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The problem of an elliptic punch in complete, frictionless contact with an elastic layer
of finite thickness resting on an elastic foundation has been investigated for normal
loadings of the punch. This problem has not been solved before. Using an integral
equation technigue, the solution of this mixed boundary value problem has been ob-
tained as an infinite system of Fredholm integral equations of the second kind. For
a constant depth penetrated by the punch, solutions have been obtained as perturba-
tions on the corresponding half-space solutions. In contrast to the penny-shaped punch,
the stress distribution in this case is asymmetric. The total force exerted on the punch
to maintain this constant normal displacement has been computed. The results show
complete agreement in the limiting case, with existing results of the corresponding
problem involving a penny shaped punch.

1. IntrRODUCTION

Investigations of problems involving elliptic punches have been confined to pro-
blems of contact under normal forces between the elliptic punch and the isotropic
half-space in the absence of friction. Solutions have been obtained for example, by
extending Boussinesq’s treatment'? or by application of Betti’s reciprocal
theorem**. Galin’s>% theorem has been generalized to non-isotropic media”® and
applied to contact problems involving elliptic punches by several authors™*!°. These
methods are not suitable for computing the stress or displacement fields outside the
contact region, for which one has to formulate the problem in ellipsoidal
coordinates'!. This approach has been followed by Shail!2. However his solutions
are in terms of Lame polynomials which are in general difficult to compute. The
above methods are inadequate for treating more complicated but realistic problems
involving elliptic punches in layered media and is perhaps the main reason why this
problem has never been attempted before.

In this paper, the problem of contact, under normal forces, between an elliptic
punch and an elastic layer of finite thickness resting in complete contact with an elastic
isotropic half-space having properties that are different from the layer has been con-
sidered. The method of solution is based on an integral equation method which allows
the reduction of the dual integral equations arising in the problem to an infinite system
of Fredholm integral equations of the second kind. For prescribed polynomial forms
of the indentation, this system reduces to a finite number of equations which can
be solved exactly or if necessary by numerical procedures.
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For a constant normal indentation, exact solutions have been obtained for small
values of the layer parameter § = a/h as perturbations on the corresponding half-
space solutions. The corresponding stresses:and the total force exerted on the punch
to maintain this displacement has been computed.

Results have been illustrated by plotting the normalized total force against dif-
ferent values of & (= 10) for different ellipses and given values of the elastic con-
stants u = puy/uy, vy, Py

For the limiting case b/a = 1, the equations and other results obtained by
Dhaliwal'? for the corresponding problem involving the penny-shaped punch are
recovered. ‘

Numerical vatues of the normalized total force in this case agree completely with
those give by Dhaliwal'® taking account of the fact that apparently, they have
presented batulated values of P/4 u; ¢ and not P/ [4u, /(1 - »;)] as stated.

2. MartuematicaL Formuration oF tHE PRrOBLEM

With respect to a cartesian coordinate system originating at the centre of the
punch, it occupies the elliptic area

S:x*a* + ybt <1,z =-h 2.

and lies in complete frictionless contact with the isotropic elastic layer of finite depth
h and elastic properties (A\;, u;, »,). This is in frictionless contact with the
homogeneous isotropic half-space z > 0 having elastic properties (A, uj, ¥;). The
punch is aligned parallel to the interface z = 0.

We formulate and solve the problem for any general displacement in the normal
direction but as an application the solution for constant normal displacement will
be considered. :

-The displacement components u; and normal stresses 7,; (j = x, .y, z) satisfy
the following mixed boundary conditions and continuity conditions on the plane of
the punch z = - h and the interface z = 0 respectively

0 uP ey, -k =u(%y) VX yES
(ii)‘rfz’g 5y -h) =Vx ygSs
i) QP (ny -h) =vxy
i=xy (22)
W) [ (% y 0 =y (x %0} =0vxy
J=x 5z
where I (x, 3, O} = /' tx, 3, 0) - /2 (x, 3, 0)

denotes the discontinuity of f (x, y, 2) a_crpséé = 0 and superscripts 1 and 2 denote
quantities in the elastic layer (- # < z < 0) and the elastic half space (z > 0)
respectively.
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The displacement field satisfying the equations of elastostatic equilibrium is given
in terms of harmonic potentials ¢* (x, y, z) and ¥* (x, y, 2) (k = 1, 2) in the two
regions (Dhaliwal'®) by

Qe it B = TP + 2T ¥D _Z @ -ty ¥ (k=1,2) (2.3)
with ¢ %, ¥ ® gatisfying V2 (o, ¥%) = 0 ..(2.4)
for k=1, 2.

Solutions of (2.4) may be taken in the form

1
ey ) = — S S ki' (A (£, m), E (£, 1)) exp (-ky 2)

+ (B (&, 7m), 0)exp (ky )] exp i (Ex+qy) dEdn  ...Q2.5)

L=

1
¥ (x, y, 2) = P S S ki' (C (%, 9), F (&, m)) exp (-k; 2)

- -

+ (D (&, 1), 0) exp (ky 2)] exp i (§x+ny) dE dn
ki = (8 + 2"

Using (2.5) in (2.3) and then applying the conditions (2.2iv), it is possible to express
the functions A, B, C, D in terms of E and F. These expressions are similar to those
obtained by Dhaliwal'® with ¢ repaced by k.

Proceeding as in Dhaliwal'®, we find that the condition (2.2 iii) is satisfied if

ki E (§, 1) = - Y,F(§, 0)/Y, (2.6)

Yy =6y, + v} -4 + 2rp) + y[1 + (3 - 4r)]
+exp(-2)R2@2-v)-y@-1)G-4)

Y=0@n-3-p + (p-1)(1-2y)exp (-2y)

y =k h

2.7

Introducing the new function T (£, n) related to F (&, n) by
YF (& 10)/poR (2y) =T (&, m) .--(2.8)
Where pg = (4v; -3 -p) [1 + u (3 - &)},

R (2y) = {1 + aexp(-2y) + B exp (-9,
a=p+p(1+4°)8=pp, (2.9)
APA=10G-4n)-pCG-4I/[1 + p(Q -]
pr=(@-1)/@4v-3-p).
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We find that boundary conditions (2.2i) and (2.2ii) give rise to the dual integral
equations

S kKi' 11 + G 291 T (& 1) expi (§x + ny) df dy

=-m-v)tu(x, ), vx,yes

@

i
e S S T, Dexpi (Ex+nqy)diEdyp =0V, yES
iy

oo 0o 21D
- [y exp (-2y) + 2B exp (-4y)] /. R (2y)

y=p + 0+ 2%

Expressing (2.9) and (2.12) as well as the forms of (2.10) are similar to those of
Dhaliwal .

The condition (2.2 ii) allows us to invert (2.11) within S and obtain 7' (£, 3) as

T(:lz) (Xr y)"h)

where G (2y)

...(2.12)

1 .
T, 1) =— S‘ S D x,y,-hyexp [ -i(§x’ + qy)) dx’ dy’

2T
= 7 (say). ...(2.13)
Hence we conclude that (2.2 i) will be identically satisfied if 7 is a solution
of ‘
1 N _] - B N ‘ - .
5 ki'[1 + G (2y)) rexpi (x + qy) dE dn
=-p(-m)luy),vx yeS. (2.14)
3. S;OLUTION of THe Duar INTEGRAL EQUATIONS
For solving (2.14) it will be convenient to use cylindrical polar coordinates defined
by

(ka, nb) = (k cos X, k sin X), (x, y). = (ar cos §; br sin §) .03.1)
(x', y') = (ap cos ¢, bp sin p).

We also assume that the prescribed normal displacement u, (7, 8) and the nor-
mal stress under the punch 7, (p, - h) have complete Fourier series expansions given
by

o, 1) = Y, (ug, pf)cosm¥ + Yo (ui, p)sinn ¥ ...3.2)
=0

n=1

where u$S), p& are functions of r and p as apptdpriate, correspénding to which

¥ is either 8 or ¢.
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We define new functions ¢SS (¢) related to p$™® (p)

S (0). Py (0)] = A, [0S (D), 05 (D]

st lex (0, en (D] = AL 7 (), 3 ()]
A, A3}, being (n - 1)th order Abel transform operator and its inverse defined by

..(3.3)

1

1-
A, =t" ————fn— dt
n-1 (o? - 1212
t

| ...(3.9)

2 d o
A_,!,_ = - — pn_[ —_— TN dp.
l ™ dp (£ -pH”
ol
Using (3.1) and (3.2) in (2.14) and after some mathematical manipulations (outlined
in Section I of the Appendix) which involves use of certain standard results on Bessel
functions, we obtain finally, the infinite system of Fredholm integral equations of

the second kind
1

] l @©
IC ¢ IC Lns ’ S t A Kns nC
Ged® + ) S s (B0 el (0 dl + EO s lof (0]

n=0

nxs 0

1

3 rot!
= Cp e;l £ _EE_ S —(—52—:—;2—)—‘/2- uf(r) dr
0

s=0,1...,00,(n +s)even,0 = r=<=1,0=< ¢ <1 ...(3.5)

and its complementary set, obtained from (3.5) by replacing the superscript C by
S (denoting sine components). The following symbois are used in (3.5) and its com-
plementary set

e=1,5=0

=2,5s>0
Co=-mpu; /(1 -v)b ...(3.6)
ko = (1 - b*/a®)"”

2x

<l,€s 1 iy | = k2 cos? 1" (cos nX cos sX> X O
= — (=i - k3 cos ...
I 2 0 sin nX sin sX

0

©

Lys (8, 1) = (¢§0)” S k Js.12 (k&) Jp1sz (KY) dk -.(3.8)

0
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1 2x

Kns (£, 1) [¢5D (0] = & (-))" .‘ § g k (g)”
0 0 o

2kh
xG (T J1 - kg cos® X ) oS (0) Joa2 (KE) Tni2

(kt) €9 (X) dX dt dk ...(3.9)
where

sin nX sin sX

(fc (X)) 3 (cosnX cos sX

50 ) (1 - k3 cos? X) ™. ...(3.10)

The integrals I S}SS) exist only for even values of (n + s) i.e. only whenever
n=2ms =2
n=2m+ 1,s =2j + 1 ..G.11)
s,m=20,1.., oo,

Hence the restriction regarding (n +s) in (3.5).

The mathematical treatment of (3.5) and its complementary set being exactly
similar, we shall proceed henceforward with (3.5) only.

As outlined in the Appendix, the second term on the left of (3.6) can be reduced
to a more convenient form. The final forms are

1 1 \(s-mr2
2 -
()
s-n ol
[ (57):

! X (§2 - gy p < 5, (n+5) even...(3.12)
§ Lus (5, 8) @i (1) dt =4 1
0

1, a
£EoS(E) F (£, 8) + ¢% S'_"“"?(”'a?
¢

S ts+n D(s—n)/2 (t_" ‘p’Cl‘ (f))

§ (" V2F (¢, 0] dt, n > s, (n+5) even ...(3.13)

o

where, F (£, () = S Ji1y2 (KEY Juy1sa (K1) dk. ...(3.14)

o
Evaluation of the infinite integrals in (3.12) and (3.13) are easily accomplished
(6.574 (3)) from Gradsheteyn and Ryzhik '4.

The third term on the left of (3.5) can also be further simplified (see Appendix).
The simplified form is presented in the next section.

For the limiting case b/a = 1, the equations obtained by Dhaliwal'® are
recovered.
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4. ArpLicaTION OF THE RESULT

As an application of the method, we consider the case when the elliptic punch
indents normally into the elastic layer through a constant depth given by

uy (r) = py. ...(4.1)
We note that in (8.5), when
K,s (£, 1) =0 ...(4.2)

the equations are precisely the same ones obtained for an elliptic punch indenting
an infinite half-space, normally. We shall therefore, obtain solutions for the present
problem for the case (4.1) as perturbations on the solutions for the same case (4.1)
for an elliptic punch in a half-space. We quote some results for the elliptic punch
in the half-space which will be required for obtaining the solutions for the elliptic
punch in the layer for the case (4.1).

Results for the Elliptic Punch in a Half-space

We put K, ; (£, 1) = 0in (3.5) and use the forms (3.12) and (3.13) for the se-
cond term in (3.5). It may be observed from the forms of (3.12) and (3.13) that a
singularity exists at # = 0 while the term on the right is regular. This leaves us with
no choice but to choose the form of the as yet undefined function ¢$ () as

oS (1) = E al t*. ...(4.3)
k=n

Moreover, we note that whenever the prescribed normal depth of penetration
is a polynomial of order (p + 1), the right hand term in (3.5) is a polynomial of degree
pin (0, 1). The left side must therefore also be a pth degree polynomial in (0, 1).
Thus the infinite series (4.3) may be truncated

p
oS (1) = E ap t*. ...(4.4)
k=n

ai;=0vk n=p+l.

(A) Constant Normal Displacement
For the displacement (4.1), we find that the only contributing term is ¢§ ().
Using (4.4) we obtain
o5 (1) = af --(4.5)
where a} = Cy po /1I5o = Cy po /2K (ko).
K (k,) is the complete elliptic integral of the first kind.
The corresponding stress is obtained by using (3.3) and (3.4). Thus

- Go o

—20 (1 -2, ...(4.6
WK(kO)( re) (4.6)

™D (r, 0) = p§ (r) =
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The total force required to maintain this displacement is given by

P=- S g D ds 4.7)
s
1
= -4ab S t (pg (0. ...(4.8)
0
For this case, P = 2xu py a/ [(1 - ») K (kp)]. ...(4.9) &

Results (4.6) and (4.9) agree with Gladwell'! (pp. 87-88).

B. Quadratic Normal Displacement
This is given by
ug (r, 8) = r* (pp + p; cos 2 0 + p, sin 26). ...(4.10)
The contributions in this case are from equations for ¢§ (1), ¢S (1), ¢35 (£).

Using (4.4) and solving (3.5) with (4.2) for s = 0, 2 one obtains

o5 (1) = af + a3 1%, o5 (1) = a} 12

o3 (1) = b3 1? ...(4.11)
2 IL
where af = - 3 ‘Iii—o Co @' (b ISy + py I§0)
0,0

ad = 2C, Q' (py IS + p1 I50)

4
a} = 0 Co Q7' (pg [gz + p Igo) ...(4.12)

4
b3 = 3 Cop2 /132
2 = 126:2 1(():,0 - (12C,0)2~
The corresponding stress is

7l (r, 8) = p§ (r) + p% (r) cos 20 + p3 (r) sin 20

]

2 , .
== (1-r)" [a}+@2r? - 1) aY+a3 r? cos 20+ b3 r? sin 26).
T ...(4.13)

Results for the Elliptic Punch on the Layer

Proceeding with (3.5), we obtain solutions for a constant normal displacement
given by (4.1) by a perturbation method for small values of the parameter 6 = a/h.

At first we assume

N
e (0 =Y o -(4.15)
k=0
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where  o® (1) ~ O (6%). ...(4.16)
The zero order solutions are
o (1) = Copo /15,0, o (1) ~ 0 (8%, vn = 1. ...(4.17)

For the next perturbation, we obtain ¢§" (7), ¢ () from the equations (3.5) which

now yield forn = 0, 2
1

I§o o8V (£) + Ly S Lo (£,0) o8 (1) dt

0
1

1
- 5 Koo led” (0115 S_Lo,z (£.0) o (1) dt + IS, o (1)

(]

1
- Koz (08 (D] ...(4.18)
Using values of Ky, K> given in the Appendix [eqn. (A-17)] and the result (4.17),
we find that we may choose the forms of ¢§" (¢), ¢iP (¢) as in (4.11). Hence, in-
corporating the results (4.12) one obtains:

I

oV (§)

8
el =87 fag - 07 USoya + Mo m D) .4.19)
0,0
e (§) =2y 078§
where, o,, a3, a3 are given in the Appendix [eqn. (A-18)].
Carrying on the iterations till terms O (6°) appear we obtain the following
forms of ¢§ (£), 5 (£)

C
of (§) = —["C—"‘l [1 -85+ B%% -8B~ (Bo + BiE))
0,0
+ 84 (B* -8 (B, + Bt ...(4.20)
2C,
o5 (§) = 12”° Q' vy, 8 (1 - B3) £2
0,0

where
B = a/I§p, Bo = (e - 150 97" 72 /150
B1= 30" vz By = Bay - I50 Q' v2) /I -.-(4.21)
= I§a 00 + 503, 12 = I§2 00 + I o3

and Q is as defined in (4.12).
The corresponding stress is obtained as

2Cy py (1-r)""2 (4 + B (2r*-1) + Cr? cos 20

i, (r.8, -h) =
1C 0,0 ...(4.22)
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where A denotes terms in (4.20) independent of £ and B and C are terms containing
£ in (4.20) and (4.21) respectively.

Comparing (4.23) and (4.6) it is apparent that in contrast to the elliptic punch
in a half-space under constant normal displacement, for an elliptic punch in a layer,
the stress distribution is asymmetric.

The total force given by (4.7) and (4.8) required to maintain the displacement
(4.1) for the elliptic punch in the layer is obtained as:

Poll _ B + B%7 - 8 <63— <ﬁo " %&))

+ &4 <6“ - (Bz + % B,> Bﬂ nid.23)

where Py, = 2mwu py a/{( - v) K (kg)]. ...(4.29)

For the limiting case B = a, and upto the order of terms retained, expressions
(4.18), (4.19), (4.21) and (4.22) are in complete agreement with Dhaliwal ', for the
corresponding problem of a penny-shaped punch.

P

I

The results (4.24) have been illustrated by plotting P/P, against u in Fig. 1, for
h =3 and ellipses having aspect ratios 0.2, 0.5, 0.75, 1.0; in Fig. 2, for3 < h < 2¢
and for an ellipse having an aspect ratio 0.5, with given values of y;, »,, », in both
cases. In Fig. 3, P/P, has been plotted against & for 0 < u < 4 for the ellipse hav-
ing aspect ratio 0.5 and given values of u,, »,, »,. For b=a, our numerical values

14

1.2

a6

0.0 1o 20 30 40

Fi16. 1. P/P, Plotted for various ellipses against values
of u(0 = p < 4)with H=3.0, ») = 0333, p, = 0.25
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i 1 i

o0 1.0 20 30 4,0

o

F1G. 2. Plot of normalised total force against x for py =
0.333, v = 0.25 and & (3 < h = 20) for an ellipse
having an aspect ratio of 0.5.

141

0.8

0.6}

1 1 1

00 5 10 15 20
h —»
Fic. 3. Plot of P/P, against k for p, = 0.333, p, = 0.25
and 0 < p =< 4.0 for an ellipse of aspect ratio 0.5

945
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for P/P, are identical with those tabulated in Dhaliwal'? considering the fact that
it seems they have actually computed P/1lu, ¢ and not P/[4u, e/(1 - »;)] as
mentioned.

5. ConcrusioN

The problem of complete frictionless contact between an elliptic punch and an
elastic layer of thickness % resting on an elastic foundation has been solved by an
integral equation method. The particular advantage of this method is its extreme
flexibility which makes it easily applicable to a wide variety of problems. For prescribed
polynomial forms of the normal displacement, exact-solution can be derived. For
non-polynomial forms, the equations are in a form suitable for numerical integra-
tion. The solutions have been obtained for small values of the parameter § (& =
10). However, for large values of 8, the system of equations can be solved directly
by numerical methods. These computations are being carried out at present and will
be presented in the future.
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APpPENDIX

I. Reduction of the Dual Integral Equations

In cylindrical polar coordinates (3.1), (2.13) assumes the form:

T (k, X) = ab E (- D" cos nX £ [pS (p)] + ab

n=0
Y (- )"sinnX £ [p; (0)] (A1)
n=1
1
where L = S o J, (kp) dp. ...(A-2)
4]

In obtaining (A-1) we have incorporated (3.2) into (2.13) and made use of the
result (8.511 (4)) from Gradshteyn and Ryzhik'®. Substituting (A-1) into the
transformed form of (2.13), using again the result (8.511 (4)) from Gradshteyn and
Ryzhik'* expanding the right-hand side of (2.13) according to (3.2) and equating
cosine terms we obtainvs = 0, 1, ..., o, (n + 5) even,

5-2
E [nc,s "en,s p,? (p) + Igs °cs,s [psc (p)]
n=0

oo

= 1
+ 0 Ins Las o ) + o B DT Ly 7 (X) PF ()]

n=s+2 n=0
=Coestub(r) 0=sr=<1 ...(A-3)
2x
where f (X) = S cos nX cos sX (1 - k(z, cos? X)~12
0

g < E—Z—h— [1-k3 cos” X) dX. (A-4)

A complementary system of equations is obtained by separating the sint terms
and is identical with (A-4) with superscript C being replaced by S throughout. In
(A-3) IS,S is as defined in (3.7). The operator

oo |
L5 by (p)] = S S o J, (kp) Js (kr) v (p) dp dk .--(A-5)
0 0
Using the result ([Gradshteyn and Ryzhik'4]), 6.567 (1)), from which
1

2k \ 172 Y2 g, (k) dt
pn Jn (kp) = (—1r—> S (pz ” t2)l/2 ...(A-6)

0
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in (A-5), interchanging the order of integration between p and ¢ and incorporating
(3.3) (A-5) simplifies to

o 1

2 2]
Lns [r(p)] = (;) S S (k)2 y(p) Jprsa (k1) Js (kr) dt dk.  ...(A-T)

00
In particular, using (Gradshteyn and Ryzhik 4, 6.575 (1))

r

2\"% _ (1)
£S,S [’Y(p)] = <?> r 8 S W dt. ...(A'a)
0
(A-4) now assumes the form of an Abel integral equation
r
2 -S C
— (r Igs s (1))

2

‘(‘;zf‘;i)-ﬁz‘dt=Ff(r) refo, 1

x
0

the solution of which is easily seen to be

£
2\12 3 pot
I§s¢f(5)+<:> 3 ismw
0
1

x [ Y I SL (& 1) o5 (1) dt]

l 2 172 a r5+1
t 5 £ (") P S @7 K, s lof (1)) dt dr

Ll o¢ *? -
. 1
d r't
= Cope;' £ ;'E S m ub(r) dr ...(A-9)
0

s=0,1...,0,(n + s)even and r, £ € [0, 1].

Application of (6.567 (1)) from Gradshteyn and Ryzik ! leads to the form (3.5). Pro-
ceeding similarly with the complementary set of (A-4) one obtains the complemen-
tary set of (3.5) which is exactly similar to (3.5) with the superscripts Creplaced by S.

1. Simplification of L, ; (&, )
For this we write

w 1
I=¢1? S g kt'% oS (1) Joy2 (kt) Joypy (KE) dt dK. ...(A-10)
0 0
Forn < s, (n+s) even
w 1

1=t S S 1™ on (1) % "2 Jpsra (0] Joy 2 (KE) dt dk.
0 0



AN ELLIPTIC PUNCH 949

Application of the results 6.574 (3) and 6.575 (1) from Gradshteyn and Ryzhik '
after integrating the inner integral by parts, <¥> times in succession, gives us

the result (3.12).

Forn > s, (n + s) even

This result follows after integrating the inner integral in / only once by parts
and after splitting the interval of integration [0, 1] to {0, ¢£] + [£, 1] and applying
again (6.574 (3)) Gradshteyn and Ryzhik '. In this case the integral in [0, £] vanishes,
so that the result (3.13) follows after one more integration of the inner integral in [£, 1].

HI1. Simplification of K, ; (¢, 1)

For this simplification we write
1= % K s lef (0] --(A-11)
where K, [¢S ()] is given in (3.9), and use the transformation
(k cos X, k sin X) = <£’:-‘— cos ¥, % sin \lz>. ...(A-12)

Writing p = (1 - k3 sin? y)'/2 ...(A-13)

and using (A-12), (A-13) in (3.9) we find that
1 2x

I= — K, [os (D] = % (- "8 S S g ED'"2 up
0

1
2
G(2u) oS (t) Jorj2 (3upt) Jo1y2 (Bupt) cos nX cos sX dy dt du. ...(A-14)

Using (8.442(1)) from Gradshteyn and Ryzhik'* for expressing the product of the
two Bessel functions in (A-14) as an infinite series one gets finally

i ’L(‘_ i)n 6S+nf| had (_ l)k
27 [(n+1/2) = K [(s+k+1/2)

1 c -
2 Kn,s [en (1)) =
@ 1
/]

F(-k, -s-k + 172, n + 172, £*/£% cos nX cos sX d¥ dt du ...(A-15)

(up)**" £5 1" G (2u) ¢S (1)

oﬁ_———;:‘d

where F is a hypergeometric series.
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IV. Results used in Section 4

For quadratic normal loadings of an elliptic punch in a half-space, we make use
of the following results for obtaining (4.12) :
1

S Lo, (£, 1) (ad + @Y t) dt = -2/3 &} £2

° ...(A-16)

1
S Ly (& ) aistdr = — af (1-3¢).
0
In deriving (4.17) - (4.19) we have used (A-15), retaining terms < O (6%. Thus
1

1
(a) > Koo lef? (D1 =6 S [y - 382 oy (£% + )] o (1) at,

0
1
1
(b) Py Koz 180 (D] = - 28° a3 £7 S o (1) at,
0

1

© %Kz,o [ef? (0] = - 26 o S 2 ¢ (1) dt,
0
@ 5 Kns lo8 (0] ~ O (69 ¥ (n+9) = 4 (A1)

1
(@) a; = Ngo My, o = 3 N M,,

s

1
®) a3 = 3 Nf(f)z M, ...(A-18)
2%
‘ P (= D)" .
where N = ———— | p¥ cos nX cos sX d¥
' T
0
(n + s)even,n,s5,j=0,1... ...(A-19)
1 oo
M,, = u?" G (2u) du.
(2n) !
0

Thus, N© = 1 dv =2
T

s

ptcos 2X d¥ = ki

2r
og
2x
N = 1 S prd¥ =2 -k} ...(A-20)
0
2%
1
ND
0,2 T
0



