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Recently, Burdick, Keogh and Mcr%q;,s showed that if f s starltke an U = { Z | |
Z < 1}then Re { A2y / R~ 2) } 7 » U tor 2 € U. In this paper, this inurguing
ineguabty has been extended to a-convex functions and for a class ot ph hke
functions

1. INTRODUCTION

2 “°o
A function f(z) amalytic {0) = 0, f'(0)=1, ﬂ"){; () = 0 m the unit disc

U={z]||z]<1}iscaled a-convex function if and only 1t there exists a
real number a such that

Re {(l—a) g[ﬂ'zi)l_) + a(l+%,’,é§~)]‘> >

Class of a-convex functions is known as Mocanu class.

Recently, Keogh et al* proved that if f is starlike then Re { fa)f(- 2) }72 >
0 for z € U. This intriguing inequality led Robertson®. to establish the following.

Theorem |[R] — Let fiz) be analytic in U and normalized by fiu) = 0, f' (U)
1. Then f s starlike with r espect to the origin if and only if F,(2)
[ kR2)/flkz) 112 ; F(0) =1, Fy(2)=[fz)/z]"? are analytic for ~ | <« & < 1 and
Foz) < (1 +k2)/ (1 + 2)forz€ U

In this paper we shall obtain a similar charactetization for Mocanu class of
functions and then extend it to a-b-¢-like functions which are defined in section 3.
We need the following results.

Lemma 1 — Let ¢ and ¢ be convex in U and f < . Then ¢ * [ < ¢ * .
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Lemma 2 — If fis analytic, f0) = 0, f" (0) = | and fz)f' (2)/z=0 in U and

Re {(1 -a) 4;(};) + u( 1 *zf-f'(’z()z))} > 0 then f is starlike.

The proofs of Lemmas 1 and 2 can be found in Theorem 4.1 of Ruscheweyh
and Sheil-Small® and Bajpai and Mehrok® and Mocanu er al’® respectively.

2. MAIN THEOREM

Our characterization for a--convex functions in terms of subordination is the
following.

Theorem 1 — Let fz) be analytic in U and normalized by the conditions f0)
=0, f () =1and iz)f' (2)/2= 0 in U. Then we have

PR/ A ¢] @)  1-z_ . (1)
(1 -a) ) +a(1+f'(z) ) U2 G(2)
if and only if
{ﬂsy ]‘ e [ft(,s:;z Yt e 2
sflez) fe2) 1+sz oA

forall |s|s1,]t]s
This contains theorem R in particular for « = 0. and s = |

I, s =k O<k<l

PROOF : First we shall prove the sufficiency part. Let ¢
and

1-a 12

wz)-w[{{;';;;} {7 ]

Then y (z) is analytic in U and ¢ (2) < T(z) where

T(z)..(nk){ffé}—l-lk:lfz .

Hence [y (z)|<1 forall k, 0 <k < 1. Letk =1~9,0<d < 1 iny(z) and
write

[Re-8a) " [f'-02)]" = T by (82
) n=0
in |0z} < 1 - |z|. Then actual computation gives us.
by=[f) ] [f' (D ]**
by =— ( l,;q ) [flz) [A-¥2-1 [ (z) [+ o2 g [f(2) J1-7

Lf @ a2 ()

Further, if we write

B(z) = [Rz) ]—H-u)/2 [f'(2) ]-w'z [ﬂz—bz) ](l a2 [f' (z-82) ]wz
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then, we get

w1100l 121

d+ 0 (d).

Hence,

“

B(z)(1-9) ' == Bz)

l—:(l—u}b+()(b3)]

NG (@)
(- w) ? +a ’,
Ji) {2

9y

-

+o ]D+()m')

and finally

, NN 7 (2) R
2-0)BE)(L-5) Y “"-.’.-—(l—u)j ++ a7, o+ ().
( N fiz) f'ez) )
This last cquation gives
yiz) = | »—»{(l '“):/ﬁ:()“ + (L + :;,((;)) jﬁf()((\:)

But Re w(z)s|yiz)f<! gives

) (2 i VN
- Re [(l—u) A2) +ay 1+ ) ’

Letting o be suitably small 10 get

+Red) s 0

Re {(l—u):jﬂ:(;’-ru( 1 +lj,(‘:~;,§i z

Since at £ = U, the lefi-hand side ss |, the above incquality converts mto a st

inequality. This completes the proot of the first part of Theorem |
establish the necessity part. Define

o

Now we shall

s t
—_ - s . . A%
l—sx l—u}m' e )

PO)=0, P’ (0)=0 and Rc{ { +:;,,(‘f)) }>n

and hence P(2) is convex and univalent in U. Suppose (1) s truc. Then by Lemma
1 we have

(1-a) zfﬂf):)nz z;,”((:;) - (l—u)]* PE) =< (GG - 1) * P2

where (*) indicates the Hadamard product for two functions. But the fast subordima-
tion relation is cquivalent to
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1+sz

f {(l—-(1)f'(x)+uf”(x)—“_“) dx « -2 log
1 +1z

Ax) [ (x) x

@

This gives (2) after an exponentiation of the above subordination relation. Thus
the proof of Theorem 1 is compiete.

3. A SuB-CLASS OF ¢-Likk FUNCTIONS

Let G(z) be a convex conformed mapping of U, G()) = 1. Let fz) be analytic
im U with filo) = f'(0) - 1 = 0. Let ¢w) be analytic in fU),
¢ (0)=1, ¢ (wy=0 1 fil)) - {0}, Then fis called a-b-@-like il and only it

Re{aANH+bBEH } >0
for ¢ and b real and
A" e
ap=14d W
v T e o Un
and

e
BY) ey

If @ =0 and b = 1 then these functions are known as ¢-like. Brickman', see also
Ruscheweyh” showed that @-iike functions are univalent and in Bajpai' has shown
that a-b-¢-hike functions are also @-like and univalent. For a-b-¢-like functions we
have the following.

Theorem 2 — let
Gtz) = b| ::)

aA(N+bB (=< G, zEU . (4)

/ (q{uﬁ;)*i]“"] - ©)

0

Q{fw))=wexp

and

F{z) =z exp

f)(cm b) ] o (6)

If fis a-b-¢-like and (4) is satisfied then we have

sf' (s2) ¢ (fez) ) ] [IQ( f(s2)) ]” < F (s2)

f 12)0(f2)] |sQ(fu2)] = sF2) - )

conversely, (7) gives that f is a-b-¢-like.
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PROOF : Let f be a-b-¢-like and (4) be true. Define

H(z) = zexp

i (940208 (-1) ,k].

Then, we get,
571(2(.)2_) _aA(ﬂz))+bB(ﬂZ))-‘
Then (4) gives

2H " (2) _ _
H(z) ba G(z)~b.
Further, if

Y t
P(z)= | {i‘js‘}’i—':x dx , s=i
0

then
[aA (f@D )+ bB (R ) - b ] * P2) < (Gz) - b) * P2).
This gives

f |4 UR0) BB R0)= ]y f

Gx)~b ] tF (sz) ]
/ et ‘tr - =7 1.
x 08| £ ()
The exponeatiation of the above subordination relation gives the required result.

Conversely, if (7) is true then we shall show that f is a-b-¢-like function. Let
us write

BEPMCTI0.0 R aalEeXV.C5) ) N
W) [f’(zm(/(sz)) SQ(I(Z))] (I+s)-1
and
F(s]" 1 ¢ bfl-x 1+z
[SF(Z)} = oxp 2 -{ x 1+x—l]dx)- 1+sz]

Now, let s = 1 — 8, 0 < & < 1. Then ¥y (2) is analytic and bounded by 1 in
U. Let us expand y (z) in the powers of & in | &2 | < 1 - | z |. Suppose

Y(z) = bg+ b, 8+ b, 02 + .. .
Then by equating various powers of & from both sides we get

by =1
(5505 T GG s et
Since Re y(z)s|y(2)|<1, we get Re { by +b,0+... } =0 which gives

bl-

Re {b,} s0 for d is arbitrary small. This in turn gives
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Re{aA(f@)+B(f)}>01forb>0 Sinccead (£0)) + B {f@O)=b>0
This completes the proof of the theorem.
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