are regular.

Fact : Assume that \ is a regular cardinal. If X is (x <}, A)-paracompact, then
it is (x, A\)-expandable.

Proor : Assume that X is (x<* \)-paracompact and < F, : o < k > is a
locally-\ sequence of closed sets of X. For every point x in X, fix a neighbourhood
U,of xsuchthat S (x) = [a < x: U, N F, # 0} € [x]<*. for § € [«] <}, put Us
= U {U,: 8 (x) = §)}. Since {Us: S € [xk] <*} is an open cover of X of size <x<*
and X is (x <*, A\)-paracompact, take a locally-\ open refinement { Wy : S € «] <*}
such that Wy C Us for every S. For every a < «, put ¥V, = U_s Ws. We show
that < V, : a < « > is the desired locally-A open expansion. First to show F, C
V.. let x be a point of F,. Since W’s cover X, take an S € [] <* such that x € W.
Since Wg C Us, there is a y in Us such that x € U, and § (y) = §. Since U, N F,
is non-empty (3 x), we have « € S (y) = S. Thus F, C V. Next to show local-h-
ness, let x be an arbitrary point of X. Since [ Wy : S € [«] <"} is locally-\, take a
neighbourhood W of x such that the cardinality of F is less than \, where F denotes
the set (S € [«]<*: W N W # 0}. Then the cardinality of UF is also less than
A, by the regularity of A. Then it is easy to show that {a < x: W N W, # 0} C
UF. Thus it is locally-A. This completes the proof.

Remark : Clearly k <“ = « holds. And it is well known that « <*.= « if the GCH
is assumed and « is a regular cardinal with A < &

1. CuaracterizaTions ofF THE B-ProperTY

Yasui ' obtained many equivalences of the ®-property. The equivalence (1) and
(2) of the following result is announced by Yasui's.

Theorem 1.1 — The following are equivalent for each cardinal «. (1) X has the
® («)-property.
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(2) For every open cover < U, : a < x > of X, there is an open cover < V, :
a < « > having L («x) such that V, C U, for each o < «.

(3) Forevery sequence < F, : @ < « > having L (x), there is an open expan-
sion < U, : @ < « > having L (x).

Proor : (1) — (2) : Assume that X has the & («)-property. Let < U, : a <
x > be an open cover of X. Put W, = U, Uz for each o < «. Then the «-
sequence < W, : a < k > is an increasing open cover of X. Applying the B («)-
property, take an increasing open cover < V, (1) : a < « > such that ¢l V, (1) C
W, for each o < «. Define an increasing open cover < V, (2) : a < x > by V,
(2) = V, (1) for every successor ordinal «, and V, (2) = Ug., V5 (2) for every limit
ordinal «, using induction. Then < V, (2) : @ < x > is an increasing opgn cover
such that cl V,, (2) C W, for each o < «. Again applying the ® («)-property, take
an increasing open cover < V, (3): a < x > such that ¢l V, (3) C V, (2) for each
a <k PutV, =V, @) - cV,@3)for each o < «. For 8 < «, define S5 =
UflUsN V,:B8 < a < «}. Then the sequence < S3: 8 < « > is the desired one.
To show this first we show that it is a cover of X. For each x in X, take the least
a < « such that x € V, . (2). There is such « since V, (2) = Uz, V3 Q) if a is
a limit ordinal. Then x is not a point of cl V, (3), thus x is a point of V,. Since x
€ V31 Q) C W,y = Ugc, Ugholds, thereis a 8 < a with x € Us. Thus x € Uy
N V, with B < . This implies the Sg’s cover X. Secondly, we show it has L («).
For each x in X, take a v < « with x € V, (3). Assume that there is a 8 < « with
v < Band Sg N V, (3) # 0. Then there is an ¢ < « with 8 < « such that Uz N
Ve NV, (3) # 0. Since y < a holds, V, (3) C ¥, (3} is valid. Thus V,3) NV,
= 0 by the definition of V,. This is a contradiction. Hence it has L (x).

(2) — (3) : Assume that (2) holds and < F, : « < x > is a sequence having
L (x).Put U, = X -cl (U,g Fg) foreach a < x. Then < U, : a < « > is an
open cover of X. Because for every point x in X, there exist a neighbourhood U of
x and an 8 < « such that {a < «: F, N U # 0] C 8. Thus x is in U;. Applying
(2), take an open cover < V,,: a < « > having L («) such that V, C U, fer each
a <k Put W, = X -cl(U,s Vp) forevery o« < «. Then W = {W, :a < «]
is an open cover of X and W, C W;if o < 8. Since clW, N (U, < B V) = 0,
cd W, C Ug,, Vg C U, Then < St (F,, W) -cl W,: a < « > is the desired open
expansion. Here, St (F,, W) = U (We W :F, N W % 0).

(3) - (1) : Assume that (3) holds and < U, : « < « > is an increasing open
cover. Then it is easy to show that < X - U, : « < « > is a sequence having L ().
Applying (3) and the de Morgan’s law, take a closed set F, C U, for each « < «
suchthat < X - F,:a <« >hasL (x). Put V, = X ~cl (U {X - Fg:a < B})
for each o < «. Then it is easy to show that < V,: a < « > is an increasing open
cover such that clV, C U, for each o < «.

Remarks : Note that the assertion (2) of the above theorem implies (x, «)-
paracompactness, and that the assertion (2) [(3)] is equivalent to (k, x)-paracompactness
( (x, x)-expandability, respectively) whenever « is regular.

The equivalence (1) — (2) of the above theorem shows that the B (w,)-property
is equivalent to K ,-paraLindeldfness in the sense of Fleissner?.
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If X has the & (x)-property and < U, : a < x > is an increasing open cover,
then there is an open cover < V, : a < « > having L («) such thatcl V, C U,
for each o < «. Because, for the increasing open cover < U, : a < k >, take an
increasing open cover < W, : a < « > such that cIW, C _U, for each « < « by
® («)-property of X. Next by (2) of the above theorem, take an open cover < V,,
ta < k > having L («) such that V, C W, for each a < « (cf. Yasui'¥).

Clearly :

. Lemma 1.2 — X has the @ («)-property if and only if it has the B (¢fx)-property.

Remark : The above lemma shows that X has the ®-property if and only if X
has the B(x)-property [equivalently, X is (x, k)-paracompact] for every regular in-
finite cardinal «. But as we show in the next section, there is a (x, x)-paracompact
space which does not have the @ («x)-property.

2.  CuaracterizaTions oF ExpanpaBiLITY using Probucts

I (x, \) denotes the topological space whose underlying set is k+ 1 (i.e. the clos-
ed interval [0, «]) and whose topology is given by the collection {U.: U C «x} U
{U:xk€UC k+1, k - U€ [k]<*}. Thus « is the unique non-isolated point of
I (x, N). Yasui'® proved that X is a normal space having the ®-property if and only
if X x I (x, N) is normal for every x. We prove that X is normal and (x, A\)-expandable
if and only if X X I (x, A) is normal, and X is a normal space having the @ («)-
property if and only if X x I* («x) (defined below) is normal (in fact we shall get
more general results).

We call a space weakly (x, A)-expandable (for pairwise disjoint sequences) if every
hereditary closure preserving, locally-A, (pairwise disjoint, respectively) k-sequence
of closed sets has a locally-\ open expansion. Here < F_ : a < x > is hereditary
closure preserving (pairwise disjoint) if U ., clH, = cl (U, ., H,) whenever H, C
F, for every a < « ({F, : a < «x} is pairwise disjoint, respectively).

Theorem 2.1 — The following are equivalent.
(1) X is (x, N)-expandable.
(2) X x I (x, N) is weakly (x, A)-expandable (for pairwise disjoint sequences).
(3) In X x I (x, N), every closed set, which is disjoint from X X {«}, and
X x {«x}] are separated by disjoint open sets.
Proor : To make arguments simple, we shall use the notation Y which denotes
the subset {x € X : < x,a > € Y] of X, for every subset Yof X X I (x, N)and & < «.

(1) — (2) : Assume that X is (x, A)-expandable. We shall show that X" x I («, A)
is weakly (x, N)-expandable. Let F = < F, : o < « > be a hereditary closure
preserving locally-A sequence of closed sets of X X 7 («, N). Put F = U, F,.
There are two cases.

Casel — FN X x I{x} =0

Since F is Hereditary closure preserving, F is closed. Then < F?: 8 < x > is
a locally-A sequence of closed sets of X. To show this, fix an arbitrary point x in X.
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Since F is closed and disjoint from X x {«}, there are neighbourhoods V of x in
Xand Uof xkin I («x, N)such that V x I N F = 0. Then V witness the local-A-ness
of the sequence at x. Next, by (k, N)-expandability of X, take a locally-\ open expan-
sion < Wy:B8<k>of < FP:B < x> Put W= Uz, (W; x {B)). By the
local-A-ness of < Wy : 8 < «x >, it is easy to show that W is an open set in X X [
(x, N) such that F C W and clW is disjoint from X x {«}. Then ¥ (8) = < F?:
a < « > is a locally-\ sequence of closed sets of X for 3 < «. Applying the (x, \)-
expandability of X, take a locally-A open expansion < U, :a < « > of § (B) for
each 8 < «. We may assume each U, is contained in W#, since F is contained in
W. For each a < «, put U, = Uz, U,z x {B]. Then each U, is open in X x [/
(«, N) and F, C U, C W holds. Furthermore it is straightforward to show that
< U, :a < « > is locally-A.

Case2 — FNO X x («} # 0.

Since F (k) = < F,:a < « > is locally-\ in X, take a locally-\ open expan-
sion < Uy, ta<k>0f F(«). ThenF' = < F, - (U, X I (5, \)) 1 x < k >
is a hereditary closure preserving sequence of closed sets. Applying case 1, take a
locally-\ open expansion < U, :a < x> of F'. Put U, = U, U U, X I (¢, N)
for each o < «. Then it is not hard to show that < U, : @ < « > is a locally-A
open expansion of F.

(2) — (3) : Assume that X x I (x, A\) is weakly (x, A)-expandable for pairwise
disjoint sequences. We shall prove that a closed set L, which is disjoint from X x
{«}, and X X [«} can be separated by disjoint open sets. Then, using the above
notation, < L% X fa} :a < « > is a hereditary closure preserving, locally-\, pair-
wise disjoint sequence of closed sets of X x I (x, A). To prove this, for every x in
X, take open neighbourhood V of x in X and U of « in I («, A) such that ¥V xU
N L = 0. Since « - U € [k] <, it is easy to show that < L* X {a} :a < x > is
locally-A at < x, k >. This sequence is also locally-A at < x, @ > for each x in X
and a < «, since « is isolated in 7 («, N). Thus this sequence is locally-A. A similar
argument also shows this sequence is hereditary closure preserving using the closedness
of L. It is evident that this sequence is pairwise disjoint. By the weak (x, A)-
expandability of X x I (x, A), take a locally-\ open expansion < U, : a0 < « >
of < L* X {a} :x < x > Wemay assume U, C X x {«]} for each a < «. Define
W = U,., U, Clearly W contains L. To show clW is disjoint from X X {«}, for
each x in X, take neighbourhoods V of x and U of k such that F = {a < x: V X
UN U, # 0} € [«]<* by the local-A-ness of < U, :a < k >. Put U’ = U - F.
Then it is straightforward to show that ¥ x U’ is a neighbourhood of < x, « >
which is disjoint from W.

(3) — (1) : Assume that (3) holds. To show the (x, N)-expandability of X, let
F = < F,:a < x > be alocally-\ sequence of closed sets of X. Then L = U,
F, x {a]} is closed. To show this, take an arbitrary point pin X X I (x, \) - L.
We may assume p = < x, x > for some x in X, since every o < « is an isolated
point of I («, N). Since §F is locally-A, take a neighbourhood V of X such that F =
fa < x:VNF, #0) €[> Put U= (k+1)-F. Then V x Uis a
neighbourhood of p which is disjoint from L. Thus L is closed. Next applying 3),
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take an open set W such that L C W and clW is disjoint from X X {x}. Then
< W°:a < x > is a locally-A open expansion of F. To show this, let x be a point
of X. Take neighbourhoods U of xin I (x, A\) and ¥ of x in X such that V' x U
is disjoint from W. Then if o is in U, then W* N V = 0. Thus it is locally-A. This
completes the proof.

Next, we characterise spaces having the & («x)-property. I* (x) denotes the
topological space whose underlying set is k+ 1 and whose topology is generated by
the collection {U : U C «k} U {[a, «] : a < «}. Thus « is the unique non-isolated
point of F* (x), and I* («) = I (x, «) if « is regular. But if « is a signular cardinal,
the topological spaces I* (k) and I («, «) are different. Because let < «, : vy < cfx >
be a cofinal sequence in «, then « is a cluster point of {«, : vy < ¢fk} in I* (), but
not in I («, k). The proof of the following theorem is complete analogous that of
Theorem 2.1 using (3) of Theorem 1.1, which characterises the & («)-property.

Theorem 2.2 — The following are equivalent :

(1) X has the B («)-property.

(2) In X x I* (x), every hereditary closure preserving (pairwise disjoint) x-
sequence of closed sets having L (k) has an open expansion having L («x).

(3) In X x I* (x), every closed set, which is disjoint from X x {x}, and X
X {x} are separated by disjoint open sets.

As in the proof of 3.14 of Przymusin’ski®, we can get the following resuit.

Corollary 2.3 — The following are equivalent :
(1) X is normal and (x, A)-expandable.
(2) X x I (x, A) is normal.

Corollary 2. 4 — The following are equivalent :
(1) X is a normal space having the & («x)-property.
(2) X x I* (x) is normal.

Remark : Since every locally finite family is hereditary closure preserving, (x,
N)-expandability and weak (x, A)-expandability are equivalent. Since pairwise disjoint
locally finite sequence is discrete, weak (x, A)-expandability for pairwise disjoint se-
quence is equivalent to discrete H.C. x-expandability following Katuta’, Similarly
(x, N)-expandability for pairwise disjoint sequences (the definition is similar) is
equivalent to discrete x-expandability. Thus Theorem 2.1 is a generalization of
Theorem 1 of Katuta’.

Example 2.5 — For every singular cardinat « there is a («, ¥)-paracompact space
which does not have the & («)-property.

The point set of the our space X is (¢fk) X (x - ¢fx) U ¢fx U (x - ¢fx). All points
of (¢fx) X (x - ¢f«) are isolated. For x in ¢fx, a neighbourhood basis at x is { {x}
U {x} X ((k-cfk) - F): Fe€ [x-cfk] $9%}. For y in « - cfx, a neighbourhood basis
at yis [ [y} U (cfk - H) x {y) : H € [cfx] <9*). Fix a cofinal sequence < Kot @
< ¢fk > in k with kg = cfk.
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First we shall show that X does not have the & (¢fx)-property (equivalently, X
does not have the ® (x)-property). For every o < c¢fk, let define U, to be the open
set (@ X (k~cfx) U cfc X (k,~¢cfx)) Ua U (x,-c¢cfx). Then < U, : a < cfk
> is an increasing open cover. Assume that there is an increasing open cover < ¥V,
:a < ¢fx > such that clV, C U, for each a < c¢fx. Since clV, C U, for each «
< c¢fx, the cardinality of V, N {a’} X (x - ¢fx) does not exceed c¢fx for any o’
2> a. Thus the cardinality of ¥, N (¢fk - o) X (« - ¢fk) does not exceed ¢fk-cfk
= ¢fx for any a < ¢fx. Since the cardinality of U, s (V, N (¢fk - a)) does not
exceed cfx, there is a 8 € k - cfx such that cfx x [B8} is disjoint from U, .4 (V,
N (¢fx - a) X (k -c¢fx). Since < V, : a < ¢fk > is a cover, there is an o < ¢fk
such that 8 € V,. Therefore there is an H in [cfx] < such that {8} U (cfx - H)
X {8} C V,and o C H. Take an «’ in cfx - H. Then < a’, 8 > isin V. But
since < a’, B> isin(¢fk-a) X (k-cfx), < a’, B >isin V, N (cfx -~ o) X
(x - ¢fx). This contradicts to the our choice of the 8. Thus X does not have the @
(cfx)-property.

Next we show that X is (x, x)-paracompact. Let {U, : « < «} be an open cover
of X. For each a < «, define X, = U, N ¢fxand Y, = U, N (x - ¢fx). Then by
considering the open set U, - Ug., (X U Y;) for each « < «, we may assume
that {U, : @« < «} is an open cover of X such that the both of {U, N ¢fx : a <
«}and {U, N (x - ¢fx) : a < «} are pairwise disjoint. For each x in ¢fk, define
an « (x) < «to be the (unique) « such that x € U,, and take F, in [x - cf«] £ such
that the neighbourhood {x} U {x} X ((x - cfx) - F,) of x, say V, (0), is contained
in U,y Since < x, : a < ¢fk > is normal, one can define a 8 (¥) < c¢fx such that
kg(y) S ¥ < Kkg(y)+1 for each y in x - ¢fx. And for each y in « - ¢fk, define « (y)
< « to be the (unique) « such that y € U,, and take a H, in {cfk] <<% such that the
neighbourhood {y} U (¢fk - H,) X {y} of y, say V, (l), is contained in U, and
B8 () + 1 C H,. Let define 'VO = {V,(0):x¢€ cfx}, Vi ={V,(1):y€«-cfk},
and V, = {2} :z2€ X - (UVo U UV)}. Then V = Vo U YV, U YV, is an open
refinement of {U, : @ < «}. Finally we show that V is locally-«. If z is in ¢/kx X
(x - ¢fx), then for at most one x in ¢fx and at most one y in x - ¢fk, z € V, (0) and
z € V, (1). Thus z is in at most 3, in fact at most 2, members of V. If x is in cfx,
then W, = {x} U {x} X («x - cfx) is a neighbourhood of x which witness the local-
k-ness of V. Because, if x’ is in cfx with x’ # x, then V,. (0) is disjoint from W,.
If yisin kx - ¢fx with y > «,- then 8 (¥) 2 x. Therefore x € 8 (y) + 1 C H,. Thus
W, vV, (1) = 0if yisin « - k,. This means W, (in fact V, (0)) meets at most «,-
many members of V,. Since the cardinality of W, ~ V, (0) does not exceed cfk, W,
meets at most cfk-many members of V,. Thus these arguments shows that V is
locally-x at every point x in ¢fk. If y is in « - cfx, then as above, it is easy to show
that ¥, (1) meets at most cfx-many members of V. Thus V is locally-« at every point
of X. In fact, this argument shows that V is star-«. Thus X has also the strong ®
(x)-property (defined below).

3. Paracompactness oF Spaces Having Strong B-ProperTy

Definition — A space has the strong ® («)-property if every open cover of size
<« has a star-« open refinement. A space has the strong (B-property if it has the
strong ® (x)-property for every infinite cardinal «.
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Remark : The strong ® (w)-property and the & (w)-property coincide in the
class of normal spaces, see Iseki® or (5.2.6) of Engelking>. And it is obvious that
the strong ®-property implies the B-property.

Theorem 3.1 — 1f X has the strong ® (u)-property for every p < «, then X
is (x, w)-paracompact.

Proor : It follows from the above remark that this theorem holds for «k = w.
Assume that for every cardinal k < kj, the theorem has been proved. And assume
that X has the strong @ (u)-property for every u < . We show that X is (xg, w)-
paracompact. Let U = (U, : o < «3} be an open cover of X. There are two cases.

Case 1 — kg is a regular uncountable cardinal

By the strong B (kp)-property, we can take a star-x, open refinement V of L.
Since & is regular and uncountable, we can decompose V as U [V, : y € I'} such
that (UV,) N (UV,.) = 0ify, y"€ T withy # v, and for every y in T’ the car-
dinality of V. is less than «,. Since the clopen set X, = U7V, of X has the strong
® (p)-property for every p < xp and V, is an open cover of X, of size < &, using
the inductive assumption, take a locally finite (locally-w) open refinement ‘W, in X,
of V, for each y in I'. Then U "W, is a locally finite open refinement of U.

Case 2 — «xg is a singular cardinal

Let < « (v) : v < ¢fxg > be a cofinal sequence in «y. Put V, = U, U,
for each v < ¢fxp. Then < V, : v < c¢fip > is an increasing open cover. Since by
the inductive assumption, X is (¢fxy, w)-paracompact (thus X has the ® (cfx)-
property), we can take an increasing open cover < W, : vy < ¢fky > such that cIW;
C V, for each v < ¢fig. Next applying (c¢fxy, w)-paracompactness, take a locally
finite open cover { W, : v < ¢fxg) such that W, C W/ for each v < cfkq. Since for
each v < c¢fip, {U, : @ < « (y)} is an cover of clW,, applying (x(v), w)-
paracompactness to clW,, take a locally finite open (in cIW,) refinement ‘W_ of {U,
NcW, :a < x(y)}. Then U, no (W N W, . We W} is alocally finite open
refinement of U.

The theorem is proved.

Corollary 3.2 — Spaces having the strong ®-property are paracompact.

Remark : Strongly paracompact spaces clearly have the strong ®-property. For
every uncountable cardinal «, the Hedgehog space J (k) having « spinness
Engelking?, is paracompact, but does not have the strong ® («)-property. We don’t
know whether spaces having the strong B-property are strongly paracompact. In this
connection, we can easily show that the strong B (¢fk)-property implies the strong
® («)-property (but the converse does not true by Example 2.5). Thus whenever «
is a singular cardinal, spaces having the strong B («’)-property for every A’ < x have
the strong @ («)-property. But the only result we can prove about the strong paracom-
pactness is that spaces which are strongly (x’, w)-paracompact for every x’ < « are
strongly (x, w)-paracompact, where « is a singular cardinal with w < c¢f«x. Here a
space is said to be strongly (x, w)-paracompact if every open cover of size < « has
a star-w open refinement. -
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4. ExpanpabiLity anp Covering Properties For OrbiNaLS

In this section, we study expandability and covering properties of ordinals with
the order topology.

Theorem 4.1 — Let « be an uncountable regular cardinal. Then the following
results hold.

(1) « is not (x, x)-expandable.

(2) « is (K’, w)-Lindeldf for every cardinal «’ < «.

(3) « is (x, x)-expandable for every regular cardinal <’ < «.

(4) « is not (x, «’')-paracompact for any regular cardinal «’ < «x.

Proor : (1) It is already known that x does not have the @ («)-property. Here
we give a very simple proof (but essentially the same). If « is (k, x)-expandable, take
a locally-«x open expansion < U, : a < x > of the locally-x sequence < « - o : «
< « > of closed sets of «. Since for each o < «, a is a point of U,, take f (a) <
o such that the half open interval (f («), o} is contained in U,. By the pressing down
lemma, take a stationary set S C « and v < « such that f (a) = v. This implies
(v, k) C U,, for every o € S. But this contradicts to the local-x-ness of < U, : a
< K >.

(2) Let «’ < xand ‘U = {U, : a < «'} be an open cover of x. For 8 < «,
take o (8) < «" and f (8) < B such that (f (8), 8] is contained in U, . Since
k" < «, thereis an oy < ksuch that S = {8 < «: a (8) = «ap).is stationary in
k. By the pressing down lemma, take a stationary set §° C S and a v < « such that
S (B) = v for every B € S’. This shows that (v, x) C U, since y+a = [0, 4] is
compact, take a finite subfamily {.Ual,...,Ua"] of U which covers y+1. Then
{U, ..,Uan} is a finite subcover of U.

-
(3) Let ¥ = < F,:a < x > be alocally-x’ sequence of closed sets, where
«’ is a regular infinite cardinal less than x. We show that for at most < «’-many
a, F, is not empty. Then define U, = X if F, is non-empty, and U, = 0 otherwise.
Then clearly < U, : a' < x > is a locally-x’ open expansion of &F. To prove this,
assume «° < | {a < k: F, # 0}]. Take a subset C of {a < « : F, # 0] of size
. Enumerate C with the increasing order, say < a, :y < «' >. Then clearly §’
= < F,, v < x’ > is a locally-«x’ sequence of non-empty closed sets. For each
Y < k', put ¥V, = X -cl (U,,g Fug). Since x’ is regular and F’ is locally-x", <
V, 1y < &’ > is an increasing open cover of «. By (2) of this theorem, there is y
< «’ such that ¥, = «. But this cannot happen, since every F,4’s are non-empty.

(4) Let «’ be a regular infinite cardinal less than x. Assume that « is (x, «’)-
paracompact. Since [« : @ < «} is an open cover of «, take a locally-x’ open refine-
ment V of this. Using the same argument as above, we can show |V| < «’. Since
YV is a refinement of size < «’ and « is regular, UV C '« for some a < &. But this
is a contradiction, since V is a cover of «.

Note that if an ordinal is successor, then it is compact. Next we shall study cover-
ing properties and the ®-property of limit ordinals.
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Theorem 4.2 — The following are equivalent for a limit ordinal a with the order
topology.

(1) « has the strong & (cfa)-property.

(2) o has the ® (¢fa)-property.

3) ¢fa = w.

(4) « is o-compact (Lindelof).

(5) « is paracompact.

(6) « is submetalindel6f.

(7) « is not countably compact (i.e. not (w, w)-Lindelof).
(8) « is strongly paracompact.

(9) « has the strong ®-property.

(10) « has the ®-property.

Proot : (1)—(2), (3)—=(4)—(5)—(6), (8)—=(N—(10)—~(2), and (9)—(1) are
evident. (5)~(8) follows from the local compactness of «. (6)—(5) follows from
Balogh?, since « is collectionwise normal and locally compact. Thus it remains to
prove (2)—(3), (3)—(7) and (7)—(3).

(2)—~(3) : Assume « has the & (¢fa)-property and < c¢fa. Let < a, : vy <
c¢fa > be a cofinal increasing sequence in «. By using induction, we may further
assume this cofinal sequence is closed in «. Thus ¥ = {a, : v < ¢fa] is closed and
homoemorphic to the regular uncountable cardinal ¢fo. According to 1) of the above
theorem and Theorem 1.1, Y does not have the ® (¢fa)-property. Since Y is closed
subspace of «, Y has the ® (cfa)-property. This is a contradiction.

(3)—(7) : Assume ¢fe = w. Let < a, : n € w > be a cofinal increasing closed
sequence in a. Then {a, : n € w} is a closed discrete subspace of «. Thus « is not
countably compact.

{(7)—(3) : Assume w < ¢fa and « is not countably compact. Take a cofinal in-
creasing closed sequence < a, : ¥ < ¢fa > in «, and take a countable closed
discrete subspace Y of a. Since w < ¢fa, thereis ay < ¢fa such that Y C a,+1.
But since a, + 1 is compact, this is contradictory.
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