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In this paper we establish two fixed point theorems for families of maps
satisfying, pairwise, contractive definitions with different contractive con-
stants. The results extend and generalize theorems of a number of authors.

Most of the papers dealing with fixed points for sequences of maps fall into one
of three categories. The first assumes that each pair T‘, T satisfies the same contractive

condition and concludes that {T } has a common fixed point. The second assumes that
n
each 7' satisfies the same contractive condition and that {T } converges pointwise to
n n

a limit function 7. Tbe conclusion is that T has a fixed point p which is the limit of
each of the fixed points p of 7' . The third type assumes that each T has a fixed point
n n n

p , and that {T | converges uniformly to a function 7 which satisfies a particular con-
n n
tractive condition. With p the fixed point of T, the conclusion is that p —p. Theorems
n

illustrating each of these principles appear in Rhoades!! and the references cited therein.

The purpose of this paper is to generalize and extend a fourth class of theorems
for sequences of maps. In this situation the functions Tz’ Tj satisfy pairwise a contrac-

tion principle, but with different contractive constants. (see e.g. Chatterjea2, Kannan$,
Ray® and Vasukil5.) The conclusion is that the sequence has a common unique fixed
point. In each of these theorems in the literature, the authors use the iteration xn,1
= Tn xn. Because of this fact, it is then necessary to make additional assumptions in

order to obtain the result. FEach theorem of this paper yields a unique common fixed
point for a family of maps satisfying very general contractive conditions, and without
the additional hypotheses imposed by the above-mentioned authors.

Theorem 1—Let {T.}aes be a family of selfmaps of a complete metric space
(X.d), J an indexing set. Let 4, B be selfmaps of X, 4 or B continuous, assume that
each 7. X C (4X) M (BX) and that each T, commutes with 4 and B. Suppose also,
that there exist positive integers m acrd n such that for any two mappings 7., 78, for
any € >0 there exists a > O such that, for each x, y in X,

e Mp(x,)) < e+ 8 impliesd( TZl X, T: y) <e o (1)
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where

Mas (x,) = max [d (4x, By), d (Ax, T, x ), d (By, Tgy), [d(4x, Tg )

+ d(By, T, x)]2) e
Then all the T., 4, and B have a unique common fixed point.

Proor : Fix a« and B, and set S = T;" , T=T : . From Theorem 1 of Rhoades

et al12, S, T, A and B have a unique common fixed point p. Since
T p=p, T p=T. ( T p ) =T. pand 7T, pisalso a fixed point of 7. . Since
T« commutes with 4 and B, ATy p = T« Ap = Tup, BT. p = TuBp, T p and Tup is

also a common fixed point of T:‘ , Aand B. We shall now show that T, p isalso a

fixed point of T ;' . Suppose that T, p # TZ (Tx p). Using (1) and (2).
d (Te p, Ty Tu p) = d (To*' p, Ty Tu P) < Mus (Tu p, T p)
= max {d (AT« p, BTy p), d (AT p, T:"“IP),
d (BTup,Ty Tup), [d (4Tu p, Ty T p)

+d (BT. p, T™'p))2} = d (Tap, Ty Tup)

a contradiction. Therefore T.p is also a common fixed point of T;" . T; , A, and B

which implies that p = T, p, since the common fixed point is unique.

It remains to show that p is also a fixed point of Ts. Since p is a fixed point of
T: . Ty p is also a fixed point of T’ : . The fact that 4 and B commute with each Ta
implies that T p is also a fixed point of 4 and B. We shall now show that T g P isa
fixed point of T:" . Suppose that Tjp T:‘ # (Tg p). Using (1) and (2),

0<d(I,' T p, Typ) = d (T, Typ, Tg*' 1) < Mas (T 2, Typ)

=d(I; Ty p, Ty p)

a contradiction. Thus Ty p is a common fixed point of T:" y T: , A, and B, which

implies that p = T p, since the common fixed point is unique.
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We have now shown that p is a common fixed point of T., Tgs,4, and B. Suppose
that g is another common fixed point of these maps, with p ¢ gq. Then, using (1)
and (2).

0<d(p,q)=d( T, p, Tq q) < M.z (p,q) = d(p, q)

a contradiction, and p = q.

With « fixed, choose another member 7vy. Suppose that p is the unique common
fixed point of T, Ts, 4, and B, that ¢ is the common unique fixed point of T, T7, 4,
and B, and that p = ¢. Then, from (1) and (2),

d(p,q) =d (T, p, T, q) < May (p, q)
= max {d (4p, Bg), d (4p, T, p),d (Bg, T} q)

[d(4p, T q) + d(Bq, T, p)I2}
= d(p, q)
contradiction.

Therefore the family {7.} has a unique common fixed point.

An immediate corollary of Theorem 1 is the following,

Corollary 1—Let {Tu}eeJ be a family of selfmaps of a complete metric space
(X, d), J ap indexing set. Let A, B be selfmaps of X, 4 or B continuous. Suppose that
there exist positive integers m ard » such that for any two mappings T., Tg, there exist
functions ¢a8 [0, o) — [0, eo) which are nondecreasing, upper semicontinuous with
dos (#) < t for each t > O such that

d(T:" X, Tg y ) < $ob (max {d(Ax,By),d(Ax, T, X )

d( By, T" y) ,[d(Ax, Ty )+ d(By, ™ x )]/2})
e

for each «, B, and each x, y in X, where each T. commutes 4 and B and UseJ Tx
CA(X) N B(X). Then T A, B have a unique common fixed point pin X.

Pooor : Park? has shown that definition (3) is a special case of (1).

The sufficiency parts of each of the theorems of Chang! are special cases of
Corollary 1.

Kannan$ established the following theorem for a pair of maps.
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Theorem K—Let S, T be two selfmaps of a complete metric space satisfying the
conditions :

() d(Sx,Ty)<ad(x,¥),0<a<1],x,y€E X, x+y.
(ii) T isa contraction map i. e, there exists a constant 8, 0 < B < 1, such that
d(Tx, Ty) < B8d(x,y)for x,y € X, and

(iii) there exists an x € X such thatif x3 = Sx, xo = Tx;, and in general, Xan43
= Sxon, Xonr2 = Txan,1, then, for r 3£ s, xy 3% xs5.

Then S and T have a unique common fixed point.

The restriction that x and » be distinct in condition (i) is to ensure that Sand T
will be different. Fer, if (i) is satisfied for all points x, y in X, then S and T are the
same function Condition (iii) is needed so that condition (i) can then be used to esta-
blish a common fixed point. However, if one replaces (i) by a more general contractive
condition, such as that of Theorem 1, then the assumption that x 7 y can be deleted

from the contractive condition, without leading to the triviality that the maps be iden-
tical, and hence conditions (ii} and (iii) can also be dropped.

Ray? extended the above result of Kannan® to a sequence of maps {T»} by using
the contractive condition

() dTx, T, )K€ ad(x,)),0<a<l, X,y € X, x5#%y

deleting hypothesis (ii), and replacing (iii) with the condition that x» ¢ xn,1 for each
n, where now x, = T x, ;.

He also established the following result.

Theorem R—Let {Tn} be a sequence of selfmaps of a complete metric space (X, d)
satisfying : for any two maps T,,T},

d(T‘x, ij)é (Z” d(x3y)1 0 < o< lr x:yEth =y

[z )
where 0 < aiy < 1, is such that T «4,4,1 is (C, 1) summable, and there exists a point
f=1

xp in X such that any two consecutive members of {xn = Tn Xx5.1} are distinct. Then
{T»} has a unique common fixed point.

Chatterjea2 proved the following theorems.

Theorem Cl—Let {Tn} be a sequence of continuous selfmaps of a complete
metric space (X, d) such that, for some positive integer mand 0 < « < 1.

(i) forany two mappings Tt and T3

a( 17 %T] y)<wdx)xyE X



14 B. E. RHOADES
(ii) 7T« commutes with 7y, i + j.
Then {T,} has a unique common fixed point.

Theorem C2—If there exists a sequence of mappings {T»}, each mapping a com-
plete metric space (X, d) into itself such that

(i) for any two mappings T, 77, we have
m m .
W d (Ti x, T, y) < a”d(x,y)
@ d(1" % Try)<a dx)

[~
for some m and 0 < a” <1;x,y € X,and X L is (C, 1)-summable, then {7}
=1 b+

has a unique common fixed point.

Chatterjea? claims that Theorem C2 reduces to the first result of Ray? by setting
m = 1. However, the restriction that x # y is not imposed. A similar omission is
made in Theorem C2, which is claimed to be a generalization of the second result of

Ray9. As mentioned above, without the restriction that x ¢ y, the maps T:" and

T jm coincide, and no additional conditions are needed in order to establish the exist-

ence of a unique fixed point.

Visukil® recently generalized the second result of Chatterjea2 by replacing the

?
@, in 1) with “uj where pn > 0, n = 2,3, .., p1 > 0, and by replacing the (C, 1)-
summability with weighted mean summability using {p»}. Unfortunately he made the

same omission as Chatterjea.

Let (X, d) be a metric space, 4, S selfmaps of X. The maps 4 and S are said
to be compatible (Jungck?) if, whenever there is a sequence {x»} C X satisfying
limp Axn = limn Sxn = u, then limn d (S4xn, ASxn) = 0. Compatibility is a proper
generalization of both of the definitions of commutativity and weak commutativity.
Two maps S and T are said to be weakly commuting at a point xif d(STx, TSx) <
d (Sx, Tx). Weak commutativity was defined by Sessal3,

We shall next prove a fixed point theorem for a pair of maps, and then establish
a general theorem for a family of maps.

Let @ denote the collection of functions ¢ : (R*)5 — R* which are right conti-
nuous, nondecreasing in each argument, and which satisfy the conditions

é(t,1,t,a1 t,ast) < tfor each > 0, where a € {1, 2} with a1 +a2 = 2.

Theorem 2—Let S, T, A, B be selfmaps of a complete metric space X where S
and T are compatible, respectively, with 4 and B and which satisfy the conditions
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(i) SX C BX, TX C AX,
(ii) one of the maps 4, B, S, and 7T is continuous
and for each x, yin X
d (Sx, Ty) < ¢ (d(Ax, By), d(Ax, Sx), d (By, Ty), d(4x, Ty),
d (By, Sx)) .. @)
where ¢ € ©. Then 4, B, S, and T have a unique common fixed point p. Moreover,

p is the unique common fixed point of S and 4 and of T and B.

PRroor : Define {x,} as follows. For xo € X choose x1 €}X such that Txp = Ax1.
This can be done because TX C 4 X. Define x2 by Sx1 = B x3. In general with xon
defined, select x2n,1 to satisfy Txon = Axon,1, and Xaony2 to satisfy

S xony1 = B Xonge. Define yen = T Xon, Yon 41 = S Xon41, and let da
= d (yn, Yn,1).
don = d (yamy1, yen) = d (Sxony1, Txan)
< ¢ (d (AXans1, B xan), d (Axan,1, S xan+1), d (B xan, Tx2a),
d (A Xans1, Txon), d (Bxan, Sxons1))
= ¢ (don-1, don, d2n_1, 0, d (Von_1, Y2n41))
€ ¢ (dan-1, dan, dan_1, 0, 2 max {dan-1, d2a}). -(8)

If doy > don.1, then O < don << & (dom, don, dan, 0, 2 don) < dan, a contradiction.
Therefore don & don-1. Similarly, it can be shown that dos,1 < dos and, thus, dn<dn_1
for each n.

Park and Hong? (Remark 1, page 28) have pointed out that a nondecreasing
upper semicontinuous function is right continuous. The same argument applies to ¢.
Defined = limn dn. Thend = 0. Ifd > 0, then, from (5) and the fact that ¢ is
right continuous d € ¢ (d, d, d, 0, 2d) < d. a contradiction. Therefore d = 0.

We shall now show that {y,} is Cauchy. Suppose that {ys}is not Cauchy. By
Lemma 2 of Chang! there exists an ¢ > 0 and sequences {m¢}, {n‘} of positive inte-
gers such that ;

(1) m¢>nt+ l,n‘—-» oo,

(i) d (ymt, _Vni) > e, =12, ...

(l") d()‘mi_l, yn‘) < €0, i= ll 2’ een

Set
e, = d (ym, yn;), i = 1,2, ... Then we have
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€@ < e, S d@ymy ymp 1) + d(ym; y.yn) < dm_) +eo, i=1,2, ..
Taking the limit as i — oo shows that lim¢ et = ep. On the other hand,
e =d (ym, yn) < d(ymy, ym,) +d (rmisy Ymipy) + d (g yag)
= dm, + d(ym‘_‘,l,)'nt_,_l) +dn, i=1,2, .. ...{6)
We shall now analyze the term d (ym, +1> Ynyy,) based on the parity of the subscripts.

Case 1 : m‘ is even and n‘ is odd. From (4).
d Omeyy. Yrgry) = d (Sxmyyy, T Xnyy,)
<¢é (Axmg, 1, BXnHI), d (AXm“_l, Sxm, 1),
d (Bxny, T Xngq),

d (4 xmyiqs T Xngiq)s d (Bxn, 4, S xmyyq))

¢ (e‘, dm,, dn,, e, + dn,, e + dm,). ...(7)
Substituting (7) into (6), and using the right continuity of ¢ we obtain
€ = lim‘ e = lim sup e‘E < ¢ (c0, 0, O, €, €p) < €9 .. (8)

a contradiction,
Case 2: m‘ and n‘ both even. Then

d (ym¢+1v y"z+1) <d (y’"t+1’ yni) +d (yﬂiv yn‘+1) =d (ym¢+1’ yﬂ¢)+dﬂ¢
9)

However,
d (ymsys Yng) = d(S Xmyyy, T Xn)
< ¢ (d (4 xmyyy, B xn), d (Axm,, 4, S Xm,,.),
d(Bxn; T xn), d(A xmy, T Xn), d (B xn,,
S xmq4y)
S $(e, + dnydm, du_y e, dngy +dm e,
...(10)

Substituting (10) into (9), then putting (9) into (6) and taking the lim sup asi — oo
again yields (8). In a similar manner, (6) is true for the cases in which m‘ and n‘ are

both odd, and m is odd, n is even. Thus {y”} is Cauchy, hence convergent to a limit p.
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Since limn Sxgr41 = limg yon,1 = p, lims Axangy = limg Yon = p, and 4 and
S are compatible.

limn d (AS Xon,1, SA X2n+1) == (. ...(“)

Suppose that A is continuous. Then lim, 4 yen,1 = A4 pand lim, 4 yon = 4 p.
Since (11) is satisfied, and limn 4 Sx25,1 = lima 4 yone1 = Ap, it follows that lim,
S Axon,1 = Ap.

From (4),
d (SA xon:1. T xan) < ¢ (d (A2 x20n,1, B x2n), d (A2 X301, SA X2n,1).
d (Bxan, T xon), d (A2 x20.1, T x21), d (Bx2n, SA Xon,1)).
Using the right continuity of ¢, and taking the lim sup as n - oo, it follows that
d (Ap, p) = lim supn d (4 yans1, yon)
< ¢ (d(4p.p), 0,0,d (4p, p). (p, 4P))
which implies that Ap = p.
Again from (4)
d(Sp, Txen) < ¢(d (Ap, B x24), d (Ap Sp), d (Bxzn, Tx2n),
d (Ap, Txon), d (Bxon, Sp)).

Taking the lim sup of both sides yields, d(Sp, p) < ¢ (0, d(p, $p), 0, 0, d (p, Sp)),
which implies that Sp=p.

Thus p is in the range of S. By (i) there exists a point p’ in X such that B p' = p.
Using (4),
d(p.Tp") = d(Sp, Tp') < ¢ (d (4p, Bp'), d(Ap, Sp),d (Bp’, Tp)
d(d4p, Tp'), d(Bp', Sp))
=¢(0,0,d (p,Tp’), d (p, Tp'), 0)
which implies that Tp’ = p,

From Proposition 2.2 (1) of Jungck?%, since B and T are compatible, they com-
mute at concidence points. Thus

d(Tp, Bp) = d(TB p’, BTp’) = 0,and Tp = Bp.
From (4),
d(p, Bp) = d(Sp, Tp) < ¢ (d(Ap, Bp), d (Ap, Sp), d (Bp, Tp),
d (Ap, Tp), d (8p, Sp))
= ¢(d(p. Bp), 0,0,d(p, Bp),d (Bp, p))
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which implies that Bp == p, and p is a common fixed point of 4, B, S, and T.
The proof for B continuous is similar.

Suppose that S is continuous. Then limn S2 xon,7 = limn SA4 Xxan,1 = Sp.
Since (11) is true.

d (5% Xon,1, T xon) <0 & (d (AS xany1, B x2n), d (AS xon,1, S2 Xony1),
d (B xon, Txon), d (AS xany1, T Xon), d (Bxen, S2 xon.1)).
which implies, upon taking the lim sup, that
d(Sp,p) < ¢ (d(Sp, p),0,Gd(Sp, p), d(Sp, p))
which implies that Sp = p.
By property (i) there exists a point p’ in X such that Bp’ = p.
From (4),
d (82 xons1, Tp') < ¢ (d (AS xans1, Bp'), d (AS x2n.1, S2 x2m41),
d(Bp', Tp'), d (AS xen+1, T p), d (Bp', S2 x28.1)).
Taking the lim sup of both sides yields
d(p, Tp') € ¢ (0, 0,d (p, Tp'), d (p, Tp'), 0)
which implies that Tp’ = p.

By Proposition 2.2 (1) of Jungck?, d(Tp, Bp) = d(TBp', BTp’) = 0, and
Tp = Bp.

Using (4).
d(Sxzn,1, Tp) € ¢ (d (Axon,1, Bp), d (Axen.1, S Xeny1), d (Bp, Tp),
d (Axzn,1, Tp), d (Bp, Sxany1))
which, upon taking the lim sup becomes d (p, Tp) < ¢ (d(p, T p) 0, 0, d (p, Tp),
d (Tp, p)), which implies that 7p = » = Bp.
By property (i) there exists a point p” in X such that Ap” = p. Thus, from (4).
d(Sp", p) = d(Sp", Tp) < ¢ (d (4p", Bp), d (4p°, Sp°),
d(8p, Tp), d(Ap", Tp), d (Bp, Sp")
= ¢(0, d(p, Sp"), 0,0,d(p, Sp7).
which implies that Sp” = p.

Again from Proposition 2.2 (1) of Jungck4, d (Sp, Ap) = d (SAp®, ASp")
= 0, and Sp = Ap = p, so p is a common fixed point of 4, B, S and T,
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The proof for the case in which B is continuous is similar.

We shall now show that p is unigue suppose that g is also a common fixed point
of A, B, Sand T. Then, from (4).

d(g, p) = d (Sq, Tp)
< ¢ (d (Aq, Bp), d(Aq,Sq), d (Bp, Tp), d (Aq, Tp),
d(Bp, Sq)) = é(d (g, p) 0, 0,d (q, p),d(p, 9))

which implies that ¢ = p, and the fixed point is unique. This same proof shows that,
if g is any common fixed point of 4 and S, then p = ¢. Therefore pis the unique
common fixed point of 4 and S. In a4 similar manner it can be shown that p is the only
common fixed point of B and 7.

An immediate corollary of Theorem 2 is the following.

Corollary 2—Let {Tu}zes be a family of selfmaps of a complete metric space
(X, d), J an indexing set. Let A, B be selfmaps of X, where the 7%, are compatible with
A and B, and which satisfy the conditions

(i) UsxesTa X C (4 X) N (BX),
(ii) one of the maps 4, B, or T, is continuous,
and which satisfies
d(Tu x, T y) § ¢us (d (Ax, By), d (Ax, T, x), d (By, Ts »),
d(Ax, Tp 3), d (By, Ts x)) .(12)
where ¢us € O, |

Then 4, B, and T, have a unique common fixed point

Remarks : (1) By assigning the .8 to be the same function, and setting 4 == B
= /, Corollaries 1 and 2 yield a number of other theorems on fixed points of sequences
of maps as special cases, including Theorem 20 of Rhoades!!, and results of Reilly9.

(2) Singh and Meadel4 defined a class of functions ¥ which satisfy the condi-
tions that each ¢ : (R*) — R* is upper semicontinuous and nondecreasing in each
coordinate variable. Also each function satisfies the conditions

b (t,t,a11, az 1, 1) < tforeacht > 0, where a1 + ag = 3.

It is easy to verify that each function in class ¥ is also in class ®. Therefore Theorem 1
of Singh and Meadel4 is a special case of Theorem 2 of this paper.

(3) Theorem 3.1 of JungckS is a special case of Theorem 2 of this paper.

(4) Theorem 1 of Yehl6 is a special case of Corollary 2 of this paper.
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