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The growth ot the boundary layer i an accelerated fow of an cleciioty conducting
fluid past 4 symmetrically placed body m the presence of untform fransyvone sagnctn
ficld fined relanve o the body has been studied  The boundary Layer cquation has
been solved by using o method previously developed by Pozzi based on expressing
the unknown svelocity i term of an crror function and on using ditterondial and
integral relations obtained trom the balance cquation. As cvamples. e niplasie
flow past ¢ circular cylinder and uniformly accelerated How over a flal plate i
considered. 10 1y tound that the etfect of the magnetic fickd s 1o decelerate the thad
motion which results i an carher boundary Javer sepuration i the ampuisine flow
past a circular cyhinder The resubis show a good agreement with the numercal data
available in the Interature.

NOMENCLATURLE:

&
]

strength of the transverse applied magnetic tield:

g
"

coefficient of skin-friction;

@
3
"

coefficient of magnetic drag;

~
]

function introduced in equatiqn (2.5)

<
X
1

dimensional velocity at the edge of bounday layer m the absence of
the magnetic field;

&
]

characteristic velocity;

. . . (S P T
non-dimensional magnetic parameter = p‘ B, 1y

k|
1]

>
*
"

dimensional coordinates parallel and normal to the body:

~
L

dimesionsal time;

<
<
"

dimensional components of velocity along and perpendicular 0 the
body;



476

Ty

Xy

u, v
Ux

S

Ly
U )

MAMTA GOYAL AND J. L. BANSAL

= variable introduced 1n equation (2.5);

= non-dimensional time ¢ = #(s);

= characteristic time;

= scaling function of the coordinate normal to the body;

= non-dimensional coordinates parallel and normal o the body;

= non-dimensional components of velocity along and perpendicular to the
body;

= non-dimensional velocity at the edge of the boundary layer in the
absence of the magnetic ficld;

= distance traversed by outer flow betore separation impulsive flow over
a circular cyhnder;

= time at separation for impulsive flow over a circular cylinder;

unit function = | for x > 0, = O for x < O,

Greek symbols

a

b,

o
[

S ® < =

Subscripts

®©

0

constant tn the mainstream velocity;
dimensional dispalcement thickness;
dimensional momentum thickness:
viscosity;

Kinematic viscosity = w p:

density;

electrical conductivity.

condition at infinity;

characteristic values.

1. INTRODUCTION

The unsteady nature of a wide range of fluid flows of practical importance has
received considerable atiention in recent years. In many applications the ideal flow
environment around the device is normally steady, but undesirable unsteady cffects
arise either duc 10 self-induced motions of the body, or due to fluctuations or
non-uniformities in the surrounding fluid. Generally, two categories of unsteady flow
problems have been studied extensively. viz.(i) boundary layers which are created
when a body starts from rest cither impulsively or with acceleration, some of these
studies are made by Blasius®, Goldsiein and Rosenhead®, Goertler”, Nigam'®, Schuh®?,
Hlingworth®, and Wadhwa™, and (ii) boundary layers which are periodic due to
fluctuations of the stream of oscillations of the body, where the contribution of
Schlichting™, Lin'*, Lighthill'>, Ghosh®. Scgel** and Roy'" are noteworthy, Stuan®™,
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Riley", Wirtz™? and Mc-Croskey"™ have reviewed some of the rescarches carried out
by the ecarlier authors. Socio and Pozzi® have studied in detail an approximate
integral method for solving the unsteady laminar boundary layer cquanon, which is
applicable to a wide range of initial and boundary conditions. Rossow ™ has studied
the boundary layer flow in the impulsive motion of & viscous icompressible
celectrically conducting fluid in the presence of an applicd magnene hicbds normal o
a flat plate, which was later extended by  Kakutani and Ong and Nicholls™ 1o the
case of an oscillating flat plate. Soundalgekar™®, Pop!” and many others, including
the recent work of Bansal and Dave*, have studied the compact solution tor MHD
boundary layer flow near an accelerated flat plate.

However, one finds that little efforts have been made 10 study the unsteady
hydromagnetic boundary layer flow past bodies of arbitrury shape. In this direction
the works of Askovic!, Askovic and Askovic?, Singh and Jidal=", Singh e ol and
Kumari and Nath!' are of considerable interest. Recently Dave™ has swadied the
growth of the boundary layer in an accelerated motion past a symmctncally place
body in the presence of a transverse magnetic ficld fixed to the body by the method
of successive approximations.

In the present paper we have studied the MHD boundary layer flow due 1o an
unsteady external flow whose acceleration is governed by power Law. on a body
placed symmetrically to the flow in the presence of an external applicd transverse
magnetic field fixed relative 1o the body. A simple integral method sugpested by
Socio and Pozzi** in the case of OFD flow is modificd tor solving the governing
equations of MHD flow over a body. The distance traversed by the boundary layer
before separation oceurs s determined for an impulsive flow over a cicula oy hnder
1t s found that in the present case the effect of the magnetic ficld iy to decelerate
the tluid motion which results in an carlier boundary layer separation and thus to
destablize the flow. As a sccond example, untformly accelerated tlow over a tlat
plate 1s considered. In both cases the results are in close agreement with the avatlable
results of Dave’,

2 FORMULATION OF 1HE PROBLIM

The problem may be regarded as one in which a velocity s acceleraied in the
mainstream, the body placed symmetrically to the flow and remaining at rest, and

Bo
\{

-

Fig.1. MHD boundary fayer on a bady placed symmetieal to the How
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By is the external applied uniform transverse magnetic field fixed relative to the body.
The X-axis along its length, the Y-axis perpendicular to it (Fig. 1) and let the motion
begins at T = 0. If U and V are components of fluid velocity along and perpendicular
to the contour of the body, then the dimensional MHD-boundry layer equations may
be written as

U oV . (21)
ax tay™?

U U eU _ 1P #U _ B, - 22)
aT*Uax+VaY TpaxtVar T p

where
_1 8P _dU.  0U. (5!,11) . (23)
p ax " ax *oax P Jr-t

and J,, in the absence of externally applied clectric field,

J,=0UB, .. (2.4)
Introducing the non-dimensional quantities as
12
u-ﬂ v-V(@] X = X 1-“I
Uy’ v ' Ty Uy” T,
o P U, O,
y-Y(Tu\/) lZ’ p-‘; “x-'U(',‘, m-b BU To

The MHD-boundary layer equations (2.1) to (2.4) may be written in the
non-dimensional form as

ou  ou  ou dux o Oux . (20)
a Tox Ty a T x4y

du . QV_O_ .. (2.2)
ox  dy

The quantities are defined in the nomenclature. Further, in the absence of
magnetic field u, = w (x) ¢*. The initial and boundary conditions and the compatibility
condition are

ux, y m ) =0 forts0

ux, O, m ) =vx, O, m t) =0;,1>0

lim wix,y,m, ) =u,(x,m,1)
y-

mt m?
=:fnw(x){l'l'f’m (l+u)("+u) }
+ ‘Z(HI w(x)dwﬁ_) 2”"' }

dx {(l+a)- (1+af2+a)’ - (2.3)
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The condition at infinity is modified because of the presence ol the magaetic
field.

Besides these boundary conditions (2.3°) we shall need some imtial conditions
which will be discussed later.

An integral formulation of the problem is obtained by integration ot egns. (2.1)
- (2.2) as

oy

(e —u) dy | + f (ui—u-‘) dv | - u, ]f (e 1) b l
] 1] \ ‘u l‘

]

x

du
=1 . +m | udy 24
[ dy )\ -t) f .
iy

Here the subscripts denote the respective partial decivatives,

The above integro-ditierential equation may be reduced 10w partiad ditferential
equation of Lagrange’s form if we make the following assumption for the veloaity
profile :

y . 2.5

u=u, flz) with z= hix,m, 1)

Thus the cquation (2.4) reduces to

5

_—
W H v u, aoH =2 oy = 2H (g + o) )+ 2mtag, (2.6

where

x

H-h:ui. a) = f(l—/) dz . = fj'\lmf) d:
3} i

x

w=f0), = [ fd

i

3. METHOD OF SOLUTION

Equation (2.6) is a first-order, lincar partial differential equation in the unknown
scale function h(x, m, )} which corresponds the boundary laver tuchness and the
corresponding auxiliary equations of the above cquanon are

di dx dH A3
Wy U Uy {243 ay - 2H (g + @) () + 2m g
Let ¢y, m e, H)y=¢, and ¢, (x.m, 1, H)=c¢> be two independent imtegrals ol
cquation (3.1). The general solution can then be expressed i the torm

o =P (¢y) (3

with @ is the function to be determined from the initial conditions 1o be associated
to the boundary conditions (2.3).
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From the first two members of equation (3.1) one has immediately

' .. (3.3)
@ (
-x-— U, dr.
¢ 01{

To determine ¢,, one considers the first and last members of equation (3.1),
which on integration give
1

H = exp [— f {A (us); — Bm | dt

0

!

203 % ’
—(1_3 fu; exp f {A (uz), — Bm} dt] dt+C, - (34)
oo 0
where
5 2 - (3.
A-2[1+9=J, B-" 3:3)
Uy a
Finally,
{
o= H exp f {A (ue), - Bm} le
0
203 ] s !
- f u; | exp f {A (ux), - Bm} di |} du. .. (3.6)
U 0
The general integral (3.2) can then be expressed as
]
H = exp [— f {A(u.), ~ Bm} le [o(m )+ ®(x-5)] - (3.7
[}
with
2a, PR .
omo=" . Joulfexp| [1A@) -Bmbdi|}di .. (38)
Vo 0
and

t
s - (3.9)
s= - u, di
«, {
which implies that 1 = 1(s).
The function @ in eqn. (3.7) can be obtained with the help of following
conditions :

X (x, m) = h? (x, m., ) e (3.10)

T(m.1)eh?(©,m.1). . (31
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The function @ (x - 5), in view of the initial conditons (3.10) und (3.11), may
be written in terms of another function y (s — x) as

d)(x—s)-[/i’(x—s,m) ui (x,m, 0) + U(s -1}
- {ﬁ’(x—s, m) ui (x, m, 0) + (s - x)}] .~ (312)

Where U(x) is the unit function (= 0 for x < 0; = | for x > ().
We now observe the following properties of the function &

(i forx >3 s -x<0

S (x-3) = Xx-s,mu’ (x.m,0) L (313)
w)forx <, 5y —x >0

D (x -y = ypl-x)
or P (-3) = y(y) (3 1)

putting x = 0 in eqn. (3.7) and using the condition (3.11), we pel

{
A

T-(ui )(_“-cxp {— f {A((u),) - Bm) (1!}’(})(/"»1) + D (-]

1]

By using (3.14)

f{A ((ux) ) -Bm} di ]~— gim ). .. (3.19)
}
1§

Equation (3.7), with the help of egn. (3.12) may now be written as

wis) = (), enp

!

H = exp l— f A (uy), - Bm) dt

1]

)

[ (m 1)+ /’\>(.[ “som) ol (aym )

+ U(s —x) (-—/f\"(x—s, m) ui (Hm )+ yp(s-1)i) .. (3.16)

where the function ¢ (m, 1) and ¢ (s) are defined by eqn. (3.8) and eyqn. (3.15)
respectively. The above expression shows two different regrons (i) the MHD Rayleigh
region (x > s) and (ii) MHD Blasius region (x < v).

4. APPLICATIONS

In order to apply this method, two steps are necessary. First, the tunctional
relation in eqn. (2.5) is to be expressed in explicit torm, then A(x, m, o), the scale
parameter of the velocity profile, is to be evaluated from cun. (3.16). The asymptotic
behaviour of the exact solution in the absence of the magneuc ticld tor an accelerated
motion over a body suggests the choice of f2) as the error function

_erlc(z +a) SRR
cric a

floy=1
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where ‘a’ is given by

R [ L odue | us . (4.2)
a 4 Y\ u, o ax
and
a 277 e (VIa)) as
=, "2-( ) [ erfe a )_ 2
200 a3 . (43)
03-\/1?erfca' “4-2-2'
Now from eqn. (2.5), in view of eqn. (4.1), we write
erfc{z +a) o (40

Uusu, | 1- .
crica

Determination of H(x, m, 1)
Using the boundary conditions (2.3) in equation (3.16), we get

H = exp —f{A(u,)‘-BmI d!)[q) m+UG-x)yps-x)]. .. (4.5)

Equation (4.5) reduces 10

- f {A (uy), — Bm| le ¢lm 1y, x> ... (4.6)

H = exp

and

H

cxp{— f {A(u), - 8Bm) di ][cp (my+yps-x)]; x <s .. (47)

Y

Further from egn. (3.9). we obtain

"&] a+l —(x;2+(2+u)(3+u)—"" dx'-

"y { mi 2m? 12 f} o (48)

aa [ WI"" { mt ,nl ,2 } dw 2t 2
W - 2

O+a)Qu+3) (+arQ+wQa+d)’
where ¢ (m, 1) is given by cquation (3.8) ¢ (s -x) from (3.15), and «s from (4.3).

Equations (4.6) (4.7) show that the flow has a singularity at the junction of the two
regions.

Examples

(a) For uniformly accelerated flow over a flat plate

a=1, w(x)=constant = 1, . (4.9
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Therefore, the boundary condition (2.3) reduces to
ue (X, m, 1) = s (m, :)-'—5'- [1-em) . (4.10)

Using (4.10) and (3.8) in eqn. (4.6), we finally get

b _ 205  efm Bm 1 (B+2)mt)
T e (Temy [m“ '
-0 j;r" {1—e(t+Bm) J . (4.11)

and equation (4.8) gives

TN
s [2 {1 a . . (4.12)

(b) For impulsive flow over a circular cylinder of radius o
a=20 .. (4.13)

therefore, the boundary condition (2.3) becomes

Uy (X, m, 1) = w(x)e ™ +1 ‘g mt (1 +mi)\. - (4.14)
Using eqns. (4.14) and (3.8) in (4.6), we find
H 20 l {A Bmid
-(ln exp -{ (ue), — Bm | dt
[ [ o exp( [ 14 @), -Bm}dt) dt .. (4.15)
0 0

where u_ is given by (4.14).

At the point of separation, we put (6“)
ay Jyao

before the separation is given by (Dave®)

= 0, t = t, and the distance covered

tsp .. (4.16)
Sp= f ldt, =1,
0

and for a circular cylinder of ‘’ in the neighbourhood of rear stagnation point, we
have

dw(®) ¢ . (417)
G RO
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On simplification, equation (4.15) given in view of (4.17)
2,
h a, exp (

sp
x [ exp (-2:‘ txp—m{% £+ 4:‘; r, - (B+2)t‘,,})dt\,,. (4.18)

]

Although the flow for other values of o may be obtained in a similar manner
but the analysis become increasingly complicated.

5. CHARACTERISTIC BOUNDARY LAYER PARAMETERS
(1) Coefficient of Skin-friction

The dimensionless coefficient of skin-friction C; for the accelerated motion over
a body, in view of (2.5) and (4.1) is given by

( au )
c aY ly<o G0
- 3 “ve T
f p U(‘) /,’ 2
1 e 1 (au) aux 200 e 5.2
T REN S av leo Rt A Vmerfca | hes' 2T (3.2
Tl -
where C; = v"': U, C,
(2) Coefficient of Magnetic Drag
The dimensionless coefficient of magnetic drag €, is defined as
2 } B Udy (5.3)
C,= 3 o, B, e (8.2
m pU” / u
. Hy
;_ rerCo=me \7’_ o
| PR h [ oo }u., .
12 = i - .. (54
2f Co =iy, 2 va erc a ] r .4
o T U,
where C, = ”v‘ . UuCe

(3) Displacement  Thickness

The dimensional displacement thickness (by definition)
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x

a,-f(n-g)dy . (55)
0 *

o h| 2e9

vi T vi T Wvrerde o 8 . (5.6)

where
o
o - L
(Tyv)' -

(4) Momentum  Thickness

The dimensional momentum thickness (by definition)

U U

O = - . (5.
: { v, (1o ) 7
] 12 R

o, _ h (2} erfc (V2Za) e (5.8)
Vi Vii\n erfc a Vr erfca M

b"
where  d) = . T
- (Tyv)" 2

The value of A is 1o be taken from equation (3.16) and a is given by eqgn. (4.2).

6. NUMERICAL DISCUSSION AND CONCLUSION

Equation (3.16) shows that when the fluid is accelerated over a body placed
symmetrical to the flow in the presence of transverse magnetic field to the body,
the flow field can be divided in two regions namely MHD Rayleigh region (x > )
and MHD Blasius region (x < s) with a singularity at the junction of the two regions.

TABLE | .
Distance traversed by the boundary layer before separation occurs in an
impulsive flow past a circular cylinder of radius ‘r' in the presence of a
transverse magnetic field fixed relative to the cylinder.

T ] a = 00
S,/r
mt,, Present Dave*
. method
0.0 0.3536077 0.351071
0.1 0.2923175 0.313217
0.2 0.2131908 0.276054 ]
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The distance traversed by the boundary layer before separation occurs for an
impulsive flow on a circular cylinder of radius *r’, for small values of the magnetic
interaction parameter mt,, is given in Table I and the results are compared with
Dave’. This clearly shows that the effect of the magnetic field results in an earlier
separation of the bundary layer and thus to destabilize the flow.

The velocity distribution is shown graphically in Figs. 2 and 3 respectively and
wherever possible the results are compared with Dave’. One may conlcude from these
figures that the velocity decreases with the increase in the magnetic field . This
shows the decelerating effect of the magnetic field on boundary layer flow and
concequently the coefficient of skin-friction C; decreases which is given in Table 11
and same is shown graphically in Fig. 4 for uniformly accelerated flow over a flat
plate.

Tasir 11

Characteristic boundary layer parameters for uniformly accelerated flow over
a flat plate in the presence of transverse magnetic field relative 1o the
plate for s -~ x < 0

mt h 1 5

’ 1 . 1 . .
C ] h 9, h C C+C
vi AVvi 1 gt h g ity 4V 4\/1_( 1+ Ca)
0.0 1.82417 0.54024 0.72036 0.29538 0.00000 0.54024
0.1 205195 0.47907 ().78458 0.34927 0.09442 0.57350
0.2 221617 0.41921 0.85743 ° 041781 0.19583 0.61504
0.3 2.61929 (0.37243 00.94428 0.41807 .29561 0.66804
s s e ST . B . C e .
1.4
1.2 «=1.0
1.24 «£=00
1.0 =
1.0 r"‘s':"o.o
0.84 0.
- o8
? 0.2
0.6
f ,F 0.6
3
04/ T 0.4
0.2 0.2
0.0 0.4 08 1.2 16 2.0 24 a0 04 08 12 16 24 28
- 2 — 2

Fig.2. Velocity proiles for uniformly accelerated flow  Fig.3. Velocity profiles near seperation in MHD
over a flat plate for s - x < 0 solid linics: present boundary layer growth in an impulsive motion past
method: dotied tines; Dave (1989), a vircular cylinder for different values of mi,p.
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Fig.4. Characteristic boundary layer parameters for umformly accelerated flow
over u flat plate for s - x < 0. '

For uniformly accelerated flow over a flat plate, the variation of scale factor h,

displacement thickness 8}, momentum thickness 83 and coefficient of magnetic drag

C, with magnetic interaction parameter ‘mt’ are included in Table Il and same are

included in Fig. 4. The scale factor, displacement thickness, momentum thickness and
coefficient of magnetic drag increase with the increase in the magnetic parameter.
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REFERENCES

R.Askovic, Rev. Roum. Sci. Techn., Mec. Appl. Tome 21, No. 2 (1976), 297-308.
T.Askovic and R. Askovic ZAMM 88 (1978), 239-42

H. Blasws, Z. Math. U. Phys. 56 (1908) 1.

J.L.. Bansal and A. Dave, National Academy Sciences, Letters, 10(1987), No.9.

‘A. Dave, Ph.D. Thesis Univ. of Rajasthan, Jaipur, India, 1989

S.Goldsticin and Rosenhead, Proc. Camp. Phil. Soc. 32 (1936), 392-401.

H. Goertler, Report US.AA.F. Contract No. AF-61 (514)- 627-C, 1944,

A. Ghosh, Publications Scientifiyues et techiques du Munistere de Air. No. 381, 1961.
C. R Hlingworth, Proc. Roy Soc. Ser. A199 (1954) 533,

T. Kukutani, J. Phys. Soc. Japan 13 (1958) 504.

. M. Kumari and G. Nath, Indian J. pure appl. Math. 17 (1986). 957-68.

M. J. Lighthill, Proc. Roy Soc. A 224 (1954) 1-23.

. 8. C. Lin, Proc. 9th Int. Congr. appl. Mech., Brussels, 4 (1956) 155-67.
. W. ] McCroskey, ASMES Fluds Eng. 99 (1977) 8-38.
. S. D. Nigam, Quart. Am. Math. 9 (1951) 89-91.

R. 5. Ong and J. A. Nichollls, J. Aere. Space Sci. 26 (1959), 313.
[. Pop, ZAAMM 48 (1968), 69-70.
V. 1. Rossow, NACA Rept. 1358, 1958,

. D. Ruy. ZAMM 42 (1962), 252-56.
2.

N. Rilcy. SIAM Review 17 (1975) 274-97.



488 MAMTA GOYAL AND J. L. BANSAL

21. H. Schlichting, Berechmung ebener periodischer Grenzschihts troemungen, Phys. 2, 33 (1932).

22. H. Schuh, Z. Flugwiss (1953) 122-31.

L. A Segel, J. Math. Phys. 39 (1960), 189-97.

V. M. Soundalckar, Appl. Sci. Res. Section B, 12 (1965), nr 2, 151-56.

J. T. Stuart, In Recent Resecarch on University Boundary Layers, Vol.1 p. | Lalval University Press
Quebec 1972,

L. Socio aad A. Pozzi, J. Appl. Mech. ASME (1979), 269-274

B. Singh and 1. Lal, Int. J. Number. Math. Fluids 4 (1984), 291-302.

B. Singh, ). Lal and P.K. Aguwal /Indian J. pure appl. Math., 16 (1985) 1390-98

H. ). Wirz, Lecture Notes in Physics, n. 41 progress in Numecrical Fluid dynamics. ed HJ. Wir
Springer-Verlag, 1976.

Y. D. Wadhwa, Phil Mag.” 8, 3 (1958), 152-58.

g BRIR BEY



