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The present paper is devoted to obtain the relation between Cartan’s con-
nection CT of Finsler spaces (M™", L) and (M®, L*) where L* (x, y) is
obtained from L (x, y) by the transformation L* (x, ) = L (x, y) + bi (x,
»)yt. Here b; (x, y) is an h-vector in (M*%, L). In particular of L (x, y) is
Minkowski metric, then the () A- and (v) hv torsion tensors of (M™, L)
have been obtained and we have considered the casc that this spaceis of
scalar curvature or a Landsberg space.

1. INRODUCTION

Let F# = (Mn, L) be an n-dimensional Finsler space, where M?# is n-dimensional
differentiable manifold and L (x, y) is the Finsler fundamental function. Matsumoto4
introduced transformation of Finsler metric

L* (x, y) = L (x,)) + bi(x) )} . (1.2)

and obtained the relation between the Cartan’s connection coefficients of Fn and F*»
= (Mmn, L*). It has been assumed that the functions &; in (1.1)) are functions of coordi-
nate xf only. [If L (x, ¥)is a metric function of Riemannian space then L* (x, y)
reduces to the metric function of Rander’s space. Such a Finsler metric was first intro-
duced by Randers8 from the stand point of general theory of relativity and applied to
the theory of the electron microscope by Ingardon2. The geometrical properties of this
space have been studied by various works!'4%'10, Numata? has obtained the torsion
tensors Rrjk and Pnsk of F*® which is obtained from Minkowskian space F® by the
transformation (1.1). In all these works the functions b¢ are assumed to be a function
of coordinate only.

Tzumi3 while studying the conformal transformation of Finsler spaces, introduced
the h-vector b: which is v-covariantly constant with respect to Cartan’s connection CT'

and L 'ij bn = p hy;.  Thus the A-vector b: is not only a function of coordinate but

it is a function of directional argument satisfying L2; bi =P hss. The second section of
this paper is devoted to obtain the relation between Cartan’s connection CT of (M»,L)
and (M, L*), where L* (x, ) is obtained from L (x, y) by the transformation

L* (x, p) = L (x, y), bi (x, y) ). ...(1.22)
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Here bt (x, y) is an h-vector in (M®, L). In the third and fourth section we con-
sider the particular case when L (x, y) reduces to the Minkoski metric (g¢s () y* y)3/2.

The third section is devoted to find the torsion tensors R;jk of F*» and to consider
the case that this space is of scalar curvature. The fourth sectionis devoted to find

the torsion tensor P;’jk and to consider the case that this space is a Landsberg space.
For an h-vector b; we have the following3:

Lemma 1.1—If b; is an h-vector then the function P and I;" = by — PI; are in-

dependent of y.

Lemma 1.2—The magnitude b of an h-vector bs is independent of y.

2. CARTAN’s CONNECTION OF THE SPACE F*n
Let b: is a vector fieled in the Finsler space (M®, L). If b; satisfy the conditions

@ bus=0 (i) L C; br =P hy 2]

then the vector field b: is called an k-vector3. Here | s denote the v-covariant derivative
. ) b . .
with respect to Cartan’s connection CT, C¢ ; 18 the cartan’s C-tensor, his is the angular

metric tensor and P a function given by

p={(n~1)y1LCb ..(2.2)

where C! is the torsion vector C;k g'%. From (2.1) we get

85 bi = L1 p hy. .(2.3)

If we denote b¢ )* as B then indicatory property of his yield 278 = bi. Throughout
the paper we shall use the notations

Li = & L,Li = &1 a} L, and etc.

The quantities and operations referring to F*# are indicated by putting « . Thus from
(1.2) we get

(@) LY = Li + by, (b) L:, =+ P) Ly

© Lfy =0 +e Lae, @ Ly, =(1+P) Lom (2.4)

and so on.
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If It, hes, g and Cysx denote the normalized element of support, the angular metric
tensor, the metric tensor and Carton’s C-tensor of F» respectively then these quanti-
ties F*# are obtained from (2.4) as

I =+ b (2.5
B, =< (1 + p) hy .(2.6)
g8, = (1 + P gis + (1 =« (1+ PN Iils+ liby + Iy b + b by
.27
C* =<1 4 p) Cix+ QLYY + P) 9 3,k {hes mx} ...(2.8)

$5k

where v = L™1 L*, m¢ = b; —B L-1]; and Q7i.sk) { } denote cyclic interchange of
indices i, j, kK and summation. From (2.6) and (2.8) it follows that :

Lemma 2.1—If Fnis C-reducible Finsler space then F*#is also a C-reducible
Finsler space.

From (2.7} the relation between contravariant components of the fundamental
tensors will be derived as follows :
g = (x (1 + ) g —+3(1 4 p)72
X (1 —b2 —«(0+PNBY — =214 p)L(ithl + IV bY)

...(2.9)
where b is the magnitude of the vector b* = g/ by. From (2.8) and (2.9) we get
CHl = Cyy + QLY (hy mb + By me + B mg)
—L*-1[(p + (2L*)"1 L (b2 — B2 L-9) hyj
+ L L* Y my my] 15, ...(2.10)

Now we shall be concerned with Cartan’s connection of F» and F**. This con-
nection is denoted by CT = (F;k , N; C;k ) Here N; = F;k (= ¥ F;k) and
C:'j = gh*¥ Cysx, Since for a Cartan’s connection L[k = 0 we obtain

% Ly = Liys Ny + Ly Fj + L F, . (211
Differentiation of (2.4a) leads to

o Ly = (14 p)ox Liy+ pr Ly . (2.12)
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where we put Px = 3& P = Pix. If we put

1 i

¥
Dy, = Fy — Fy «(2.13)

then the difference D;k is obviously a tensor of (1.2) type. In virtue of (2.11), eqn.

(2.12) is written in the tensorial form

(1 + P)(Lm Dy + Lw Dy + Lu D} ) = Pr Lij. ..(2.14)

In order to find the difference D;k we construct supplimentry equations
to (2.14). From (2.4a) we obtain
8 LY =8y L¢ +85 bu. ..(2.15)

From Ly; = 0, eqn, (2.15) is wrtten in the form
L}, N}"+ L} Fy'= (1 + ) Lir N; + (Lr + br) F, + buy.
By means of (2.4) and (2.13) this equation may be written in the tensorial form

(1 + ¢) Lir D, + (r + b1) D}, = by, ..(2.16)

To find the difference tensor D;k we have the following3:

Lemma (2.1). The system of algebraic equations
(i) Lir A" = By (ii) (r + by) AT= B

has a unique solution 4" for given B and B: such that B: such that B; It = 0, The solu-
tion is given by

At = L B* 4+ ~"Y(B — LBg) I!
where the subscript B denote the contraction by 5.
Now we establish the following :

Theorem (2.1—The Cartan’s connection of F*# is completely determined by
eqns. (2.14) and (2.16) in terms of the one of F=,

Proor : It is obvious that (2.16) is equivalent to the two equations

(1 + ) (Lir DY, + Lir DY, ) + 2 (I + by) D, = 2Ey - (2.17)

(1+p) (L‘r DIM‘-L:fr D(')‘ ) = 2Fy ...(2.18)
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where we put
2Eis = bys + by, 2Fi; = bijy — biis.

On the other hand (2.14) is equivalent to

31

...(2.19)

2(1 +p) Ly D, + (1 + #) (Lm D+ Lykr Dy, — Luky Dy, )

= Pr Ly + P: Lk — Ps L.
Contracting (2.17) with y/ we get

(! +p) Lir Dy + 2 (I +b,) Dy, = 2Es.
Similarily from (2.18) and (2.20) we obtain

(I +p) La D!

00 =2Fio

(1 +p) (Lir Dy, + Lir Dy, + Lisy D;o) = Po Lij.
Contraction of (2.21) with ) gives

(Ir + br) Dy, = Eoo.
Now first consider (2.22) and (2.24) and apply Lemma (2.1) to obtain

D:m ={1+p12L Ff, + 1Y (Egp — 2L (1 4+ p)"1 Fgo) I

where we put F:) = g'? Fj.
Secondly we add (2.18) and (2.23) to obtain
L, D:” = Gij
where we put
Gy = (2 (1 + P (2Fis + po Lis — (1 + P) Lur Diyy).
The equation (2.21) is written in the form
(Ir + br) Dy, = Gj

where we put

Gs = Ejo —271(1 + P) Ly D},

...(2.20)

L(2.21)

(2.22)

.(2.23)

..(2.24)

..(2.25)

..(2.26)

..2.27)

..(2.28)

...(2.29)
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Substituting from (2.25) in (2.27) we obtain
Gy = (1 + P)V[Fiy — LLur Fy + Liy (1 + P) Eqo

— 2L Fgo + L* Po) (2L%1], ... (2.30)
By virtue of (2.22), G are written-as
Gy = Ejo — Fro. ..(2.31)

Thus we have obtained the system of equations (2.26) and (2.28). Applyin Lemma (2.1)
to these equations we obtain

Dy, = LG, + 1 (G; — L Gay) I -(2.32)

where we put G; = gir Gy,
Finally from (2.20) and (2.17) we obtain

Lir Dy, = Huk, (r + br) D}, = Hn .(2.33)

where we put
Hixk = (2 (1 + P))"1 (P Lis + Py Lik — Pi Liy)

~ + (Lor Dy + Lar DYy — Lis D)

1
Hjx = Ejx — ;— P ( Ljy D;k + Ly D’(’)j)'

Now applying Lemma (2.1) to eqn. (2.33) we get

LY = LHy + «1(Hg — LHep) It .(2.29)

1
7k
where we put H;k = ghi Hnsk. by virtue of (2.32) Hisx and Hjk are written in terms
of known quantitics
Hik = } L (Lkir G, — Lur G, — Likr G))
+ Liy Ak + Lk A5 — Ljx As «.(2.35)
Hpe = Et — (1 + P) L2t (Lsr Gg + Lir G ) ..(2.36)

where
Av = Q1 + p))1 p¢e + 271 (Gi — LGpo).
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3. THe v A-TorsioN TENSORS R;}k oF F#n
Let Fn be a locally Minkowski space whose fundamental function L is expressed
by L () = (g7 (3) ¥ y)L2 (3* = dx!) in terms of an adoptable coordinate system x?.
The connection parameters C I of the certains connection of F» are given by

F;k == O, N; = F(i)]: 0, C;k = gir erk_ (31)

Thus the h-covariant differentiation Xiys of a covariant vector field X; may be written

as X¢5 = 87 Xi. In view of (2.13), (2.32) and (3.1) the connection parameter N;i of
F*» may be written as

N}'i =L Gij + = 1(G; - L Gej) It. ...(3.2)

The value of Gis in (2.30) may be written as

Gis = (1 + P[4 + LY (Fpo (i + Fio D) + ) + Ghy ...(3.3)
where

G =QLL*) 11+ p)Eo — 2L Fao + L* Po) ..(3.4)
and

Aty = Fiy — 2Cur Fy . ~(3.5)

The (v) h-torsion tensor R;].k of (M#, L*)is defined by

t ¢
R;]k - gy Ry = huRy = Zum {hy, (ox N;
— N¥ & N .(3.6)

where and in the following the symbol 27,k { } denotes the interchange of j, k£ and
subtraction. In view of (2.6) we have

Ry = P {(1 + P) L* Ln N - N o N3 G)

By virtue of (3.1) and (2.13) eqn. (2.26) may be written as Lag N;.'i= Grj from which

we get Lni on N;“ = Gnl; and F(,k) {Lh N,’:' ar N;‘} = Z/(1,k) {LG,: 2 Ghp.
Thus (3.7) may be written as

R:, = (14 ) um {L* (G — LG, & Gh)}. (38
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By virtue of (3.3) we have.
Ginr = (1 + P)-1{dnyx + LY (In Frolx + 15 Frolk) + Gl hny)
— (1 + P) "2 Pk (drs + LY (In Fgo + 15 Fro) + Ghrg) .. (3.9)

& Gry = (1+ Py1[~ 2 (Fmod, C, ~+ Ch"'j Fmy)

+ 2r G ha + (G — Po (2L)™1) (2Cnsr

— L Y (In hye -+ I bine)y + L2 (hny — In ly) Fyg

+ (hgy — i 1Iy) Fho) + LY ((In Fir + 11 Fay

+ 271 (Pj har — Pn hyr))). ...(3.10)
From (3.3) and (3.10) we get

(1 + P2 Fuw (G}, & Gns} = Fipy {— (4] or G
+GéG+ L1 (Fg 8 G+ G2 — L2G(Fjo — 271 po Iy
+ 271 L Py} ke + 24", (Fso & C,, + C,, For
+ LY1 Po Curr) + 2GFso (35 Cy+ 2C, Cpy)

— L72(Ans Frg — Fng Fix — F(; Fi In I¥)
— LY [4] Fa Ik + 2 Fy ((Fao 8r C) + c';j (Fsy) I

+ 2F] C, Fotln)]— L2PoChsy Fy I

4+ 2= L-2 po(In Ask + I Ank + L1 1nl; Ako)

4+ 2°1 L-1(ps; Ark — Pr Ask) + 2-1 L-2 P; (In Ao + In Fng)}.
310
Substitutng (3.9) and (3.11) in (3.8) we obtain :

*

ik of the space F*s is written in the

Theorem 3.1—The (v) h-torsion tensor R

form

R;jk = (1 + P)} Zun {L* L G; hne + L2 Kngk + (In ks

+ I3 kak) — In 15 Kok} .. (3.12)
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where

G, = 4] &G+ G &G — LGy (1 +P) — (F] 3G + G I)

— L 2G Fjo+ 2 1L 2G(Lps — Po Iy)

Knge = v [L-1(1 + p) Anie — 24" (Fso &, Cpp + Cjp Fer)
— 2G Fs (85 Cyy, + 2C', Ch) + L2 (Ans Fry — Fny Fye)
+ Po L71 Crjr A, + QL)1 (P Ank + Pr Ast))

Kt = Kiogk — = (AL Fi —2G Cl Fso +L1 (2FsFey + Po A

+ Po Cikr Fy ) + (2L)1 (Px Fio + 1 Fro)).

If the Finsler space F*7 is of scalar curvature R* then we have the equation
R;’Oj = R* [*® h:j (Matsumoto5). If the scalar R* is constant then F*» is said to be

constant curvature.

*

From (3.12) the contracted (v) h-torsion tensor ij

of F*n is given by

R:‘w = (L + P)L(L* LGy iy + L2Wis — L (h Wi

+ Iy Wig) + Woo i 1) ...(3.13)

where we put Wiy = Kigs — Kijo + Kij and Wiz is symmetric in the indices / and j.
Equation R;Oj = R¥ [*2 h‘;}. may be written as R:Oj = 1 (1 + P) R* L*2 hy;. Thus
from (3.13) we get :

Theorem 3.2—Let F*» be a Finsler space with a metric L* = L 4 B where L
=(gij (¥) y* yH112, B = b (x, ¥) »i and b; is an h-vector in (M7, L). If F*» is of scalar
curvature R* then the matrix [|]A A:j — wij is of rank less than three where we put

A=rx((1+p) <2 R~ Gy ).

Now we consider the case Fi; = 0. In this case Aiy = 0, Knjr = O, krs == 0 and
Wis= 0 hold good. Therefore the tensor Ri’(') ; Of F*nis reduced to the form R;'O ; =

(1+ p)y1 L* L G, hid. Consequently we have :
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Theorem 3.3—Let F*# be an above mentioned Finsler space. If the condition
Fi; = 0 is satisfied, then F*# js of scalar curvature R* = ((1 + P) 7)"2 66 .

Now we establish the following

Theorem 3.4—In the theorem (3.3) if the scalar R* is constant, then R* = 0 and
the space F*# ig a locally Minkowskian space.

Proor : From (2.3) and Fiy = 0 we get

28, Fig= L1 (Ps hiy— Pi hsr) = 0 ..(3.14)

which afier contraction with y7 gives Po = 0. Thus contracting (3.14) with g/* we get
P; = 0. Therefore the scalar R* is written in the form

R* = ((1 + P)%)2(G2 — L1 (1 + p) Glo). ..(3.15)
From (3.15) and G = (1 + p) Ego (2LL*) 4 it follows that the condition R* = C =
constant is written in the form

[28 Eoglo — 3EZ, + 4 (L4 + 6L2 B2 + %) C]

4+ 2L [Egolo + 8B (L2 + #2) C] = O. ...(3.16)

The term in the first (resp. second) brackets of the left hand side of (3.16) is a poly-

nomial of the fourth (resp. third order with respect to y. Therefore (3.16) is equivalent
to

23 Eqolo — 3Eg, + 4 (L4 + 61262 + B4 C = 0 (3.17)

Eoolo + 88 (L2 + B2 C = 0, ...(3.18)
From (3.17) and (3.18) we obtain

3 E3, = 4C (L% — B) (L2 + 3pY). (3.19)

If C does not vanish then in view of Fi5 = 0 and Big = Ego, the A-covariant derivative
of (3.19) yeilds

3Egoi0 = 8BC (L2 — 3p2). ...(3.20)

Fllimination of Egpio from (3.18) and (3.20) gives L2 B C= 0 from which we get 8 =0
as L2 C = 0. Since .Ej B = b3, therefore B = O implies by = C, Eyy == 0, Hence (3.19)
gives C = Oas L2 — B 5 0, L2 + 382 5 0. This contradict our asumption C = 0.
Hence the scalar R* = C = 0 and from (3.19) we get Ego = 0. Since the assumption
Fi; = 0 implies P; = 0, therefore Ego = O implies that Fi; = O that is bsly = 95 by
= 0. Thus b; does not contain x!. Thus F*» is locally Minkowskian space.
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4. Tus (v) v-TorsioN TENsOR P, of F*»

The (v) hy-torsion tensor P}, of F*# is defined as

= *x o *7
P = Copp =V 8 G o Co N
— QU (h,:%) { cr,  Fr } (4.

In view of (2.8) and Pajx = Cuklo = 0, we obtain

VB C;fk = C;jklo = 2(L* G + FBp) Crs

4+ Yny {(2L)1 (o me + (1 + ) (brlo

— L1 Gy Ix)) hns} ..(4.2)
ér Cpy = (14 p) & Crsk + L71(1 + P) Chje mr

+ 9 (hyik) {(1 + P) L= Chjr mx + (2L2)"1 (1 + p) hrg (ks
+ (P — BL™Y) hry) + 2L2)-1 (1 + P) hay ngx} ...(4.3)

where we put nis = i my + I3 mi. Therefore from (3.2), (3.3) and (4.3) we get

) *
8; C/ljk

N:)" = 2L* ér Chik Fg — (2L* G - t Py — 2FBg) Chik
+ A(haky {2Fr0 Cp, mrk — L1 Fao nse

— hni (L7t Fag Ik — L7Y) (P—BL-1) Fro
+ (G — (2L)"1 pg) mx)}. .(4.8)
By virtue of (3.2), (3.3) and (2.8) we have

D (,9,k) { C,'m F,’:S} = 3L* GCrmr + Yimsky {L* C;j (Ark

+ L Y Feo lx) — 2C;j Fromk + L~Y Fap njk
+ 27 Y hig (Age + LY Fpo e + L™2 B Fxo + 3G mx)}
...(4.5)
Substituting from (4.2), (4.4) and (4.5) in (4.1) we obtain

Theorem 4.1—The (v) hv-torsion tensor P;jk of the space F*7 is writtenin the
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form

P‘

ne = — 2t Tnir Fy + (L*G — = po) Chie

+ Wk {5 Cyy (Frolk + LFi) + hng Pe)

where
Thikr = L Chjx | y + Chgx I + '(h,i,k) {Crik In}

2Py = — Apk + L-1[(1 4+ @) Exp + (v — P) Fro
— (Fpo + 2L* G — ~ Pg) Ik) Gmx,

If the condition Fi; = 0 is satisfied then the (v) Av torsion tensor P;jk of F*sis

given by

Pry = (L*G — = po) Crsk + (n,5,) {hns P} ...(4.6)
where
G = QLL*)"L{(1 + P) Eoo + L* Po}
2Pk = L-1[(1 + P) Fro — (2L* G — = Po) I¥] — Gme.

Now we shall treat a Landsberg space F*# such a space is by definition a Finsler

space with the (v) hv-torsion tensor P;‘”k = 0. On the other hand a Finsler space F¥»

with C;:iflk == 0 is called a Berwald space.

Theorem 4.2—Let F** (n > 3) be a Finsler space witha metric L* = L + 8
where L = (gi; () y* y))1'2, B == bi(x, y) »' and b; is an h-vector in (M*#, L). In the
case Fyj = 0if F*» is a Landsberg space then F*# is reduced to a Berwald space.

Proor : The condition (L* G — 7t P¢) == O implies that Egp = Oi.e. Eyy = O,
Hence from Eiyj = Fiy = 0 it follows that b: is independent of x. Thus F*# is locally
Minkowskian. Inthe case L* G — = Pg 7% 0, from (4.6) it follows that *Pnsk is equiva-
lent to

Crik = (L* G — = Po) " n,3,k) {hnj Px}.

Hence F7 is C-reducible. Hence F*# is also C-reducible. By virtue of Theorem 1 of
Matsumoto® the space F'*# is Berwald space.
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